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YACTKOBA ITOPAJAKOBA HEIIEPEPBHICTb OPTOI'OHAJIBHO
AJINTNBHNX OIIEPATOPIB

OcHOBHUII pe3yIbTAT CTBEPIXKYE, IO 33 MEBHUX YMOB I MOPSIKOBOI HEIEPEPBHOCTI IMO-
PAIKOBO 0OMEKEHOrO0 OPTOrOHAJIBHO AJWTUBHOIO ONEPATOPA MiK BEKTOPHUMH I'DATKAMU 0-
CTaTHBO, 100 BiH OYB PiBHOMIPHO MOPSIKOBO HEIEPEPBHUM Ta TOPU3OHTAIBLHO MOPSIKOBO HE-
nepepsuuM (Bigobpaxkenus f: E — F mixk BekropHumu rparkamu F rta F' Mu Ha3uBaeMo
TOPU3OHTAJIHLHO TIOPSITKOBO HEMEPEPBHUM, SIKINO JIATEPAIHHO 3POCTAI0Yl MOPAIKOBO 3013KHi Ci-
Tk B F yskuis f nepeBoauTh y mOpsAAKOBO 30ikHI ciTku B F, i piBHOMIpDHO TOPSIIKOBO
HelepepBHUM, SKINO PIBHOMIPHO 36ixKkHI CiTKU f mepeBoauThb y MOpsAKOBO 30iXKHI CiTKH).

Karwuosi caosa i padu: BEKTOPHA I'DATKA, MOPSIKOBA 30i1KHICTH, OPTOTOHAIBLHO ATUTHB-
HUI onepaTop, NOPAIKOBO HENIEPEPBHUN OTIEepaTop.

Jury Fedkovych Chernivtsi National University, Chernivtsi, Ukraine (Fotiy O.G.)
Zaporizhzhya National University, Zaporizhzhya, Ukraine (Krasikova I.V.)

Southern Mathematical Institute of the Russian Academy of Sciences (Pliev M. A.)

Vasyl Stefanyk Precarpathian National University, Ivano-Frankivsk, Ukraine (Popov M. M.)
e-mail: ofotiy@ukr.net (Fotiy O. G.), irynazpukr@gmail.com (Krasikova I. V.),
plimarat@yandex.ru (Pliev M. A.), misham.popov@gmail.com (Popov M.M.)

Beryi

JoctipKeHHAMU B3a€MO3B 43KIB MiK HAPI3HOK Ta CYKyHMHOIO HENepepBHICTIO (hbyHKITIi
JIBOX 3MIHHUX MiyK TOIMOJIOTIYHUMH MTPOCTOPAMU MAaTEMATHKHU 3afiMalOThCsI, MOYMHAIOYNA 3
mucepranii P. Bepa (1899). Ocobnuoro ycmixy B miff TeMaTwii JOCITIH MATEMATHKH 32
octanHi 40 POKiB, 3aBIAKH TiIHHOCTI MaTeMaTHIHOI Ko Bomomumupa Kuputosuyaa Ma-
caodenka B YepHiBugax (aus., Hanpuk/iajg, ta 6ibsaiorpadiro y Bkazauiit pobori). Oxnnieio 3
HAWBaK/IUBININX 3319 Y [[bOMY HANPAMKY € MUTAHHS, HACKLIHKU “BEJTUKOI0” MYCUTH OyTH
MHOKMHA BCIX TOYOK CYKYIIHOI HellepepBHOCTI Hapi3Ho HemepepsHol pyHkmil f: X XY — Z
B 3aJIe3KHOCTI BiJI BJACTHBOCTEH TomoJoriaaux mpocropis X, Y, Z.

B nmaniit poboTi M pO3IISIaEMO JIBa BaXK/JIUBI YACTKOBI BUIIAIKH IIOPSIKOBOI 3012KHOCTI:
FOPU30HTAJBHY Ta PIBHOMIPHY HOPSIKOBY 36iKHicTh. [T 20pusonmanvro-nopadkosoro (Bia-
OBITHO, Pi6HOMIPHO-NOPAJK0G010) HETIEPEPBHICTIO MU PO3YMIEMO TaKy BIACTUBICTH (hYHKIIIT
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f: KOKHY TOPH30HTAJIBHO 301KHY CITKY (BiIOBIIHO, piBHOMIPHO 36iKHY CiTKY) B £ dyHKITisS
f mepeBouTH Y MOPSAAKOBO 3012KHY CITKY B F'.

Hacrynna 3amadya Mae meBHY aHAJIOTIIO i3 3aa9€r0 PO 3B SI3KU MixK HAPI3HOIO Ta CYKY-
THOIO HEIEePEePBHICTIO PYHKIILI.

IIpobaema 1. Ba sgKkux yMOB Ha BeKTOPHY I'PaTKy E 3 rojoBHOIO IPOCKTHBHOIO BJIACTHBI-
CTIO, HOPSIIKOBO HOBHY BEKTODHY I'parKy F' ra peryisipuuii opTroroHajibHO auTHUBHUI OIE-
parop T' 3 ropu30HTAILHO-TIOPSJIKOBOI HEITEPEPBHOCTI Ta, PIBHOMIDHO-TIOPSIKOBOI HEIIePEPB-
HOCTI oneparopa I’ BHILTHBAE HOI'O MOPSIKOBA HEIIEPEPBHICTH?

Mu naemMo nmo3uTHBHY BiJIIOBIAL 38 TAKUX YMOB: F Ma€ T0/IOBHY IIPOEKTUBHY BJIACTHBICTD
i ropuzoHTAIBHY BAACTHUBICTH €roposa, F' mopsiikoBo moBHA Ta 1 € ODOJIOHKOIO JESTKOTO
HOPSIJIKOBO 0OMEKEHOr0 OPTOrOHAJBHO aIUTHBHOIO OHEPaTOpa.

1 TIONEPEJHS TH®OPMAIIIS

Saraapui BimomocTi. 3arajbHO HpUiHIATY TEPMIHOJONIIO Ta MO3HAYEHHsI 3 Teopil Be-
KTOPHHX TDATOK MU 3aI03u4uan 3 miapydnuka Aminpantica i Bypkinmasa [3]. [Tlogo menmn
PO3IMOBCIOKEHNX MOHATH, MU HUYKYe HABOJAMMO JIesiKy HeoOxiaHy irdopmariio. CuMBooM
L,(E, F) Mu T03Ha9a€MO BEKTOPHY I'DATKY BCIX PeryJIspHUX JIHIHUX OMepaTOpiB, MO MI0Th
3 E B F. PiBuicts © = | |, z; o3navae, mo « = » . x; Ta x; L x; mpu i # j. Enemenr
& BEeKTODHOI rparku E nasuBaerbes dipaemenmom enementa y € F (mumemo x C y), gKimo
x L (y — z). 3azHaanmo, mo C € 9aCTKOBAM TOPSAKOM Ha F| SKUi HA3UBAETHCSA AGMEPAAL-
Hum nopadkom ua E. (nus. |6] ayist nogaspmiol indopmarii crocoBHO JaTepaIbHOIO TOPSIKY ).
Yepes §e MU O3HAYAEMO MHOXKMHY BCiX (hparMeHTiB eJleMeHTa € BEeKTOPHOI I'paTku F, sgka €
oyneoro anrebpoto 3 mHyaeMm 0, oIUHUTIEIO e BinHocHOo onmepaiii xUy = (¢ Vyt) — (27 Vy )
raxzNy = (" Ay")— (x7 Ay™) (zUy Bu3HAUaETHCH, K cyupemyM, a £ Ny — gk indivym
JBOTOYKOBOI MHOKIHU {z,y} C F. M0 BIAHOIIEHHIO /10 JTAT€PATBHOIO MOPSIKY C 9K B Fe,
tak i B F), [6, Proposition 3.4]. fkio e — npoekuiiiauii eieMeHT BeKTOPHOI Irpatku F, To
Jepe3 P, MU MO3HATAE€MO TTOPSJIKOBY MPOEKIiio 3 F Ha cMyTy B., TOPOAXKEHY eJeMeHTOM e,
JH10 9KOT Ha JOBLIBHOMY JOJATHOMY eneMeHTi © € ET moxkua obuucauTtu 3a dopmymown |3,
Theorem 1.47]

P.x = sup(x A nlel). (1)
neN

Kaxyrb, 1m0 ciTKa (Z4)aca ¥ BeKTODHIil rpatii F €

® CUALHO NOPAJK0BO 36ioicHot0 110 rpanulli © € F| sakino ichye citka (Ys)aca B £ Taka,
. S—o0
o Yo 4 0 Ta |z, — | < y, Ans geskoro ag € A ta Beix o > o (MUIIyTh To — T);

o caabko nopadkoso 36ivicroto 1o rpannni r € E, aximo icuye cirka (yz)sep B E raka,
mo yg | 0 1 grs koxxmoro B € B icuye immexc oy € A Takwuit, mo |z, — x| < yg and

. w—o
BCIX v > oy (mMIIYTH T — ).

Koxua cniabHO TOPSAIKOBO 30iKHA CiTKa CJIa0KO TMOPSAKOBO 30iraeThes JI0 Ti€l XK camol
rpaHuii, ajge obepHeHe TBep/zKkeHHs xuOHe [1]|. fkimo E nmopsakoBo moBHa, a60 CiTKa (T4)aca
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MOHOTOHHA, TO CUJIbHA Ta cJabKa MopsakoBa 30izkunocTi exsiBasentHi [1] (y mux Bhmagkax
MHE IIHCATHMEMO T, —b ).

J11st TOBeIeHHST OCHOBHOT'O Pe3yJIbTaTy HaM Oy/e MOTpibHe HACTYIIHE IIPOCTe, ale KOPHCHE
CIIOCTEPEKEHHSI.

Tsepayxenns 1 ([8]). Hexaii (1,)aca — ciTKa y BekTOpHIii rparii E tax € E. Toxi HacTymnni

VMOBH €KBIBaJICHTHI:
. w—o
(1) Lo > X

(ii) icmye citka (2,)yec B E Taka, mo inf,cc 2z, = 0 i 1 goxkroro v € C icHye ap € A
Taka, mo |r, — x| < 2z, 41 Beix o > .

Citka (T4)aca ¥ BEKTODHI rparii £ HA3WUBAECTHCS iCMOMMHO AGMEPAALHO 0OMENCEHOIO,
SIKIIO iICHYIOTDh € € F Ta ingexc ag € A Taki, mo x, T e s Beix a > . IerorHo JrarepaibHO
obMezkeHa MOPSIKOBO 30iKHa 10 eeMeHTa & € E citka (T4 )aca HABHBAETHCS AGMEPAALHO
36791CH010 110 T CITKOIO (y IBOMY BHIAJKY HUILIYTh T N x). B nesxiit iteparypi (30Kpema,
B [5]) mia garepasbHO 361KHOI0 CITKOK PO3YMIOTH JIAIIE JATePATBLHO 3POCTAI0YI MOPSIKOBO
3012KHi CITKM; MU 2K JI/Is I[HOT0 HAI3BUYARHO BazKJIUBOI'O IIiJIKJIACY JIaTepaabHO 3012KHIX CITOK
BHKOPUCTOBYEMO TEPMiH “TOPU30HTAJILHO 30iKHI ciTku’. Todminme, MH rOBOPUMO, IO CiTKA
(Ta)aca v BeKTOpHIl rpartii E 2opusonmansvho 3bizaemocs no x € E (nnmemo z, BN ),
AKIIO T, C 2g Au1d Beix ingekciB a < f Ta o € HafiMeHIIOI0 BEPXHBOIO MEKeIo CITKH () Bia-
HoCcHO TTopsiaKy L. ['opu3onTaibHa 3012KHICTH € YACTKOBUM BUITAIKOM TOPSAKOBOT 3017KHOCTI
(7erko 6adWTH, MO TOPU3OHTAIBHO 301KHA CITKA CHJIBHO MOPSIKOBO 30ira€ThCst 10 Tiel XK
camoi rpanui). IIpore, B OKpeMUX BHIIAJIKAX TOPU3OHTAIbHA 361KHICTH MOXKe 3aMIHUTH MO-
PAKOBY 3012KHICTD ¥ OBHOMY 00csi3i. Hanpukia, ropu3oHTaIbHE 3aMUKAHHS HOPSAIKOBOIO
inmeasty 36iraeTbes 3 fioro mopsikoBuM 3aMukauHsiM [4]. Kpim Toro, mopsinkoBy HemepepBHiCTD
PeryasipHOTO JITHITHOTO oTnlepaTopa JI0CTATHHO MMePEeBIPATH JINTITe HA TOPU3OHTAIBHO 3017KHIX
ciTkax 3 06JacTi BU3HAYEHHs ([UB. TeOpeMy 2 HHKYE).

Kopucuo 3ayBaxkuTu, 1110 SIKIMO JaTePATbHO 301KHA CITKA (T4)aca € ICTOTHO JTATEPATHHO
00MeKeHOI0 eJIeMeHTOM € € E| To narepasibHa rpaHulid o 1€l citku Tex € pparmenTom e |6,
Proposition 4.5|, a Takozk MazKopy4y CiTKy Jis |2, — x| MoxKHa BubpaTu cepes ¢hparMenTiB
eaementa |e| |6, Proposition 4.6].

Citka (T4 )aca B F Ha3UBa€THCS 30i0tcH010 10 * €

e c-pisromipro, e e € ET axkmo Vn € N Jag € A Va > ay |z, — 2| < %e; y IBOMY

e
BUIIaOKy MU IIHIIEMO X, = xZ;

® DIBHOMIPHO, AKIIO (T4 )ae 30IMAETHCS 10 T e-PIBHOMIPHO JTst Jlesskoro e € E; y mpomy
BHIIQJIKY MU IHIIEMO T, — .

OdeBuHO, KOXKHA PiBHOMIpHO 30i:KHa CiTKa CJIAOKO MOPSAKOBO 30iraeThesd 10 Tiel XK
camol rpanuIi. MeHII 04eBHIHNM aJjie ICTUHHHUM € TOi daKT, 10 KOXKHA PIBHOMIPHO 3012KHA
CITKa CHJIbHO TOPSAKOBO 30ira€TbCs J10 Ti€l 2K caMol IPaHMIL.

Hexait F/, F' — BekTOpHI Ir'paTKu, npudoMy [ — nopsikoso nosua. Kazarumemo, mo GyH-
kiist f: E— F e
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® 20PU30HMAALHO NOPAJK0SBO HenepepsHor', AKIIo g KokHOI citku (z,) B F Ta 10-
?

BlIbHOTO T € E 3 ymoBH 2, LA punmBae, mo f(z,) — f(x);

® DIBHOMIDHO NOPAOKOBO HENEPEPEHI0, SIKIO JIUIA KOXKHOI CiTKI (2,) B E Ta 10BiIbHOTO
o
x € E 3 ymoBu 1, = x BuImBaE, mo f(r,) — f(z).

Ba3HaunMO, IO OCKIIBKH YMOBA TOPU30HTAILHOT 30i?KHOCTI CITOK CHJIBHIINA 32 JaTepasib-
Hy 30iKHICTH, TO YMOBa I'OPH30HTAJIBLHO IOPSIKOBOI HEIIEpEPBHOCTI cjablila, HixK HOHATTI
JaTepaJbHO MOPSIKOBOI HEIEPepBHOCTI BimoOparkeHb. A OTKe, TBepKEHHs PO FOPH30H-
TaJbHO 1OPSIKOBO HellepepBHI BiJI0OOPazKeHHs CUJILHINI 38 aHAJIOIIYHI TBEPJZKEHH 1IPO Jla-
TepaJIbHO MOPSIKOBO HeNepepBHi BiToOparKeHH .

fAxmmo K gKach 3 HaBeJeHHX BHUIE YMOB BUKOHYETHCH i MOCTITOBHOCTEH, TO MU TO-
BOPUMO, IO f € 20pU30HMANGHO NOPAIKOBO T -HENEPEPGHOIO TH PLBHOMIPHO NOPAJKOGO O -
HenepepeHn10, B 3aJIe2KHOCTI BiJT KOHKPETHOTO BUMAAKY. HaBeaeni o3nadeHHsT TOPU30HTATHHO
HOPSAJ/IKOBOI Ta PIBHOMIPHO IOPSJKOBOI HENEPEPBHOCTI MOYXKYTH OYTH 3aCTOCOBAHI /10 OY/b-
SIKOTO THITY TIOPSAIKOBOI 3012KHOCTI (C1a0KOI 9M CHJIBHOT) [T O3HAYEHHS 20PU30HMAADHO-
CUNDHO NOPAIKOBO, PIEHOMIPHO-CUADHO NOPAIKOBO, 20PU3OHMANBHO-CAGDKO NOPAJKOGO a Ta-
KOXK PIBHOMIPHO-CAGOKO nopAadkoso HenepepBHOI dyHKINI. OaHAK B YCiX HaBEJICHUX HUXKUIE
TBEPJKEHHSIX BiJl BEKTOPHOI I'paTKu 00pa3iB [’ 3aBKI1M BUMAra€ThCs MOPSIKOBA TOBHOTA, a
OTKe CHJIbHA Ta ¢j1abKa 3012KHOCTI ciTOK Ha F' piBHOCWJIBHI 1 MU OyJ1€MO BUKOPUCTOBYBATH
TePMiH «IOPSAJTKOBA 301KHICTHY.

s MHITHAX oIepaTopiB 3 TOPU30HTAILHO IOPSIIKOBOI HEIIEPEPBHOCTI BUILINBAE IMOPSI-
KOBa, HeIIePEPBHICTb.

Teepmxkenns 2 (Proposition 3.9 3 [5]). Hexaii F — BeKTOpHA I'PaTKa 3 FOJOBHOK TPOEKTHB-
HoIo BaactusicTio?, F' — nopsigkoso nosna sexropna rparka i S € L,(E, F).

1. gm0 S € ropu30HTAJIBHO HOPSAKOBO HEMEPEPBHUM, TO S — MOPSAKOBO HEHEPEPBHUI;
2. Hximo S € ropu30HTAIBHO MOPSIIKOBO 0-HEIEPEPBHUM, TO S — MOPSIKOBO 0 -HEIIEPEPBHU.

OproronanbHo aauTuBHi oneparopu. Hexait £/ — Bekropua rparka i F' — gificauit Jii-
Hiftanit mpoctip. @yukiisa T: F — F Ha3uBaEThCA 0PMO20HANDHO GOUMUBHUM ONEPAIMOPOM,
aximo T'(x +vy) = T'(z) + T(y) mig Beix x,y € F takux, mo x L y.

Ouesuano, T(0) = 0 a1 JOBLTHHOTO OPTOTOHAIBLHO aAUTUBHOTO omeparopa 1. Mmoxu-
Ha BCiX OPTOrOHAJILHO aIUTHUBHUX olepaTopiB 3 F B F € mificHEM JHHIHHUM IPOCTOPOM 3
NPUPOJIHUMH JTIIHIHTHUME ONePAIiIMHA.

Hexait F ta F' — Bektopui rparku. OproroHajbHO aguTuBauHil omepatop 1: EF — F
HA3HBAETHCS:

e dodammnum, axmo Tx > 0 BuKonyeTbcsa B F' g Beix © € F;

® pe2yaApHuM, KO 1" € PISHUIEI TBOX JIOJATHUX OIePaTOPiB;

Ju3 toHKmMHO Henepeperoto B iHIII TepMiHOIOTIT
principal projection property aHTIiHCHKOIO



204 KpacikoBa I.B., ITlnieB M. A.| TTontoB M. M., ®oTiin O.T.

® N0pAJK0BO 0OMENHCEHUM TN abcmparmuum onepamopom Ypucona, sxmo 1 BimoOpazkae
MOPSIKOBO OOMeErKeHi IMiIMHOXKUHKA F Y HOPSIKOBO OOME:KeH1 i IMHOXKUHKA F;

® LAMEPaAbHO-NOPAJK0S0 0bmedcerum, KO T'(F.) € MOpPsAIKOBO 0OMEZKEHOIO i IMHO-
xKunow I gog posisbHOTO € € F.

[ToznaunMo MHOYKUHU BCIiX JIOJATHUX, PETYISPHUX, TOPSIIKOBO OOMEZKEHUX Ta JATEPATHHO-
NOPAIKOBO 0OMexkeHHX oneparopis 3 E y F uepes OAY(E, F), OA.(E,F), U(E,F) Ta
P(E, F) sBignosigno. 3aznauumo, mo U(E, F') € miniftaum mianpocropom P(E, F), npudomy
sriouentst U(FE, F) C P(E, F) € crporum st Bunaaky E = F = R (|7]). Mu maginsemo
OA,(E, F) rakum nopsiikom: S < T BUKOHY€eThCs TOz 1 sintiie 1o, ko T — S € aogaraum
OPTOTOHAJIBHO AJUTUBHUM oreparopoMm, Tobro, Sz < Tz ans seix z € E. Toni OA,.(E, F)
CTA€ BIOPSIIKOBAHUM JIIHITHUM IIPOCTOPOM.

SayBaxkumo, 1o gkimo 1 : F — F — nogarauii OpTOrOHAIHLHO aIUTHBHUN OTEpaTop Ta
BeKTOp = € F € takum, mo T'(x) # 0, to T'(—x) # —T(x). Takum aunom, gogaTicts opTo-
TOHAJBHO aJIMTUBHOTO OIlepaTopa € 30BCIM 1HIIOK YMOBOIO, HI2K YMOBa JIOJATHOCTI JIHIHHOTO
onepaTopa, a €IuHUi JiHIHKI omepaTop, AKUil € TOJATHUM, 9K OPTOTOHAJILHO aJUTHBHUIMA
oreparop, € HyJib. [HIITa pid, siKa iCTOTHO BiJAPi3HAE OPTOrOHAJIBHO AJIMTUBHI OlEpATOPH BiJT
JUHIHUX, — TIe TOPsSIKOBa oOMexkeHicTh. Jlobpe BiIOMO 1 HEBazKHO NMOKa3aTH, 10 KOKHUI
JIHIHHUN peryJigpHuil onepaTop € MopsiakoBo odmerxkenuM. HaBrnaku, HaBiTH JojaTHHN Op-
TOIOHAJILHO aJUTHBHHE omepaTop He 3000B’d3aHuil OYTH HOpsaIKOBO odMmerxkenuM. /[lificHo,
koxkua ¢yukmig 7' : R — R 3 ymoBowo 7'(0) = 0 € opTOrOHATHHO aIUTUBHUM OMEPATOPOM,
aJjie OUeBH/IHO, HE KOYKHA TaKa (PYHKIA € MOPSTKOBO OOMEZKEHOIO.

J11s1 TOPSIIKOBO MOBHUX BEKTOPHHX I'PATOK Ma€ MiCIle HACTYIIHA TeopeMa, OTPpUMaHa Tpe-
tim aBropom Ta K. Pamuane, sika y3aranbhioe [5, Theorem 3.2.].

Teopema 1 (|7],Theorem 3.6). Hexaii FE, ' — BekTopHi rparkm, upudomy F — mopsikoBo
nosua. Toni OA.(E,F) =P(E,F) raOA,(E, F) € 10psiK0Bo HOBHOIO BEKTOPHOIO I DATKOIO.
Biasimme toro, g seix S, T € OA.(E, F), x € E MaloTh Micle Taki TBeDJIKEHHSI:

1. (TVvS)x=sup{Ty+Sz:z=yUz, y,z€ E};
2. (TANS)r=inf{Ty+Sz: x=yUz y,z€ E};
3. TTx=sup{Ty: yC x};

4. Tz =—inf{Ty: yCx};

5. |Tx| < |T|z.

3a Tux ke camux BuMor 10 F ta F' muoxuua U (FE,| F') Bcix abcTpakTHUX OMepaTopiB Y pu-
COHA € TOPSJIKOBO TIOBHOIO BEKTOPHOIO I'PATKOI0, siKa Ma€ Ti k cami Biractusocti (1)-(5) [5,
Theorem 3.2.]. Binbmre toro, U(E, F') € nopsiakosuM igeanom sektoproi rparkn OA,(E, F)
[7, Proposition 3.7, mpote ne 3aBxau € cmyrotwo |7, Example 3.8].



YACTKOBA MOPSAIKOBA HEIIEPEPBHICTH OPTOTOHAJIBHO AJIUTUBHUX OIIEPATOPIB 205

Ob6osonka abcTpakTHOro oneparopa Ypmucona. Hexait F, F' — Bektopui rpatku, F
— mopsakoBo nosHa ta T € U(FE, F). @yukmia T : E — F, o Bu3HaYeHA PIBHICTIO

j—\'(l’) = Sup |T‘(y)7 re kb, (2)

ly|<l|x|

€ sonaTHIM aGeTpakTHIM onepaTopom Ypucona (to6ro, T € U(E, F)*) [5, Proposition 3.4].
Oneparop T Mu Ha3UBaEMO 000.40HK0M0 onepaTopa 1'. 3a3zHadumo, Mo 0DOJOHKA MAa€ Taki
BAACTUBOCTI (IuB. TBepKenHs 3.4 ta 3.5 3 [9]).

TBepmxenusa 3. Hexaii B, F' — BexropHi rparku, F — nopsiikoso nosua ta S, T € U(E, F).
1. T(z) < T(x) g seix x € E.

2. dxmo x <y qus x,y € E, 10 f(w) < f(y)

A~

3. SIkmo 0 < S <T, TO§(£E)§T([IJ),JJIHBCiX£EEE.

—_—

4. S+ T(z) < S(z) + T(x) st eix x € E.

5. Hkmo, kpim Toro, E Mae rojloBHy HpOoeKTHBHY BjacTuBicTb, To T =T

2  (OCHOBHUI PE3YJIbTAT

K BKe 3a3HAYAIOCS, 3TI/IHO 3 TBEPKEHHAM 2, /15 TOPSIKOBOI HEIIePEePBHOCTI JIIHIIHOTO
PeryJIsipHOTO OTlepaTopa JOCTATHRO TOPU30HTAJILHO MOPIIKOBOI HermepepBHOCTi. HacTynmunmii
IPUKJIA] TOKA3YeE, IO Te He TaK I OPTOTOHAJIBHO a/INTUBHUX OMEPATOPIB.

IIpukman 1. Hexait 0 < p < oo. IcHYe ropu3oHTaJIbHO MOPSIKOBO HEMEepepBHHI OpTOro-
HaJbHO aiauTuBHUil pynkmionan f: L, — R, axuit me € nmopsikoso nenepepsunM. Binbie
Toro, f He € PIBHOMIDHO MOPSIKOBO HEIIEPEPBHIM.

Jlosederna. Busnaaumo dynkniio ¢: R — [—1,1], noknasmu ¢(t) = ¢ mpu [t| < 1 Ta
@(t) = 0 mpu [t| > 1. Haui Busnauumo Bimobpaxkenns f: L, — R 3a momomorown piBHOCTI

f(x) = /[ (L) du)

OproronaibHa aUTUBHICTH [ BUILINBAE OE3MOCepeTHRO 3 BIACTUBOCTEH iHTerpasa Jlebe-
ra. Ilokaxkemo, 1110 17" — TOPU30HTATIBLHO TOPAIKOBO HellepepBHUI. 3a3HAYMMO, IO OCKLIBKA
L, Mae BIACTHBICTH 3/i9€HHOCTI JIAHIOTIB (KO’KHA TU3 IOHKTHA MiAMHOXKAHA L, He GLibI,
HIK 3/1i9€HHA), TO TOPH30HTAILHO HOPSIKOBY HEIEPEPBHICTH OEPATOPIB, BU3HAYCHNX HA L,
MOKHa HepeBipaTn juie Ha nocaigosnocrax. [Ipumycrumo, mo x € L, ta (x,) — m0C/Ii o8-
HicTh B L, Taxa, 10 I, "y 2. Hoxnazemo A = {t € [0,1] : |z(t)] < 1} (3po3ymiio, mo A
BU3HAYAETHCS 3 TOUHICTIO JIO MHOYKWHU Mipu HYyJIb). Bepyuu no ysaru x, T x 1uist BCix n,
MaeMO ¢ ()[04 = 0, a or2Ke, Bpaxosyloun e i Te, mo |z, < |z| <1 na A, orpumyemo

|f(xn)—f(a:)|:‘/Aa:ndu—/Axdu‘:’/A(acn—m)d,u‘S/A|mn—xld,uﬁo,
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3rijiHO 3 Teopemoro Jlebera mpo oOMezkeHy 36iKHICTD (3ayBasKUMO, IO Ty, 5B L, o3na-
qae 301KHICTD MaiizKe CKPi3b Pa3oM i3 MOPSIKOBOI 0OMEKEHICTIO MoCaiioBHOCTI (), AUB.
[2, Lemma 8.17]). dusa poBemennst Toro, mo T He € PIBHOMIPHO HOPSIIKOBO HEIIEPEPBHUM,
PO3IJISTHEMO TOCTIIOBHICT cTanuX GbyHKIH ©, (1) = 1 + % nng Beix n. Tomi z, = 1, me 1
o3Hauae QYHKII, 110 TOTOXKHO jopiBHIoE onuant, f(z,) =0 ans Beix nra f(1)=1. O

OcHoBHE{l PE3y/IbTAT BCTAHOBJIIOE MOPSIKOBY HEIEPEPBHICTH OPTOTOHAJIBHO aUTUBHUX
OMepaTopiB 3 MEBHOTO KJACY, sIKi € BOJHOYAC TOPU30HTAJILHO-MOPSIKOBO HEMEPEPBHUMU Ta
PIBHOMIPHO-TIOPS/TKOBOI HeTIepEPBHUMM.

Hexait E/, F' — BekTopHi rpatku, npuaomy F' — mopsiikoBo moBHA. AGCTpakTHUIt oepaTop
Ypucona S € U(E, F') nazupatumeMo 06040HK010, IKIIO S € OO0JOHKOK JeSTKOrO OMeparopa
T € U(E, F), 1o6ro, S = T.

Brigno 3 [8], BekTopHa rparka E Mae 2opugonmanvhy saacmusicms €20posa, KO st
KOXKHOTO = € F, KoxkHoro ¢ € ET i KOXKHOT CiTKE (Z4)aeq B F Takux, mo o, — = Ta

: . : . ho .
||+ |7 < e masBeix a € A, ichye citka (e3)sep dparMeHTiB ereMenTa € Taka, Mo €5 —> € i

JIJIST KOXKHOTO 3 € B, BUKOHYETHCSI YMOBa (|x—xa|/\eﬁ) é;a 0. Tyr citka dparmenTis (eg)sep
Biirpae poJb MOCTIIOBHOCTI MHOXKUH, Mipa IKUX MPSAMYE 10 TTOBHOI MipH, Ha KOXKHIH 3 IKIX
JlaHa TOC/IiIOBHICTD MPSIMYE 0 CBOET IPaHUIll PiIBHOMIPHO B KJIacH4HIi Teopemi €roposa.

Hanpuksan, koxkHa BuMipHa BEKTOPHA I'PATKa MA€ TOPU3OHTAIBHY BJIACTUBICTH €roposa,
30KpeMa, KOYKHA BEKTOPHA I'PATKa KJaCciB eKBIBAJIEHTHOCTI BUMIPHUX (DYHKIIH HA ITPOCTOPI 3
mipomwo (£2, 3, i) (kaxkyTh, 1m0 BekTOpHA rpatka £ sumipha, skmo aust koxuoro e € BT\ {0}
OyneBa anarebpa §. € BAMIPHOIO).

[lopsakoBa HellepepBHICTH B HACTYIIHIM TeopeMi pO3IJISIAE€ThCA B CEHCI CJIA0KOI MOPs-
KOBOI 3012KHOCTI.

Teopema 2. Hexaii I/ — BekTopHa rparka 3 roJIOBHOIO HPOEKTHBHOIO BJIACTUBICTIO Ta NOPH-
30HTAJIbHOK BjacTusictio €roposa, F' — mopsiikoBo moBHa BeKTOpHA rparka. Tomi KoxkHA
obosorka S € U(E,F), sKa € ropu30HTAJIBHO-IIOPSIKOBO HENEPEPBHOK Ta DIBHOMIDHO-
MOPSITKOBO HEMEPEPBHOIO, € MOPS/TKOBO HEMEPEPBHUM OPTOTOHAJBHO AJHTHBHHM OIEPAaTO-
POM.

Jlosederna. 3riapo 3 1. (5) rBepmkenns 3, T = T = |T| (i piBHOCTI MU OY/1EMO BUKOPHCTO-
ByBaru gaii y goseienni). Hexaii (24)aca — citka B B, 1 € E 1a 2, — 2. Hexait (Usy)yer —
Taka ciTka, mo u, | 0 Ta mig xoxkuoro v € I icaye innexe o, € A Takuii, mo |x — z,| < u,
IS BeiX o > av,. Badbikcyemo noBlLIbHUI iHIEKC Y9 € B i nokmagemo e == u., + 2|z|. Toxi
|zo] + |2z| < e ana Beix o > .. 3a rOPU3OHTAIBHOIO BIACTHBICTIO €TOpoBa, 3aCTOCOBAHOIO

. . . h
710 CITKH (Ta)a>a,,, BEOEPEMO CITKY (€s)sep pparMenTis eneMenTa e, Taxy, Mo e — € a

e
TaKOXK [t KOXKHOrO 3 € B mae micue |x — x,| A eg =2, 0. [Tozmatmmo wepes P, mopsiKOBY
npoekniro 3 E na cmyry B., nopojzkeny ejgeMenToM z € F. Toal niag JOBLIBHOIO v > iy 1
KOKHOTO 3 € B oTpuMyeMO

}T(x) — T(xa)| <

0 (3)
T (z) — T(Po,x)| + |T(Peyz) — T(Peywa)| + |T(Peyza) — T(2a)|.
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Ockinbku e = eg Ll (e — e3), TO 3a oproronanbHoIo aauTuBHicTo T', BUKOpucToByiodn (ii) Ta
ouesmre Binmomenns 1'(eg) T, AicTameMo

T(e — e5) = T(e) — T(es) 0. (4)
3a 0YeBHHOI0 BIACTUBICTIO MOPSIKOBOI mpoekmii, P u C u, a oTxe,
(Ve B)(Vu € E) u= P ull(u— Pu). (5)
Axmo |u| < |e], To
lu — Peyu| = [Pou — Peyu| = |Pe_eyu| < |Po_eye| = |e — egl. (6)

Otxke, st 10BUIbHOTO U € {T, 7, : @ € A}, BUKOPUCTOBYIOUH OPTOTOHAJIBHY aJINTHB-
HICTH 1, MU OTPHEMYEMO

(5) ©) (7)
‘T(u) — T(Peﬁu)| = ’T(u — Peﬂu)’ <Tlu— Peyu|l < T(e—ep);

BacrocoByoun aBiui (7) cnmoyaTky s u = 2, a MOTIM JUI U = I, 33 JOTOMorow (3),

OTPHUMAEMO
T(2) — T(za)| < 2T (e — €p) + |T(Poyz) — T(Peyza)|. (8)

Tenep nokaxkemo, 110
(VB € B) Peyra =4 Pey. (9)

Ockinbku eg C e a | — 24| < e s Beix inpekcis, To
T — Zo| = Pe|lt — 2a| = Pey|v — 20| V Pe—ey |2 — 24
a OTKe, BUKOPUCTOBYIOUH (1), OTpUMYy€EMO

|z — x| Aeg = ((Peylz — xal) Aeg) VO

= <sup |x — 24| /\ne;;) Neg = Poylz — 24

n

Taxum gunOM,

e
|Peﬁaja — Peﬁx| = |P.,(r — x4)| < Peﬁ|x — To| = | — xal Neg =3, 0,

€s

3Bigku ummBac (9). 3 piBrHOMipHO mopsiikoBol HemepepsHocTi T Ta (9) BHILINBAE, IO
T(P.,z) — T(Peyta) —o 0 aas Beix 3 € B. Tenep ana aositbuoro € B subepemo
CiTKY (Wp ) er, B F Taxy, mo wg, |, 0 i a1 koxnoro 7y € I'g icHye ag, € A Takuii, mo

(Voo > agy) |T(Poyw) — T(Peyaa)| < way. (10)

Posrassmemo muoxkuny II := UﬁeB ({ﬁ} x I'g) 3 smekcuxorpadivnum mopsjakom, T06TO,
(B',v") < (B8”,~") o3mauae, mo abo ' < [, abo ' = " 1a v < ~”. O4yeBumHO, MHOKHHA
II € nampaAMIIeHOI0 BITHOCHO 33JaHOT0 TOPAAKY. Busnaunmo citky B F', moknasmm S(g,) =
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2T (e — eg) + wp, mna seix (B,v) € 1. Toxi ana mosinmbuoro (B,v) € II 3 (8) Ta (10)
OTPHMYEMO
(Vo > agy) [T(2) = T(xa)| < S(e.)-

BrizHo 3 TBepKeHHAM 1, 3aimmaerbes nokasaru, mo inf{Ss.) : (8,7) € M} = 0.
OcranHst yMOBa JOBOJUTLCS CTAHJIAPTHUM YHHOM, BUKOpHCTOBYWOUM (4) Ta wg, |, 0 aas
BCix § € B. m

3a3HaYNMO, 10 MPUIYTIEHHS TeopeMu 2 JTOCUTHh CUJIbHI, X0Ya HAM He BiJOMO YKOJIHOTO
HpUKJIALy, dKuil OM IoKa3yBaB, 110 B3araJji gKiChb HpHUIIyIIeHHA NOTPioHI. TakuM 4yuHOM,

3aJMIMTAI0THhCS HEPO3B’sI3aHOI0 TaKa MpodJeMa.

IIpobaema 2. Yy icHyioTh BeKTOpHa rparka F 3 rojgoBHOIO IPOCKTHBHOIO BJIACTHBICTIO,
MTOPSITKOBO TIOBHA BEKTOPHA I'paTka I Ta perymspHUii OpTOrOoHAJIBHO aIHTHBHHI OMEPATOD
T: E — F, akuii € ropu30HTaJIbHO-IOPSIKOBO HEHEPEPBHUM Ta PIBHOMIDHO-IOPSI/IKOBO He-
MTepePBHIM, aJje He € TOPSIKOBO HeITepePBHIM !

CHHUCOK JIITEPATYPU

[1] Abramovich Yu., Sirotkin G. On order convergence of nets. Positivity, 2005, 9 (3), 287-292. DOI
10.1007/s11117-004-7543-x

[2] Aliprantis C.D., Border K. C. Infinite Dimensional Analysis, 3-d Ed., Springer-Verlag, Berlin-Heidelberg,
2006.

[3] Aliprantis C.D., Burkinshaw O. Positive Operators, Springer, Dordrecht, 2006.

[4] Krasikova I., Pliev M., Popov M. Measurable Riesz spaces. Carpathian Math. Publ., 2021, 13 (1), 81-88.
DOI 10.15330/Cmp.13.1.81—88

[5] Mazon J.M., Segura de Leén S. Order bounded ortogonally additive operators. Rev. Roumane Math.
Pures Appl., 1990, 35 (4), 329-353. MR1082516

[6] Mykhaylyuk V., Pliev M., Popov M. The lateral order on Riesz spaces and orthogonally additive
operators. Positivity, 2021, 25 (2), 291-327. DOI 10.1007/s11117-020-00761-x

[7] Pliev M. A., Ramdane K. Order unbounded orthogonally additive operators in vector lattices. Medi-
terranean J. Math., 2018, 15 (2), Paper No. 55, 20 pp. DOI 10.1007/s00009-018-1100-5

[8] Popov M. Horizontal Egorov property of Riesz spaces. Proc. Amer. Math. Soc., 2021, 149 (1), 323-332.
DOI: 10.1090/proc/15235.

[9] Popov M. Banach lattices of orthogonally additive operators. Preprint.

Haoditiwao 26.03.2021

Fotiy O. G., Krasikova I. V., Pliev M. A., Popov M. M., On separate order continwity of orthogonally
additive operators, Bukovinian Math. Journal. 9, 1 (2021), 200-2009.

Our main result asserts that, under some assumptions, the uniformly-to-order continuity
of an order bounded orthogonally additive operator between vector lattices together with its
horizontally-to-order continuity implies its order continuity (we say that a mapping f: E — F
between vector lattices E and F' is horizontally-to-order continuous provided f sends laterally
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increasing order convergent nets in E to order convergent nets in F', and f is uniformly-to-order
continuous provided f sends uniformly convergent nets to order convergent nets).

Key words and phrases: vector lattice, Riesz space, orthogonally additive operator, order
continuous operator



