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1 Âñòóï

Ó 1932-ìó ðîöi Â. Ñåðïiíñüêèé [12] äîâiâ, ùî êîæíà äiéñíîçíà÷íà íàðiçíî íåïåðåðâíà

ôóíêöiÿ íà R2 îäíîçíà÷íî âèçíà÷à¹òüñÿ ñâî¨ìè çíà÷åííÿìè íà äîâiëüíié ùiëüíié â R2

ìíîæèíi. Iíøèìè ñëîâàìè, ÿêùî äâi íàðiçíî íåïåðåðâíi ôóíêöi¨ çáiãàþòüñÿ íà äåÿêié

âñþäè ùiëüíié ìíîæèíi, òî âîíè îáîâ'ÿçêîâî ¹ ðiâíèìè. Ïiçíiøå ðåçóëüòàò Ñåðïiíñüêîãî

áóâ ùå ðàç äîâåäåíèé â ðîáîòàõ [13] i [5], à òàêîæ ðîçâèâàâñÿ i óçàãàëüíþâàâñÿ áàãàòüìà

ìàòåìàòèêàìè (äèâèñü [3], [1], [11], [4], [7], [6]).

ßê áóëî âèÿâëåíî Ç. Ïüîòðîâñêiì i Å. Âií ëåðîì [11] ðåçóëüòàòè ïðî îäíîçíà÷íó

âèçíà÷åíiñòü íàðiçíî íåïåðåðâíèõ äiéñíîçíà÷íèõ ôóíêöié íåñêëàäíî ìîæíà ïåðåíîñèòè

íà âèïàäîê âiäîáðàæåíü çi çíà÷åííÿìè ó äîâiëüíîìó öiëêîì ðåãóëÿðíîìó ïðîñòîði. À

ñàìå, âîíè äîâåëè òàêó òåîðåìó.

Òåîðåìà 1 ([11]). Íåõàé X i Y � äîâiëüíi òîïîëîãi÷íi ïðîñòîðè. Òîäi ÿêùî

(1) êîæíà íàðiçíî íåïåðåðâíà ôóíêöiÿ f : X × Y → R ¹ ëåäü íåïåðåðâíîþ,

òî

(2) äëÿ äîâiëüíîãî öiëêîì ðåãóëÿðíîãî ïðîñòîðó Z êîæíå íàðiçíî íåïåðåðâíå âiä-

îáðàæåííÿ íà X × Y i çi çíà÷åííÿìè â Z îäíîçíà÷íî âèçíà÷à¹òüñÿ ñâî¨ìè çíà÷åííÿìè

íà äîâiëüíié âñþäè ùiëüíié â X × Y ìíîæèíi.
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Ïîäàëüøèé ðîçâèòîê äàíî¨ òåìàòèêè ïîâ'ÿçàíèé ç ïðàöåþ Ì. Ãåíðiêñåíà i Ð. Âóäñà

[4], ÿêà ïðèñâÿ÷åíà âèâ÷åííþ âëàñòèâîñòåé òîïîëîãi¨ íàðiçíî¨ íåïåðåðâíîñòi σ(X×Y ),

òîáòî íàéñëàáøî¨ òîïîëîãi¨ íà äîáóòêó X × Y öiëêîì ðåãóëÿðíèõ ïðîñòîðiâ X i Y ,

âiäíîñíî ÿêî¨ êîæíà íàðiçíî íåïåðåðâíà ôóíêöiÿ f : X×Y → R ¹ íåïåðåðâíîþ. Çîêðåìà,

òàì áóëî âñòàíîâëåíî, ùî äëÿ Z = R i öiëêîì ðåãóëÿðíèõ ïðîñòîðiâ X i Y óìîâè (1)

i (2) ç òåîðåìè 1 ¹ ðiâíîñèëüíèìè. Êðiì òîãî, âîíè äîâåëè òàêå óçàãàëüíåííÿ òåîðåìè

Ñåðïiíñüêîãî.

Òåîðåìà 2. ([4, Òâåðäæåííÿ 3.2, Ëåìà 3.4]) Íåõàé ℵ � íåñêií÷åííèé êàðäèíàë, X � ℵ+-
áåðiâñüêèé ïðîñòið i Y � òîïîëîãi÷íèé ïðîñòið ç π-õàðàêòåðîì ≤ ℵ. Òîäi êîæíà íàðiçíî

íåïåðåðâíà ôóíêöiÿ íà f : X × Y → R îäíîçíà÷íî âèçíà÷à¹òüñÿ ñâî¨ìè çíà÷åííÿìè íà

äîâiëüíié âñþäè ùiëüíié â äîáóòêó X × Y ìíîæèíi.

Ñëiä çàóâàæèòè, ùî ó [7] îäåðæàíî ïîäiáíèé ðåçóëüòàò, ÿêèé äîâîäèòüñÿ ç äîïîìîãîþ

õðåñò-òîïîëîãi¨ íà äîáóòêó X×Y , êîòðà òàêîæ òiñíî ïîâ'ÿçàíà ç íàðiçíî íåïåðåðâíèìè

ôóíêöiÿìè.

Òåîðåìà 3 ([7]). Íåõàé X � áåðiâñüêèé ïðîñòið, Y � òîïîëîãi÷íèé ïðîñòið çi çëi÷åííèì

π-õàðàêòåðîì i Z � óðèñîíîâèé ïðîñòið. Òîäi êîæíà íàðiçíî íåïåðåðâíà ôóíêöiÿ íà

f : X×Y → Z îäíîçíà÷íî âèçíà÷à¹òüñÿ ñâî¨ìè çíà÷åííÿìè íà äîâiëüíié âñþäè ùiëüíié

â äîáóòêó X × Y ìíîæèíi.

Ðàçîì ç óçàãàëüíåííÿìè òåîðåìè Ñåðïiíñüêîãî íà âèïàäîê àáñòðàêòíèõ ïðîñòîðiâ

X, Y i Z ïðèðîäíî âèíèêà¹ òàêîæ ïèòàííÿ ïðî ìîæëèâiñòü ïîñëàáëåííÿ óìîâ íàðiçíî¨

íåïåðåðâíîñòi. À ñàìå, ìîâà éäå ïðî îäåðæàííÿ òåîðåì ïðî îáîâ'ÿçêîâó ðiâíiñòü âiä-

îáðàæåíü f : X × Y → Z i g : X × Y → Z ç ïåâíîãî êëàñó, ÿêùî âîíè çáiãàþòüñÿ íà

äåÿêié ùiëüíié â X×Y ìíîæèíi. Òàêîãî ñîðòó äîñëiäæåííÿ (äëÿ âiäîáðàæåíü áàãàòüîõ

çìiííèõ) áóëî ïðîâåäåíî ó ðîáîòi [6], äå áóëî îäåðæàíî íàñòóïíèé ðåçóëüòàò.

Òåîðåìà 4 ([6]). Íåõàé X � áåðiâñüêèé ïðîñòið, Y � òîïîëîãi÷íèé ïðîñòið çi çëi÷åííèì

π-õàðàêòåðîì, Z � óðèñîíîâèé ïðîñòið, A ⊆ X × Y � ùiëüíà â X × Y ìíîæèíà, f : X ×
Y → Z i g : X×Y → Z � âiäîáðàæåííÿ, ÿêi ¹ ñëàáêî ãîðèçîíòàëüíî êâàçiíåïåðåðâíèìè,

íåïåðåðâíèìè âiäíîñíî äðóãî¨ çìiííî¨, îäíîñòàéíî ëåäü íåïåðåðâíèìè âiäíîñíî ïåðøî¨

çìiííî¨ i òàêi, ùî f |A = g|A. Òîäi f = g.

Çàçíà÷èìî, ùî, íåçâàæàþ÷è íà äîñèòü øèðîêå ðîçìà¨òòÿ óìîâ i òåðìiíîëîãi÷íi âiä-

ìiííîñòi, ìåòîäè äîâåäåííÿ òåîðåì 2, 3 i 4, â öiëîìó, ¹ ïîäiáíèìè. Ó äàíié ñòàòòi ìè

âèêëàäåìî öåé ìåòîä ó çàãàëüíié ðåäàêöi¨ i îòðèìà¹ìî òåîðåìó, ÿêà óçàãàëüíþ¹ âèùå-

çãàäàíi ðåçóëüòàòè. Êðiì òîãî, ìè ïðîàíàëiçó¹ìî, äëÿ ÿêèõ êëàñiâ ïðîñòîðiâ âèêîíó¹òüñÿ

òåîðåìà Ñåðïiíñüêîãî äëÿ íàðiçíî íåïåðåðâíèõ ôóíêöié i íàâåäåìî äåÿêi ïðèêëàäè.

2 Îäíîñòàéíi âëàñòèâîñòi âiäîáðàæåíü äâîõ âiäîáðàæåíü

Â äàíîìó ïóíêòi ìè ðîçãëÿíåìî îäíîñòàéíi âëàñòèâîñòi äâîõ âiäîáðàæåíü, ÿêi äëÿ

êâàçiíåïåðåðâíîñòi i ëåäü íåïåðåðâíîñòi áóëè ââåäåíi â [6].
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Íåõàé X i Y � òîïîëîãi÷íi ïðîñòîðè i P � äåÿêà âëàñòèâiñòü âiäîáðàæåíü. Ìè áóäåìî

ãîâîðèòè, ùî âiäîáðàæåííÿ f : X → Y i g : X → Y îäíîñòàéíî âîëîäiþòü âëàñòèâiñòþ

P , ÿêùî äiàãîíàëüíå âiäîáðàæåííÿ h = f4g : X → Y 2,

h(x) = (f(x), g(x)),

ìà¹ âëàñòèâiñòü P .

Äëÿ âiäîáðàæåííÿ f : X × Y → Z i òî÷îê x ∈ X i y ∈ Y âiäîáðàæåííÿ fx : Y → Z,

fx(v) = f(x, v), i fy : X → Z, fy(u) = f(u, y), íàçèâàòèìåìî âåðòèêàëüíèì x-ðîçðiçîì i

ãîðèçîíòàëüíèì y-ðîçðiçîì âiäïîâiäíî.

Ìè áóäåìî êàçàòè, ùî âiäîáðàæåííÿ f : X×Y → Z âîëîäi¹ âëàñòèâiñòþ P âiäíîñíî

ïåðøî¨ çìiííî¨, ÿêùî êîæíèé ãîðèçîíòàëüíèé y-ðîçðiç fy âîëîäi¹ âëàñòèâiñòþ P . I, âiä-

ïîâiäíî, f âîëîäi¹ âëàñòèâiñòþ P âiäíîñíî äðóãî¨ çìiííî¨, ÿêùî êîæíèé âåðòèêàëüíèé

x-ðîçðiç fy âîëîäi¹ âëàñòèâiñòþ P .

Àíàëîãi÷íî ââîäèòüñÿ ïîíÿòòÿ îäíîñòàéíîãî âîëîäiííÿ òi¹þ ÷è iíøîþ âëàñòèâiñòþ

äëÿ ôóíêöié äâîõ çìiííèõ. Íåõàé X, Y i Z � òîïîëîãi÷íi ïðîñòîðè i P � äåÿêà âëàñòè-

âiñòü âiäîáðàæåíü. Ìè áóäåìî ãîâîðèòè, ùî âiäîáðàæåííÿ f : X×Y → Z i g : X×Y → Z

îäíîñòàéíî âîëîäi¹ âëàñòèâiñòþ P âiäíîñíî ïåðøî¨ (äðóãî¨) çìiííî¨, ÿêùî äiàãîíàëüíå

âiäîáðàæåííÿ h = f4g : X × Y → Z2,

h(x, y) = (f(x, y), g(x, y)),

ìà¹ âëàñòèâiñòü P âiäíîñíî ïåðøî¨ (äðóãî¨) çìiííî¨.

Òâåðäæåííÿ 1. Íåõàé X, Y , Z � òîïîëîãi÷íi ïðîñòîðè i P � äåÿêà âëàñòèâiñòü âiä-

îáðàæåíü. Òîäi âiäîáðàæåííÿ f : X × Y → Z i g : X × Y → Z îäíîñòàéíî âîëîäiþòü

âëàñòèâiñòþ P âiäíîñíî äðóãî¨ çìiííî¨ òîäi i òiëüêè òîäi, êîëè äëÿ êîæíîãî x ∈ X

âåðòèêàëüíi ðîçðiçè fx i gx îäíîñòàéíî âîëîäiþòü âëàñòèâiñòþ P .

Äîâåäåííÿ. Ïîêëàäåìî h = f4g : X × Y → Z2. Çàëèøèëîñü çàóâàæèòè, ùî

hx = fx4gx

äëÿ êîæíîãî x ∈ X.

Àíàëîãi÷íå òâåðäæåííÿ ìà¹ ìiñöå i ùîäî âëàñòèâîñòåé âiäíîñíî ïåðøî¨ çìiííî¨. Êðiì

òîãî, çðîçóìiëî, ùî äîâiëüíi äâà íåïåðåðâíi âiäîáðàæåííÿ ¹ îäíîñòàéíî íåïåðåðâíèìè,

à äîâiëüíi äâà íàðiçíî íåïåðåðâíi âiäîáðàæåííÿ ¹ îäíîñòàéíî íàðiçíî íåïåðåðâíèìè.

3 Ëåäü íåïåðåðâíiñòü òà äåÿêi ¨¨ ìîäèôiêàöi¨

Íàãàäà¹ìî, ùî âiäîáðàæåííÿ f : X → Y ìiæ òîïîëîãi÷íèìè ïðîñòîðàìè X i Y

íàçèâà¹òüñÿ ëåäü íåïåðåðâíèì â òî÷öi x0 ∈ X, ÿêùî äëÿ äîâiëüíîãî îêîëó V òî÷êè

f(x0) â ïðîñòîði Y iñíó¹ íåïîðîæíÿ âiäêðèòà ìíîæèíà G â ïðîñòîði X òàêà, ùî f(G) ⊆
V . Âiäîáðàæåííÿ f : X → Y , ÿêå ¹ ëåäü íåïåðåðâíèì â êîæíié òî÷öi x ∈ X íàçèâà¹òüñÿ

ëåäü íåïåðåðâíèì. Iíøèìè ñëîâàìè, âiäîáðàæåííÿ f : X → Y ¹ ëåäü íåïåðåðâíèì, ÿêùî

int f−1(V ) 6= ∅
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äëÿ äîâiëüíî¨ âiäêðèòî¨ â ïðîñòîði Y ìíîæèíè V òàêî¨, ùî f−1(V ) 6= ∅.
Ìè áóäåìî âèêîðèñòîâóâàòè íàñòóïíå ïîñëàáëåííÿ ëåäü íåïåðåðâíîñòi. Âiäîáðàæåí-

íÿ f : X → Y ìiæ òîïîëîãi÷íèìè ïðîñòîðàìè X i Y íàçèâàòèìåìî ëåäü* íåïåðåðâíèì,

ÿêùî

int f−1(V ) 6= ∅

äëÿ äîâiëüíî¨ âiäêðèòî¨ â ïðîñòîði Y ìíîæèíè V òàêî¨, ùî f−1(V ) 6= ∅.
Çðîçóìiëî, ùî êîæíå ëåäü íåïåðåðâíå âiäîáðàæåííÿ ¹ ëåäü* íåïåðåðâíèì. Ç iíøîãî

áîêó, îáåðíåíà iìïëiêàöiÿ ìà¹ ìiñöå ó íàñòóïíîìó âèïàäêó.

Òâåðäæåííÿ 2. Íåõàé X � òîïîëîãi÷íèé ïðîñòið i Y � ðåãóëÿðíèé ïðîñòið. Òîäi êîæíå

ëåäü* íåïåðåðâíå âiäîáðàæåííÿ f : X → Y ¹ ëåäü íåïåðåðâíèì.

Äîâåäåííÿ. Íåõàé V � âiäêðèòà â ïðîñòîði Y ìíîæèíà òàêà, ùî f−1(V ) 6= ∅. Âèáåðåìî
äîâiëüíó òî÷êó x0 ∈ f−1(V ) i âiäêðèòèé îêië V1 òî÷êè y0 = f(x0) â ïðîñòîði Y òàêèé,

ùî V 1 ⊆ V . Òåïåð ìà¹ìî

int f−1(V ) ⊇ int f−1(V 1) 6= ∅.

Àëå, ÿê ïîêàçó¹ íàñòóïíèé ïðèêëàä, îáåðíåíà iìïëiêàöiÿ äëÿ ãàóñäîðôîâèõ ïðîñòî-

ðiâ Y íå ¹ âiðíîþ.

Òâåðäæåííÿ 3. Iñíóþòü çëi÷åííèé ìåòðèçîâíèé ïðîñòið X, ãàóñäîðôîâèé çâ'ÿçíèé

ïðîñòið Y i ëåäü* íåïåðåðâíå âiäîáðàæåííÿ f : X → Y , ÿêå íå ¹ ëåäü íåïåðåðâíèì ó

êîæíié òî÷öi x ∈ X.

Äîâåäåííÿ. Íåõàé Q+ = Q ∩ [0,+∞), òîïîëîãi÷íèé ïðîñòið X = Q+ × Q íàäiëåíèé

åâêëiäîâîþ òîïîëîãi¹þ i Y = Q+×Q ¹ ïðîñòîðîì Áiíãà (äèâ. [2, Ïðèêëàä 6.1.6]), òîáòî

äëÿ êîæíî¨ òî÷êè y = (u, v) ∈ Q+ × Q áàçó îêîëiâ öi¹¨ î÷êè â ïðîñòîði Y óòâîðþþòü

ìíîæèíè

Vε(y) = {y} ∪ {(r, 0) : |r − u−v√
3
| < ε} ∪ {(r, 0) : |r − u+v√

3
| < ε},

äå ε > 0.

Ðîçãëÿíåìî òîòîæíå âiäîáðàæåííÿ f : X → Y . Îñêiëüêè äëÿ äîâiëüíèõ y ∈ Q+ ×Q
i ε > 0 ìíîæèíà Vε(y) ìà¹ ïîðîæíþ âíóòðiøíiñòü â ïðîñòîði X, òî âiäîáðàæåííÿ f íå

¹ ëåäü íåïåðåðâíèì ó êîæíié òî÷öi.

Ç iíøîãî áîêó, çàìèêàííÿ â ïðîñòîði Y êîæíî¨ ìíîæèíè Vε(y) ìà¹ íåïîðîæíþ âíó-

òðiøíiñòü â ïðîñòîði X. Òîìó âiäîáðàæåííÿ f ¹ ëåäü íåïåðåðâíèì ó êîæíié òî÷öi.

Äåùî ìîäèôiêóþ÷è öåé ïðèêëàä ìîæíà îäåðæàòè àíàëîãi÷íèé ðåçóëüòàò i äëÿ óðè-

ñîíîâèõ ïðîñòîðiâ Y .

Òîïîëîãi÷íèé ïðîñòið X íàçèâà¹òüñÿ óðèñîíîâèì, ÿêùî äëÿ äîâiëüíèõ ðiçíèõ òî÷îê

x1, x2 ∈ X iñíóþòü çàìêíåíi îêîëè U1 i U2 öèõ òî÷îê òàêi, ùî U1 ∩ U2 = ∅.

Òâåðäæåííÿ 4. Iñíóþòü çëi÷åííèé ìåòðèçîâíèé ïðîñòið X, óðèñîíîâèé ïðîñòið Y i

ëåäü* íåïåðåðâíå âiäîáðàæåííÿ f : X → Y , ÿêå íå ¹ ëåäü íåïåðåðâíèì ó êîæíié òî÷öi

x ∈ X.
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Äîâåäåííÿ. Íåõàé, ÿê i â ïîïåðåäíüîìó òâåðäæåííi, òîïîëîãi÷íèé ïðîñòið X = Q+ ×Q
íàäiëåíèé åâêëiäîâîþ òîïîëîãi¹þ i Y = Q+ × Q. Ðîçãëÿíåìî íà ìíîæèíi Y íàñòóïíó

òîïîëîãiþ. Äëÿ êîæíî¨ òî÷êè y = (u, v) ∈ Q+ × Q áàçó îêîëiâ öi¹¨ î÷êè â ïðîñòîði Y

óòâîðþâàòèìóòü ìíîæèíè

Wε(y) = {y} ∪ {(r, 0) : |r − u−v√
3
| < ε},

äå ε > 0.

Ðîçãëÿíåìî, ÿê i â òâåðäæåííi 3, òîòîæíå âiäîáðàæåííÿ f : X → Y , ÿêå íå ¹ ëåäü

íåïåðåðâíèì ó êîæíié òî÷öi, àäæå âñi ìíîæèíè Wε(y) òàêîæ ìàþòü ïîðîæíþ âíóòði-

øíiñòü â ïðîñòîði X.

Êðiì òîãî, çàìèêàííÿ W ε(y) â ïðîñòîði Y êîæíî¨ ìíîæèíè Wε(y) ìà¹ âèãëÿä

W ε(y) = {(r, s) ∈ Q+ ×Q : |r − u−v√
3
| < ε},

äå y = (u, v). Òîìó ìíîæèíà W ε(y) ìà¹ íåïîðîæíþ âíóòðiøíiñòü â ïðîñòîði X i âiä-

îáðàæåííÿ f ¹ ëåäü íåïåðåðâíèì ó êîæíié òî÷öi.

4 Ãîðèçîíòàëüíà ñëàáêà êâàçiíåïåðåðâíiñòü âiäíîñíî áàçè

Íåõàé X, Y i Z � òîïîëîãi÷íi ïðîñòîðè. Âiäîáðàæåííÿ f : X × Y → Z íàçèâà¹òüñÿ

ñëàáêî ãîðèçîíòàëüíî êâàçiíåïåðåðâíèì, ÿêùî äëÿ äîâiëüíèõ âiäêðèòèõ âX i Y ìíîæèí

G i H i äîâiëüíî¨ ùiëüíî¨ â G ìíîæèíè A ⊆ X âèêîíó¹òüñÿ âêëþ÷åííÿ

f(G×H) ⊆ f(A×H).

Ìè áóäåìî âèêîðèñòîâóâàòè íàñòóïíó ìîäèôiêàöiþ öüîãî ïîíÿòòÿ.

ÍåõàéX, Y , Z � òîïîëîãi÷íi ïðîñòîðè iW � ñèñòåìà ïiäìíîæèí ïðîñòîðó Z. Âiäîáðà-

æåííÿ f : X × Y → Z íàçèâàòèìåìî ñëàáêî ãîðèçîíòàëüíî êâàçiíåïåðåðâíèì âiäíîñíî

ñèñòåìè W , ÿêùî äëÿ äîâiëüíèõ âiäêðèòèõ â X i Y ìíîæèí G i H, äîâiëüíî¨ ùiëüíî¨

â G ìíîæèíè A ⊆ X i äîâiëüíî¨ ìíîæèíè W ∈ W âèêîíó¹òüñÿ óìîâà

f(A×H) ⊆ W ⇒ f(G×H) ⊆ W.

Íàñòóïíi ôàêòè ëåãêî äîâîäÿòüñÿ ç äîïîìîãîþ îçíà÷åíü.

Òâåðäæåííÿ 5. Âiäîáðàæåííÿ f : X × Y → Z ¹ ñëàáêî ãîðèçîíòàëüíî êâàçiíåïå-

ðåðâíèì òîäi i òiëüêè òîäi, êîëè f ¹ ñëàáêî ãîðèçîíòàëüíî êâàçiíåïåðåðâíèì âiäíîñíî

ñèñòåìè 2Z .

Òâåðäæåííÿ 6. Íåõàé âiäîáðàæåííÿ f : X × Y → Z ¹ ñëàáêî ãîðèçîíòàëüíî êâàçiíå-

ïåðåðâíèì âiäíîñíî ñèñòåìè A i âiäîáðàæåííÿ g : X × Y → Z ¹ ñëàáêî ãîðèçîíòàëüíî

êâàçiíåïåðåðâíèì âiäíîñíî ñèñòåìè B. Òîäi äiàãîíàëüíå âiäîáðàæåííÿ f4g : X×Y → Z

¹ ñëàáêî ãîðèçîíòàëüíî êâàçiíåïåðåðâíèì âiäíîñíî ñèñòåìè A× B.

Âiäîáðàæåííÿ f : X×Y → Z íàçèâàòèìåìî ñëàáêî ãîðèçîíòàëüíî êâàçiíåïåðåðâíèì

âiäíîñíî áàçè, ÿêùî iñíó¹ áàçà W òîïîëîãi¨ ïðîñòîðó Z òàêà, ùî f ¹ ñëàáêî ãîðèçîí-

òàëüíî êâàçiíåïåðåðâíèì âiäíîñíî W .
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Íàñëiäîê 1. Äîâiëüíi ñëàáêî ãîðèçîíòàëüíî êâàçiíåïåðåðâíi âiäíîñíî áàçè âiäîáðàæå-

ííÿ f : X×Y → Z i g : X×Y → Z ¹ îäíîñòàéíî ñëàáêî ãîðèçîíòàëüíî êâàçiíåïåðåðâíèì

âiäíîñíî áàçè.

Äîâåäåííÿ. Íåõàé W1 i W2 � òàêi áàçè â ïðîñòîði Z, ùî f ¹ ñëàáêî ãîðèçîíòàëüíî

êâàçiíåïåðåðâíèì âiäíîñíî áàçè W1 i g ¹ ñëàáêî ãîðèçîíòàëüíî êâàçiíåïåðåðâíèì âiä-

íîñíî áàçèW2. Òîäi çãiäíî ç òâåðäæåííÿì 6 âiäîáðàæåííÿ f4g ¹ ñëàáêî ãîðèçîíòàëüíî
êâàçiíåïåðåðâíèì âiäíîñíî áàçè W1 ×W2.

Íàñòóïíèé ïðîñòèé ïðèêëàä ïîêàçó¹, ùî ïîíÿòòÿ ñëàáêî ãîðèçîíòàëüíî êâàçiíåïå-

ðåðâíîãî âiäíîñíî áàçè âiäîáðàæåííÿ ¹ iñòîòíèì ðîçøèðåííÿì ïîíÿòòÿ ñëàáêî ãîðèçîí-

òàëüíî êâàçiíåïåðåðâíîãî âiäîáðàæåííÿ.

Òâåðäæåííÿ 7. Iñíó¹ ñëàáêî ãîðèçîíòàëüíî êâàçiíåïåðåðâíå âiäíîñíî áàçè âiäîáðàæå-

ííÿ f : [0, 1]2 → R, ÿêå íå ¹ ñëàáêî ãîðèçîíòàëüíî êâàçiíåïåðåðâíèì.

Äîâåäåííÿ. Íåõàé A = [0, 1] ∩Q i B = [0, 1] \Q. Äîñòàòíüî ðîçãëÿíóòè ôóíêöiþ

f(x, y) =


0, x ∈ A2,

1, x ∈ (A×B) ∪ (B × A),
2, x ∈ B2,

ÿêà ¹ ñëàáêî ãîðèçîíòàëüíî êâàçiíåïåðåðâíîþ âiäíîñíî äîâiëüíî¨ áàçè íà âiäðiçêó [0, 1],

ùî ñêëàäà¹òüñÿ ç ìíîæèí äiàìåòðà ìåíøîãî, íiæ 1. Êðiì òîãî, îñêiëüêè

f([0, 1]2) 6⊆ f(A× [0, 1]),

òî ôóíêöiÿ f íå ¹ ñëàáêî ãîðèçîíòàëüíî êâàçiíåïåðåðâíîþ.

Êðiì òîãî, çàóâàæèìî, ùî àíàëîã íàñëiäêó 1 äëÿ ñëàáêî ãîðèçîíòàëüíî êâàçiíåïå-

ðåðâíèõ âiäîáðàæåíü íå ¹ âiðíèì.

Òâåðäæåííÿ 8. Iñíó¹ ñëàáêî ãîðèçîíòàëüíî êâàçiíåïåðåðâíi âiäîáðàæåííÿ f : [0, 1]2 →
[0, 1] i g : [0, 1]2 → [0, 1] òàêi, ùî âiäîáðàæåííÿ f4g íå ¹ ñëàáêî ãîðèçîíòàëüíî êâàçiíå-

ïåðåðâíèì.

Äîâåäåííÿ. Íåõàé A = [0, 1] ∩Q i B = [0, 1] \Q. Äîñòàòíüî ðîçãëÿíóòè ôóíêöi¨

f(x, y) =

{
0, y ∈ A,
1, y ∈ B,

i

g(x, y) =

{
f(x, y), x 6= 1

2
,

1− f(x, y), x = 1
2
.
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5 Ñóêóïíà ëåäü* íåïåðåðâíiñòü âiäîáðàæåíü äâîõ çìiííèõ

Íåõàé X, Y i Z � òîïîëîãi÷íi ïðîñòîðè. Âiäîáðàæåííÿ f : X×Y → Z íàçèâàòèìåìî

ãîðèçîíòàëüíî ëåäü íåïåðåðâíèì â òî÷öi (x0, y0) ∈ X × Y , ÿêùî äëÿ äîâiëüíîãî îêîëó

W òî÷êè f(x0, y0) â ïðîñòîði Z iñíó¹ íåïîðîæíÿ âiäêðèòà ìíîæèíà U â ïðîñòîði X i

òî÷êà y ∈ Y òàêi, ùî

f(U × {y}) ⊆ W.

Âiäîáðàæåííÿ f : X × Y → Z, ÿêå ¹ ãîðèçîíòàëüíî ëåäü íåïåðåðâíèì â êîæíié òî÷öi

(x, y) ∈ X × Y íàçèâàòèìåìî ãîðèçîíòàëüíî ëåäü íåïåðåðâíèì.

Çðîçóìiëî, ùî ãîðèçîíòàëüíà ëåäü íåïåðåðâíiñòü ¹ îñëàáëåííÿì ãîðèçîíòàëüíî¨ êâà-

çiíåïåðåðâíîñòi i ëåäü íåïåðåðâíîñòi âiäíîñíî ïåðøî¨ çìiííî¨.

Íàãàäà¹ìî äåÿêi îçíà÷åííÿ. Âiäîáðàæåííÿ f ìiæ òîïîëîãi÷íèìè ïðîñòîðàìè X i Y

íàçèâà¹òüñÿ êâàçiíåïåðåðâíèì â òî÷öi x0 ∈ X, ÿêùî äëÿ äîâiëüíîãî îêîëó U òî÷êè

x0 â ïðîñòîði X i äîâiëüíîãî îêîëó V òî÷êè y0 = f(x0) â ïðîñòîði Y iñíó¹ âiäêðèòà â

X íåïîðîæíÿ ìíîæèíà G ⊆ U òàêà, ùî f(G) ⊆ V . Âiäîáðàæåííÿ f : X → Y , ÿêå ¹

êâàçiíåïåðåðâíèì â êîæíié òî÷öi x ∈ X, íàçèâà¹òüñÿ êâàçiíåïåðåðâíèì.

Ñèñòåìà B íåïîðîæíiõ âiäêðèòèõ ïiäìíîæèí òîïîëîãi÷íîãî ïðîñòîðó X íàçèâà¹òüñÿ

ïñåâäîáàçîþ, ÿêùî äëÿ äîâiëüíî¨ íåïîðîæíüî¨ âiäêðèòî¨ â X ìíîæèíè G iñíó¹ åëåìåíò

B ∈ B òàêèé, ùî B ⊆ G.

Ñèñòåìà B íåïîðîæíiõ âiäêðèòèõ ïiäìíîæèí òîïîëîãi÷íîãî ïðîñòîðó X íàçèâà¹òüñÿ

ïñåâäîáàçîþ â òî÷öi x, ÿêùî äëÿ äîâiëüíîãî îêîëó U òî÷êè x â ïðîñòîðiX iñíó¹ åëåìåíò

B ∈ B òàêèé, ùî B ⊆ U .

Äëÿ òîïîëîãi÷íîãî ïðîñòîðó X π-õàðàêòåðîì πχ(x,X) ïðîñòîðó X â òî÷öi x ∈ X
íàçèâà¹òüñÿ íàéìåíøà ïîòóæíiñòü ïñåâäîáàçè B â òî÷öi x. Âiäïîâiäíî π-õàðàêòåðîì

ïðîñòîðó X íàçèâà¹òüñÿ êàðäèíàë

πχ(X) = sup
x∈X

πχ(x,X).

Íåõàé ℵ � íåñêií÷åííèé êàðäèíàë. Òîïîëîãi÷íèé ïðîñòiðX íàçèâà¹òüñÿ ℵ-áåðiâñüêèì,
ÿêùî äëÿ äîâiëüíî¨ ñiì'¨ (Gi : i ∈ I) âiäêðèòèõ âñþäè ùiëüíèõ â X ìíîæèí Gi òàêî¨,

ùî |I| < ℵ, ïåðåòèí
⋂
i∈I
Gi ¹ ùiëüíèì â ïðîñòîði X. Çðîçóìiëî, ùî òîïîëîãi÷íèé ïðîñòið

X ¹ áåðiâñüêèì òîäi i òiëüêè òîäi, êîëè X ¹ ℵ1-áåðiâñüêèì, äå ℵ1 � ïåðøèé íåçëi÷åííèé

êàðäèíàë.

Íàñòóïíèé ðåçóëüòàò ïðî ñóêóïíó ëåäü* íåïåðåðâíiñòü âiäîáðàæåíü äâîõ çìiííèõ

çàéìà¹ öåíòðàëüíå ìiñöå ó äîâåäåííi óçàãàëüíåííÿ òåîðåìè Ñåðïiíñüêîãî.

Òåîðåìà 5. Íåõàé ℵ � íåñêií÷åííèé êàðäèíàë, X � ℵ-áåðiâñüêèé ïðîñòið, Y � òîïîëî-

ãi÷íèé ïðîñòið, Z � òîïîëîãi÷íèé ïðîñòið, f : X × Y → Z � âiäîáðàæåííÿ, ÿêå ¹ ãîðè-

çîíòàëüíî ëåäü íåïåðåðâíèì i ñëàáêî ãîðèçîíòàëüíî êâàçiíåïåðåðâíèì âiäíîñíî áàçè.

Íåõàé, êðiì òîãî, âèêîíó¹òüñÿ îäíà ç íàñòóïíèõ óìîâ:

(a) â ïðîñòîði Y iñíó¹ ïñåâäîáàçà B ç |B| < ℵ i f ¹ ëåäü íåïåðåðâíèì âiäíîñíî äðóãî¨

çìiííî¨;



Óçàãàëüíåííÿ òåîðåìè Ñåðïiíñüêîãî 257

(á) πχ(Y ) < ℵ i f ¹ êâàçiíåïåðåðâíèì âiäíîñíî äðóãî¨ çìiííî¨.

Òîäi f ¹ ëåäü* íåïåðåðâíèì çà ñóêóïíiñòþ çìiííèõ.

Äîâåäåííÿ. Âiçüìåìî äîâiëüíó âiäêðèòó â ïðîñòîði Z ìíîæèíó G òàêó, ùî f−1(G) 6= ∅,
i ïîêàæåìî, ùî

int f−1(G) 6= ∅.

ÍåõàéW � áàçà â ïðîñòîði Z, âiäíîñíî ÿêî¨ f ¹ ñëàáêî ãîðèçîíòàëüíî êâàçiíåïåðåðâ-

íèì. Âèáåðåìî òî÷êó (x0, y0) ∈ f−1(G) i åëåìåíò W ∈ W òàêi, ùî

f(x0, y0) = z0 ∈ W ⊆ G.

Âèêîðèñòîâóþ÷è ãîðèçîíòàëüíó ëåäü íåïåðåðâíiñòü âiäîáðàæåííÿ f â òî÷öi (x0, y0) âè-

áåðåìî òî÷êó y1 ∈ Y i âiäêðèòó íåïîðîæíþ ìíîæèíó U1 â ïðîñòîði X òàêi, ùî

f(U1 × {y1}) ⊆ W.

(a). Âèêîðèñòîâóþ÷è ëåäü íåïåðåðâíiñòü âiäîáðàæåííÿ f âiäíîñíî äðóãî¨ çìiííî¨,

äëÿ êîæíîãî x ∈ U1 çíàéäåìî åëåìåíò B(x) ∈ B òàêèé, ùî

f({x} ×B(x)) ⊆ W.

Äëÿ êîæíîãî B ∈ B ïîêëàäåìî

A(B) = {x ∈ U1 : B(x) = B}.

Îñêiëüêè
⋃
B∈B

A(B) = U1, |B| < ℵ i X ¹ ℵ-áåðiâñüêèì, òî iñíó¹ âiäêðèòà íåïîðîæíÿ

ìíîæèíà U ⊆ U1 i åëåìåíò B ∈ B òàêi, ùî U ⊆ A(B). Òîäi

f(A(B)×B) ⊆ W

i

f(U ×B) ⊆ W,

àäæå f ¹ ñëàáêî ãîðèçîíòàëüíî êâàçiíåïåðåðâíèì âiäíîñíî W . Òåïåð ìà¹ìî, ùî

∅ 6= U ×B ⊆ int f−1(W ) ⊆ int f−1(G).

(á). Íåõàé B � ïñåâäîáàçà â òî÷öi y1 ç |B| < ℵ. Äàëi ìiðêó¹ìî öiëêîì àíàëîãi÷íî, ÿê

â äîâåäåííi ïóíêòó (à), âèêîðèñòîâóþ÷è êâàçiíåïåðåðâíiñòü f âiäíîñíî äðóãî¨ çìiííî¨

çàìiñòü ¨¨ ëåäü íåïåðåðâíîñòi âiäíîñíî äðóãî¨ çìiííî¨.
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6 Óçàãàëüíåííÿ òåîðåìè Ñåðïiíñüêîãî

Ðîçïî÷íåìî ç ðîçãëÿäó âiäîáðàæåíü îäíi¹¨ çìiííî¨.

Òâåðäæåííÿ 9. Íåõàé X i Y � òîïîëîãi÷íi ïðîñòîðè, A ⊆ X � ùiëüíà â X ìíîæèíà,

F ⊆ Y � çàìêíåíà â Y ìíîæèíà i f : X → Y � ëåäü íåïåðåðâíå âiäîáðàæåííÿ òàêå, ùî

f(A) ⊆ F . Òîäi f(X) ⊆ F .

Äîâåäåííÿ. Ïðèïóñòèìî, ùî öå íå òàê, òîáòî f−1(G) 6= ∅, äå G = Y \ F . Îñêiëüêè
âiäîáðàæåííÿ f ëåäü íåïåðåðâíå, òî âiäêðèòà ìíîæèíà U = int(f−1(G)) ¹ íåïîðîæíüîþ.

Òîìó U ∩ A 6= ∅, àäæå ìíîæèíà A ùiëüíà â X. Òåïåð, âèáðàâøè äîâiëüíó òî÷êó a ∈
A ∩ U , ìàòèìåìî

f(a) ∈ f(A) ∩ f(U) ⊆ F ∩G = ∅,

ùî íåìîæëèâî.

Íàñëiäîê 2. Íåõàé X � òîïîëîãi÷íèé ïðîñòið, Y � ãàóñäîðôîâèé ïðîñòið, A ⊆ X �

ùiëüíà â X ìíîæèíà, f : X → Y i g : X → Y � îäíîñòàéíî ëåäü íåïåðåðâíi âiäîáðàæå-

ííÿ òàêi, ùî f(x) = g(x) äëÿ êîæíîãî x ∈ A. Òîäi f = g.

Äîâåäåííÿ. Îñêiëüêè ïðîñòið Y ãàóñäîðôîâèé, òî äiàãîíàëü

F = {(y, y) : y ∈ Y }.

¹ çàìêíåíîþ â äîáóòêó Z = Y 2. Çàëèøèëîñü çàñòîñóâàòè òâåðäæåííÿ 9 äî ëåäü íåïå-

ðåðâíîãî âiäîáðàæåííÿ h = f4g : X → Z.

Ïîäiáíèì ÷èíîì äîâîäèòüñÿ íàñòóïíèé ôàêò.

Òâåðäæåííÿ 10. Íåõàé X � òîïîëîãi÷íèé ïðîñòið, Y � óðèñîíîâèé ïðîñòið, A ⊆ X

� ùiëüíà â X ìíîæèíà, f : X → Y i g : X → Y � îäíîñòàéíî ëåäü* íåïåðåðâíi

âiäîáðàæåííÿ òàêi, ùî f(x) = g(x) äëÿ êîæíîãî x ∈ A. Òîäi f = g.

Äîâåäåííÿ. Íåõàé Z = Y 2,

F = {(y, y) : y ∈ Y }

i h = f4g. Ïðèïóñòèìî, ùî f 6= g, òîáòî iñíó¹ òî÷êà x0 ∈ X òàêà, ùî z0 = h(x0) 6∈ F .
Îñêiëüêè ïðîñòið Y óðèñîíîâèé, òî iñíó¹ çàìêíåíèé îêië W òî÷êè z0 â Z òàêèé, ùî

W ∩ F = ∅. Ç ëåäü* íåïåðåðâíîñòi âiäîáðàæåííÿ h âèïëèâà¹, ùî

U = inth−1(W ) 6= ∅.

Çàëèøèëîñü, ÿê i ïðè äîâåäåííi òâåðäæåííÿ 9 âçÿòè äîâiëüíó òî÷êó a ∈ A∩U i îäåðæàòè

ñóïåðå÷íiñòü.

Íàñòóïíà òåîðåìà ¹ îñíîâíèì ðåçóëüòàòîì äàíî¨ ñòàòòi.
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Òåîðåìà 6. Íåõàé ℵ � íåñêií÷åííèé êàðäèíàë, X � ℵ-áåðiâñüêèé ïðîñòið, Y � òîïîëî-

ãi÷íèé ïðîñòið, A � ùiëüíà â X × Y ìíîæèíà, Z � óðèñîíîâèé ïðîñòið, f : X × Y → Z

i g : X × Y → Z � âiäîáðàæåííÿ, ÿêi îäíîñòàéíî ãîðèçîíòàëüíî ëåäü íåïåðåðâíi i ñëàá-

êî ãîðèçîíòàëüíî êâàçiíåïåðåðâíå âiäíîñíî áàçè. Íåõàé, êðiì òîãî, âèêîíó¹òüñÿ îäíà ç

íàñòóïíèõ óìîâ:

(a) â ïðîñòîði Y iñíó¹ ïñåâäîáàçà B ç |B| < ℵ òà f i g ¹ îäíîñòàéíî ëåäü íåïåðåðâíèìè

âiäíîñíî äðóãî¨ çìiííî¨;

(á) πχ(Y ) < ℵ òà f i g ¹ îäíîñòàéíî êâàçiíåïåðåðâíèìè âiäíîñíî äðóãî¨ çìiííî¨.

Òîäi ÿêùî f |A = g|A, òî f = g.

Äîâåäåííÿ. Ðîçãëÿíåìî äiàãîíàëüíå âiäîáðàæåííÿ h = f4g, ÿêå çàäîâîëüíÿ¹ óìîâè

òåîðåìè 5. Òîìó h ¹ ëåäü* íåïåðåðâíèì çà ñóêóïíiñòþ çìiííèõ, òîáòî âiäîáðàæåííÿ f

i g ¹ îäíîñòàéíî ëåäü* íåïåðåðâíèìè çà ñóêóïíiñòþ çìiííèõ. Çàëèøèëîñü âèêîðèñòàòè

òâåðäæåííÿ 10.

7 Òðiéêè Ñåðïiíñüêîãî i âèïàäîê íàðiçíî íåïåðåðâíèõ âiäîáðàæåíü

Òðiéêó (X, Y, Z) òîïîëîãi÷íèõ ïðîñòîðiâ X, Y i Z íàçèâàòèìåìî òðiéêîþ Ñåðïií-

ñüêîãî, ÿêùî êîæíå íàðiçíî íåïåðåðâíå âiäîáðàæåííÿ f : X × Y → Z îäíîçíà÷íî âè-

çíà÷à¹òüñÿ ñâî¨ìè çíà÷åííÿìè íà äîâiëüíié ùiëüíié â X × Y ìíîæèíi.

Ç òåîðåìè 6 íåãàéíî âèïëèâà¹ íàñòóïíèé ôàêò.

Íàñëiäîê 3. Íåõàé ℵ � íåñêií÷åííèé êàðäèíàë, X � ℵ-áåðiâñüêèé ïðîñòið, Y � òîïî-

ëîãi÷íèé ïðîñòið ç πχ(Y ) < ℵ i Z � óðèñîíîâèé ïðîñòið. Òîäi òðiéêà (X, Y, Z) ¹ òðiéêîþ

Ñåðïiíñüêîãî.

Íàñòóïíèé ïðèêëàä, çàãàëüíiøó ðåäàêöiþ ÿêîãî ìîæíà çíàéòè â [4, Òåîðåìà 3.6],

âêàçó¹ íà iñòîòíiñòü óìîâè òèïó áåðîâîñòi â äàíîìó òâåðäæåííi.

Òâåðäæåííÿ 11. Iñíó¹ íàðiçíî íåïåðåðâíà íåíóëüîâà ôóíêöiÿ f : Q2 → R òàêà, ùî

f |A = 0 äëÿ äåÿêî¨ ùiëüíî¨ â Q2 ìíîæèíè A.

Äîâåäåííÿ. Íåõàé A � äåÿêà ùiëüíà âQ2 ìíîæèíà òàêà, ùî äëÿ êîæíîãî r ∈ Q ìíîæèíè

A ∩ ({r} ×Q) i A ∩ (Q× {r})

¹ ñêií÷åííèìè.

Íåõàé

Q = {rn : n ∈ N},

äå âñi ÷èñëà rn � ðiçíi. Âèáåðåìî äîâiëüíó òî÷êó p0 ∈ Q2 \ A i ïîêëàäåìî

f(p0) = 1.
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Êðiì òîãî, ïîêëàäåìî

f(p) = 0

äëÿ êîæíîãî p ∈ A. Äàëi ïîñëiäîâíî äîâèçíà÷èìî ôóíêöiþ f íà ìíîæèíàõ

{r1} ×Q, Q× {r1}, {r2} ×Q, Q× {r2}, . . .

òàê, ùîá çâóæåííÿ íà êîæíó ç òàêèõ ìíîæèí áóëî íåïåðåðâíèì.

Ëåãêî áà÷èòè, ùî ïîáóäîâàíà òàêèì ÷èíîì íåíóëüîâà ôóíêöiÿ f : Q2 → R ¹ íàðiçíî

íåïåðåðâíîþ i f |A = 0.

Ó çâ'ÿçêó ç íàñëiäêîì 3 (÷è òåîðåìàìè 2, 3 i 4) âèíèêà¹ ãiïîòåçà ïðî òå, ùî îöiíêè

íà ïñåâäîõàðàêòåð îäíîãî ç ìíîæíèêiâ X i Y ¹ íåîáõiäíèìè óìîâàìè äëÿ óòâîðåííÿ

òðiéîê Ñåðïiíñüêîãî. Íàñïðàâäi öå íå òàê, áî ðåçóëüòàòè òèïó òåîðåìè 1 ðàçîì ç ðiçíî-

ìàíiòíèìè óçàãàëüíåííÿìè òåîðåìè Íàìiîêè [10] äàþòü ìîæëèâiñòü îäåðæóâàòè öiëi

êëàñè òðiéîê Ñåðïiíñüêîãî, ÿêi çíàõîäÿòüñÿ çà ìåæàìè çàñòîñóâàííÿ ìåòîäó ìiðêóâàíü,

âèêîðèñòàíîãî ïðè äîâåäåííi òåîðåìè 6. Äàëi ìè òðîõè äåòàëüíiøå ïðîàíàëiçó¹ìî òàêèé

ñïîñiá ïîáóäîâè òðiéîê Ñåðïiíñüêîãî.

Ñïî÷àòêó ìè äàìî ðåçóëüòàòè, ÿêi óçàãàëüíþþòü i ðîçâèâàþòü òåîðåìó 1.

Òîïîëîãi÷íèé ïðîñòið X íàçèâà¹òüñÿ ôóíêöiîíàëüíî ãàóñäîðôîâèì, ÿêùî äëÿ äî-

âiëüíèõ äâîõ ðiçíèõ òî÷îê x, y ∈ X iñíó¹ íåïåðåðâíà ôóíêöiÿ f : X → [0, 1] òàêà, ùî

f(x) = 0 i f(y) = 1.

Íàñòóïíà òåîðåìà ôàêòè÷íî áóëà äîâåäåíà â [11].

Òåîðåìà 7. Íåõàé X i Y � òîïîëîãi÷íi ïðîñòîðè òàêi, ùî êîæíà íàðiçíî íåïåðåðâíà

ôóíêöiÿ f : X × Y → [0, 1] ¹ ëåäü íåïåðåðâíîþ. Òîäi äëÿ äîâiëüíîãî ôóíêöiîíàëüíî

ãàóñäîðôîâîãî ïðîñòîðó Z òðiéêà (X, Y, Z) ¹ òðiéêîþ Ñåðïiíñüêîãî.

Äîâåäåííÿ. Íåõàé A ⊆ X×Y � ùiëüíà â X×Y ìíîæèíà, g : X×Y → Z i h : X×Y → Z

� íàðiçíî íåïåðåðâíi âiäîáðàæåííÿ òàêi, ùî g|A = h|A. Äîâåäåìî, ùî g = h.

Ïðèïóñòèìî, ùî g 6= h, òîáòî iñíó¹ òî÷êà (x0, y0) ∈ X × Y òàêà, ùî

z1 = g(x0, y0) 6= h(x0, y0) = z2.

Âiçüìåìî íåïåðåðâíó ôóíêöiþ ϕ : Z → [0, 1] òàêó, ùî ϕ(z1) = 1 i ϕ(z2) = 0. Ðîçãëÿíåìî

íàðiçíî íåïåðåðâíó ôóíêöiþ f : X × Y → [0, 1],

f(x, y) = |ϕ(g(x, y))− ϕ(h(x, y))|,

ÿêà çãiäíî ç óìîâîþ ¹ ëåäü íåïåðåðâíîþ â òî÷öi (x0, y0). Îñêiëüêè f(x0, y0) = 1, òî iñíó¹

âiäêðèòà íåïîðîæíÿ ìíîæèíà G ⊆ X × Y òàêà, ùî

f(G) ⊆ (1
2
, 1].

Àëå âçÿâøè äîâiëüíó òî÷êó a ∈ A ∩G îäåðæèìî f(a) = 0, ùî äà¹ ñóïåðå÷íiñòü.

Òîïîëîãi÷íèé ïðîñòið X íàçèâàòèìåìî öiëêîì âiäîêðåìíèì, ÿêùî äëÿ äîâiëüíèõ

äâîõ ðiçíèõ òî÷îê x, y ∈ X iñíó¹ íåïåðåðâíà ôóíêöiÿ f : X → {0, 1} òàêà, ùî f(x) = 0 i

f(y) = 1.
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Òåîðåìà 8. Íåõàé X i Y � äîâiëüíi òîïîëîãi÷íi ïðîñòîðè. Òîäi êîæíà ç íàñòóïíèõ óìîâ

âèïëèâà¹ ç ïîïåðåäíüî¨:

(1) iñíó¹ íåòðèâiàëüíèé öiëêîì íåçâ'ÿçíèé ïðîñòið Z òàêèé, ùî êîæíà íàðiçíî íåïå-

ðåðâíå âiäîáðàæåííÿ f : X × Y → Z ¹ ëåäü íåïåðåðâíèì;

(2) êîæíà íàðiçíî íåïåðåðâíà ôóíêöiÿ f : X × Y → {0, 1} ¹ ëåäü íåïåðåðâíîþ;

(3) äëÿ äîâiëüíîãî öiëêîì íåçâ'ÿçíîãî ïðîñòîðó Z òðiéêà (X, Y, Z) ¹ òðiéêîþ Ñåðïií-

ñüêîãî.

Äîâåäåííÿ. (1)⇒ (2). Íåõàé z0 i z1 � äîâiëüíi ðiçíi òî÷êè ïðîñòîðó Z, i f : X×Y → {0, 1}
�íàðiçíî íåïåðåðâíà ôóíêöiÿ. Ðîçãëÿíåìî íàðiçíî íåïåðåðâíå âiäîáðàæåííÿ g : X×Y →
Z, îçíà÷åíå ôîðìóëîþ

g(x, y) = zf(x,y).

Òåïåð ç ëåäü íåïåðåðâíîñòi âiäîáðàæåííÿ g âèïëèâà¹ ëåäü íåïåðåðâíiñòü ôóíêöi¨ f .

Iìïëiêàöiÿ (2)⇒ (3) äîâîäèòüñÿ ïîâíiñòþ àíàëîãi÷íî, ÿê òåîðåìà 7.

Òåïåð ïåðåõîäèìî äî îäåðæàííÿ ïðèêëàäiâ òðiéîê Ñåðïiíñüêîãî.

Òâåðäæåííÿ 12. Íåõàé X i Y òîïîëîãi÷íi ïðîñòîðè òàêi, ùî äëÿ äîâiëüíî¨ íàðiçíî

íåïåðåðâíî¨ ôóíêöi¨ f : X × Y → [0, 1] i êîæíîãî y ∈ Y ìíîæèíà Ay âñiõ òî÷îê x ∈ X
òàêèõ, ùî ôóíêöiÿ f ñóêóïíî íåïåðåðâíà â òî÷öi (x, y), ¹ ùiëüíîþ â X. Òîäi äëÿ äîâiëü-

íîãî ôóíêöiîíàëüíî ãàóñäîðôîâîãî ïðîñòîðó Z òðiéêà (X, Y, Z) ¹ òðiéêîþ Ñåðïiíñüêîãî.

Äîâåäåííÿ. Ëåãêî ïåðåâiðèòè, ùî êîæíà íàðiçíî íåïåðåðâíà ôóíêöiÿ f : X×Y → [0, 1] ¹

êâàçiíåïåðåðâíîþ, à îòæå, i ëåäü íåïåðåðâíîþ. Çàëèøèëîñü âèêîðèñòàòè òåîðåìó 7.

Íàñëiäîê 4. Íåõàé X, Y � êîìïàêòíi ïðîñòîðè i Z � ôóíêöiîíàëüíî ãàóñäîðôîâèé

ïðîñòið. Òîäi òðiéêà (X, Y, Z) ¹ òðiéêîþ Ñåðïiíñüêîãî.

Äîâåäåííÿ. ßê âèïëèâà¹ ç òåîðåìè Íàìiîêè [10] ïðîñòîðè X i Y çàäîâîëüíÿþòü óìîâè

òâåðäæåííÿ 12.

Çàóâàæåííÿ 1. Òåîðåìà Íàìiîêè óçàãàëüíþâàëàñü áàãàòüìà ìàòåìàòèêàìè (äèâ., íà-

ïðèêëàä, [8] i âêàçàíó òàì ëiòåðàòóðó). Âèêîðèñòîâóþ÷è öi ðåçóëüòàòè îäåðæóþòüñÿ

øèðøi êëàñè ïðîñòîðiâ X i Y , ÿêi ðàçîì ç äîâiëüíèì ôóíêöiîíàëüíî ãàóñäîðôîâèì

ïðîñòîðîì Z óòâîðþþòü òðiéêè Ñåðïiíñüêîãî.

ßê ïîêàçó¹ íàñòóïíèé ïðèêëàä, íà äîáóòêó äîâiëüíîãî áåðiâñüêîãî ïðîñòîðó X i

êîìïàêòíîãî ïðîñòîðó Y òåîðåìà Ñåðïiíñüêîãî ìîæå íå âèêîíóâàòèñü.

Òâåðäæåííÿ 13. Iñíóþòü áåðiâñüêèé ïðîñòið X, êîìïàêòíèé ïðîñòið Y i íåíóëüîâà

íàðiçíî íåïåðåðâíà ôóíêöiÿ f : X × Y → {0, 1}, ÿêà äîðiâíþ¹ íóëåâi íà äåÿêié âñþäè

ùiëüíié â X × Y ìíîæèíi A.

Äîâåäåííÿ. Äîñòàòíüî ðîçãëÿíóòè ïðèêëàä ñêðiçü ðîçðèâíî¨ íàðiçíî íåïåðåðâíî¨ ôóí-

êöi¨ ç [9, Òåîðåìà 1.2].
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8 Âiäêðèòi ïèòàííÿ

Ïèòàííÿ 1. Íåõàé X, Y i Z � òîïîëîãi÷íi ïðîñòîðè òàêi, ùî äîâiëüíå íàðiçíî íåïå-

ðåðâíå âiäîáðàæåííÿ f : X×Y → Z ¹ ëåäü íåïåðåðâíèì. ×è îáîâ'ÿçêîâî äiàãîíàëü äâîõ

íàðiçíî íåïåðåðâíèõ âiäîáðàæåíü g : X × Y → Z i h : X × Y → Z ¹ ëåäü íåïåðåðâíîþ?

Ïèòàííÿ 2. Íåõàé X, Y � òîïîëîãi÷íi ïðîñòîðè i Z � óðèñîíîâèé (ôóíêöiîíàëüíî ãà-

óñäîðôîâèé, öiëêîì ðåãóëÿðíèé) ïðîñòið òàêi, ùî äîâiëüíå íàðiçíî íåïåðåðâíå âiäîáðà-

æåííÿ f : X × Y → Z ¹ ëåäü íåïåðåðâíèì. ×è îáîâ'ÿçêîâî òðiéêà (X, Y, Z) ¹ òðiéêîþ

Ñåðïiíñüêîãî?

Ñïèñîê ëiòåðàòóðè

[1] Comfort W.W. Functions linearly continuous on a product of Baire spaces Boll. Un. Mat. Ital. 20 (1965),

128�134.

[2] Engelking R., General Topology, Revised and completed edition, Heldermann Verlag, Berlin (1989).

[3] Go�man C., Neugebauer C.J. Linearly continuous functions Proc. Amer. Math. Soc. 12 (1961), 997�998.

[4] Henriksen M., Woods R. G. Separate versus joint continuity: A tale of four topologies, Top. Appl. 97

(1999), 175�205.

[5] Marcus S. On functions continuous in each variable, Doklady Akad. Nauk SSSR. 112 (1957), 812�814.

[6] Maslyuchenko V.Ê, Filipchuk Î.I. New generalizations of Serpinsky's theorem, Math. studiyi 47 (1)

(2017), 91�99.

[7] Mykhaylyuk V.V. Separate continuity topology and a generalization of Sierpinski's theorem, Math. Stud.

14 (2) (2000), 193�196.

[8] Mykhaylyuk V. Namioka spaces, GO-spaces and o-game, Top. Appl. 235 (2018), 1�13.

[9] Mykhaylyuk V., Pol R. On a problem of Talagrand concerning separately continuous functions, Journal

of the Institute of Mathematics of Jussieu (accepted).

[10] Namioka I. Separate contimuity and joint continuity, Pacif. J. Math. 51 (2) (1974), 515�531.

[11] Piotrowski Z., Wingler E.Y. On Sierpi�nski's theorem on the determination of separately continuous

functions, Q&A in General Topology. 15 (1997), 15�19.

[12] Sierpi�nski W. Sur une propertie de fonctions de deux variables reeles, continues par rapport �a chacune

de variables, Publ. Math. Univ. Belgrade. 1 (1932), 125�128.

[13] Tolstov G. On partial derivatives, Amer. Math. Soc. (transl. 69), Izv. Akad. Nauk SSSR Mat. 13 (1949),

425�449.

Íàäiéøëî 29.03.2021

Karlova O.O., Mykhaylyuk V.V. A generalization of Sierpi�nski theorem on unique determining

of a separately continuous function, Bukovinian Math. Journal. 9, 1 (2021), 250�263.

In 1932 Sierpi�nski proved that every real-valued separately continuous function de�ned on

the plane R2 is determined uniquely on any everywhere dense subset of R2. Namely, if two
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separately continuous functions coincide of an everywhere dense subset of R2, then they are

equal at each point of the plane.

Piotrowski and Wingler showed that above-mentioned results can be transferred to maps

with values in completely regular spaces. They proved that if every separately continuous

function f : X × Y → R is feebly continuous, then for every completely regular space Z

every separately continuous map de�ned on X ×Y with values in Z is determined uniquely on

everywhere dense subset of X × Y . Henriksen and Woods proved that for an in�nite cardinal

ℵ, an ℵ+-Baire space X and a topological space Y with countable π-character every separately

continuous function f : X × Y → R is also determined uniquely on everywhere dense subset of

X × Y . Later, Mykhaylyuk proved the same result for a Baire space X, a topological space Y

with countable π-character and Urysohn space Z.

Moreover, it is natural to consider weaker conditions than separate continuity. The results

in this direction were obtained by Volodymyr Maslyuchenko and Filipchuk. They proved that

if X is a Baire space, Y is a topological space with countable π-character, Z is Urysohn space,

A ⊆ X×Y is everywhere dense set, f : X×Y → Z and g : X×Y → Z are weakly horizontally

quasi-continuous, continuous with respect to the second variable, equi-feebly continuous with

respect to the �rst one and such that f |A = g|A, then f = g.

In this paper we generalize all of the results mentioned above. Moreover, we analize classes

of topological spaces wich are favorable for Sierpi�nsi-type theorems.


