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Iäåìïîòåíòíà ìàòåìàòèêà äîñëiäæó¹ îá'¹êòè, ó ÿêèõ äåÿêi àðèôìåòè÷íi îïåðàöi¨ çàìi-
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1 Âñòóï

Iäåìïîòåíòíà ìàòåìàòèêà � öå ðîçäië ìàòåìàòèêè, ó ÿêîìó öåíòðàëüíó ðîëü âiäi-
ãðàþòü iäåìïîòåíòíi îïåðàöi¨ (íàïðèêëàä max). Â îñòàííi äåñÿòèëiòòÿ ñïîñòåðiãà¹ìî
iíòåíñèâíi äîñëiäæåííÿ ó öüîìó íàïðÿìêó. Ñåðåä îáøèðíî¨ ëiòåðàòóðè ïåðiîäó ñòàíîâ-
ëåííÿ iäåìïîòåíòíî¨ ìàòåìàòèêè âiäçíà÷èìî ñòàòòþ [26], ç ÿêî¨ ìîæíà ñêëàñòè óÿâëåííÿ
ïðî ìîòèâàöi¨ òà âèêîðèñòîâóâàíi ìåòîäè.

Ïðèíöèï âiäïîâiäíîñòi ïîëÿãà¹ â òîìó, ùî êîæíîìó çìiñòîâíîìó ïîíÿòòþ ÷è ðåçóëü-
òàòîâi òðàäèöiéíî¨ ìàòåìàòèêè âiäïîâiäà¹ çìiñòîâíå ïîíÿòòÿ ÷è ðåçóëüòàò iäåìïîòåíòíî¨
ìàòåìàòèêè.

Ìåòîäè iäåìïîòåíòíî¨ ìàòåìàòèêè çíàõîäÿòü çàñòîñóâàííÿ ó çàäà÷àõ îïòèìiçàöi¨,
äèíàìi÷íîìó ïðîãðàìóâàííi, ìàòåìàòè÷íié åêîíîìiöi, òåîði¨ iãîð, ìàòåìàòè÷íié áiîëîãi¨
òà iíøèõ äèñöèïëiíàõ (äèâ., íàïðèêëàä, [18] i öèòîâàíó òàì ëiòåðàòóðó).

Íèæ÷å íàâåäåíî îãëÿä ðåçóëüòàòiâ, ùî ñòîñóþòüñÿ iäåìïîòåíòíèõ àíàëîãiâ ïîíÿòòÿ
éìîâiðíiñíî¨ ìiðè òà îïóêëîñòi. Ôîðìóëþþòüñÿ äåÿêi âiäêðèòi ïðîáëåìè ó öié òåìàòèöi.
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2 Iäåìïîòåíòíi ìiðè i max-min ìiðè

Äëÿ êîìïàêòíîãî ãàóñäîðôîâîãî ïðîñòîðóX, ÷åðåç C(X) ïîçíà÷à¹ìî áàíàõîâèé ïðî-
ñòið íåïåðåðâíèõ äiéñíîçíà÷íèõ ôóíêöié íàX (âiäíîñíî sup-íîðìè). ßêùî ϕ, ψ ∈ C(X),
òî ÷åðåç ϕ∨ψ (âiäïîâiäíî ϕ∧ψ) ïîçíà÷à¹ìî ïîòî÷êîâèé ìàêñèìóì (âiäïîâiäíî ìiíiìóì)
ôóíêöié ϕ i ψ. ßêùî c ∈ R, òî ÷åðåç c ∨ ϕ (âiäïîâiäíî c ∧ ϕ) ïîçíà÷à¹ìî ïîòî÷êîâèé
ìàêñèìóì (âiäïîâiäíî ìiíiìóì) ôóíêöi¨ ϕ i ñòàëî¨ c.

Äëÿ êîæíîãî c ∈ R ïîçíà÷èìî ÷åðåç cX ôóíêöiþ íà X, ùî òîòîæíüî ðiâíà c.
Ïðîäåìîíñòðó¹ìî ïðèíöèï âiäïîâiäíîñòi íà ïðèêëàäi ïîíÿòòÿ iäåìïîòåíòíî¨ ìiðè.

Ïðèéìåìî Rmax = R∪{−∞}. ÍåõàéX � êîìïàêòíèé ãàóñäîðôîâèé ïðîñòið. Ôóíêöiîíàë
µ : C(X)→ R íàçèâà¹òüñÿ iäåìïîòåíòíîþ ìiðîþ íà X, ÿêùî:

1. µ(cX) = c äëÿ êîæíîãî c ∈ R;

2. µ(ϕ ∨ ψ) = µ(ϕ) ∨ µ(ψ) äëÿ âñiõ ϕ, ψ ∈ C(X);

3. µ(c� ϕ) = c� µ(ϕ) äëÿ âñiõ c ∈ R i âñiõ ϕ ∈ C(X).

Âiäïîâiäíî äî òðàäèöié iäåìïîòåíòíî¨ ìàòåìàòèêè ÷åðåç � ïîçíà÷à¹òüñÿ äîäàâàííÿ.
Iäåìïîòåíòíi ìiðè ùå íàçèâàþòü ìiðàìè Ìàñëîâà. Ïðèêëàäîì iäåìïîòåíòíî¨ ìiðè çi
ñêií÷åííèìè íîñiÿìè ¹ iäåìïîòåíòíà êîìáiíàöiÿ ìið Äiðàêà:

∨n
i=1 λi � δxi , äå λi ∈ Rmax,∨n

i=1 λi = 0.
Ïðîñòið I(X) óñiõ iäåìïîòåíòíèõ ìið íà X íàäiëÿ¹òüñÿ ñëàáêîþ* òîïîëîãi¹þ. Â [14]

äîâåäåíî, ùî I � ôóíêòîð â êàòåãîði¨ êîìïàêòíèõ ãàóñäîðôîâèõ ïðîñòîðiâ, ÿêèé ¹
íîðìàëüíèì ó ñåíñi �.Â. Ùåïiíà [23]. Éîãî âëàñòèâîñòi áàãàòî â ÷îìó íàãàäóþòü âëà-
ñòèâîñòi ôóíêòîðà P éìîâiðíiñíèõ ìið. Äîâåäåíî, ùî öåé ôóíêòîð âiäêðèòèé, òîáòî
çáåðiãà¹ êëàñ âiäêðèòèõ ñþð'¹êòèâíèõ âiäîáðàæåíü. Çàóâàæèìî, ùî äîâåäåííÿ âiäêðè-
òîñòi ïðîõîäèòü ç âèêîðèñòàííÿì iäåìïîòåíòíîãî àíàëîãà âiäîáðàæåííÿ Ìiëþòiíà; âè-
êîðèñòîâó¹òüñÿ àíàëîã êîíñòðóêöi¨, îïèñàíî¨ â [1].

Ñïîðiäíåíèì äî ïîíÿòòÿ iäåìïîòåíòíî¨ ìiðè ¹ ïîíÿòòÿ max-min ìiðè. Ôóíêöiîíàë
µ : C(X)→ R íàçèâà¹òüñÿ max-min ìiðîþ íà X, ÿêùî:

1. µ(cX) = c äëÿ êîæíîãî c ∈ R;

2. µ(ϕ ∨ ψ) = µ(ϕ) ∨ µ(ψ) äëÿ âñiõ ϕ, ψ ∈ C(X);

3. µ(c ∧ ϕ) = c ∧ µ(ϕ) äëÿ âñiõ c ∈ R i âñiõ ϕ ∈ C(X).

Ïðîñòîðè J(X) âñiõ max-min ìið íà X íàäiëÿþòüñÿ ñëàáêîþ* òîïîëîãi¹þ.
Ñïiëüíèé ïiäõiä äî îïèñó òîïîëîãi¨ ïðîñòîðiâ I(X) òà J(X) îïèñàíî â [9]. Çîêðåìà,

òàì íàâåäåíî çîáðàæåííÿ åëåìåíòiâ ïðîñòîðiâ I(X) òà J(X) ÿê êîìïàêòíèõ ïiäìíîæèí
ó êîíóñi íàä ïðîñòîðîì X.

Ôóíêòîðè P òà I íå içîìîðôíi, îäíàê ïðîñòîðè P (X) òà I(X) ãîìåîìîðôíi äëÿ âñiõ
ìåòðè÷íèõ êîìïàêòiâ X (äèâ. [5]). Çîêðåìà, ïðîñòîðè P (X) òà I(X) ãîìåîìîðôíi n-
âèìiðíîìó ñèìïëåêñîâi, ÿêùî |X| = n − 1, i ãîìåîìîðôíi ãiëüáåðòîâîìó êóáîâi, ÿêùî
X � íåñêií÷åííèé êîìïàêò.
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Îäèí ç ðåçóëüòàòiâ ñòàòòi [5] ñòîñó¹òüñÿ âiäîáðàæåíü. Äîâåäåíî, ùî ÿêùî X, Y �
êîìïàêòíi ìåòðè÷íi ïðîñòîðè i p1 : X × Y → X îçíà÷à¹ ïðî¹êòóâàííÿ íà ïåðøèé ñïiâ-
ìíîæíèê, òî âiäîáðàæåííÿ I(p1) : I(X × Y )→ I(X) ì'ÿêå.

Ó íåìåòðèçîâíîìó âèïàäêó äîâåäåíî, ùî ïðîñòið I([0, 1]τ ) íå ¹ àáñîëþòíèì ðåòðà-
êòîì ïðè τ > ω1.

Ó [5] ïîêàçàíî òàêîæ, ùî ÿêùî X � âiäêðèòîïîðîäæåíèé îäíîðiäíèé çà õàðàêòåðîì
êîìïàêòíèé ãàóñäîðôîâèé ïðîñòið âàãè ω1, òî ïðîñòið I(X) ãîìåîìîðôíèé [0, 1]ω1 .

Âèêîðèñòîâóþ÷è ñïåêòðàëüíó òåõíiêó, ÿêó ðîçðîáèâ �.Â. Ùåïií [23], Ò. Ðàäóë [31]
ïîêàçàâ, ùî ïðîñòið I(X) ¹ àáñîëþòíèì ðåòðàêòîì òîäi i ëèøå òîäi, êîëè X ¹ âiäêðè-
òîïîðîäæåíèì êîìïàêòíèì ãàóñäîðôîâèì ïðîñòîðîì âàãè ≤ ω1.

Äåÿêi ãîìîòîïiéíi òà øåéïîâi âëàñòèâîñòi ïiäïðîñòîðiâ iäåìïîòåíòíèõ ìið îïèñàíî
â [40].

Âiäêðèòîþ çàëèøà¹òüñÿ ïðîáëåìà ãîìåîìîðôíîñòi ïðîñòîðiâ P (X) òà I(X) äëÿ êî-
æíîãî êîìïàêòíîãî ãàóñäîðôîâîãî ïðîñòîðó X.

2.1 Ìîíàäè i àëãåáðè

Ðîçãëÿíóòi âèùå ôóíêòîðè iäåìïîòåíòíèõ ìið i max-min ìið ïîðîäæóþòü ìîíàäè â
êàòåãîði¨ êîìïàêòíèõ ãàóñäîðôîâèõ ïðîñòîðiâ. Íàãàäà¹ìî, ùî ìîíàäà íà êàòåãîði¨ C �
öå òðiéêà T = (T, η, µ), ùî ñêëàäà¹òüñÿ ç ôóíêòîðà T : C → C òà ïðèðîäíèõ ïåðåòâîðåíü
η : 1C → T (îäèíèöÿ) òà µ : T 2 → T (ìíîæåííÿ), ùî çàäîâîëüíÿþòü óìîâè àñîöiàòèâíîñòi
òà äâîñòîðîííîñòi îäèíèöi.

Ó âèïàäêó ôóíêòîðà I ñòðóêòóðà ìîíàäè çàäà¹òüñÿ ïðèðîäíèìè ïåðåòâîðåííÿìè
δ : 1→ I òà ψ : I2 → I, äå δX : x→ δx � ïðèðîäíå âêëàäåííÿ, à âiäîáðàæåííÿ ψX : I2(X)→
I(X) íà âñþäè ùiëüíié ïiäìíîæèíi â I2(X) îçíà÷åíå óìîâîþ: ψX(∨ni=iαi�δµi) = ∨ni=iαi�
µi.

Ïîäiáíî çàäà¹òüñÿ ñòðóêòóðà ìîíàäè äëÿ ôóíêòîðà max-min ìið. Çàóâàæèìî, ùî
ìîíàäè, ïîðîäæåíi ôóíêòîðàìè iäåìïîòåíòíèõ ìið i max-min ìið íå içîìîðôíi.

Ç êîæíîþ ìîíàäîþ T = (T, η, µ) ïîâ'ÿçàíå ïîíÿòòÿ T-àëãåáðè. Òàê íàçèâàþòü ïàðó
(X, ξ), äå ξ : T (X) → X � ìîðôiçì, äëÿ ÿêîãî ξηX = 1X , ξµX = ξT (ξ). Íèæ÷å ìè
ïîáà÷èìî, ùî àëãåáðè äëÿ ìîíàäè iäåìïîòåíòíèõ ìið òiñíî ïîâ'ÿçàíi ç îïóêëiñòþ.

Äåÿêi ðåçóëüòàòè, ïîâ'ÿçàíi ç àëãåáðà¨÷íèìè àñïåêòàìè îïóêëîñòi, ôóíêòîðiâ iäåì-
ïîòåíòíèõ ìið òà ñïîðiäíåíèõ ôóíêòîðiâ, ìîæíà çíàéòè ó ñòàòòi [29].

Ïîòðåáè òåîði¨ ðèíêîâî¨ ðiâíîâàãè ïðèâåëè äî ðîçãëÿäó iäåìïîòåíòíèõ âåðñié iãîð ó
çìiøàíèõ ñòðàòåãiÿõ, òîáòî ó ñòðàòåãiÿõ çi çíà÷åííÿìè ó ïðîñòîðàõ éìîâiðíiñíèõ ìið.
Äëÿ òàêèõ âåðñié ó ñòàòòi [34] äîâåäåíî òåîðåìó iñíóâàííÿ ðiâíîâàãè Íåøà.

2.2 Ìåòðèçàöiÿ

Íåõàé (X, d) � ìåòðè÷íèé ïðîñòið. Âiäîìî, ùî íà ïðîñòîði éìîâiðíiñíèõ ìið P (X) ìî-
æíà îçíà÷èòè ïðèðîäíó ìåòðèêó [25]. Äëÿ ïðîñòîðó I(X) â [5] çàïðîïîíîâàíî òàêó
êîíñòðóêöiþ. Äëÿ êîæíîãî íàòóðàëüíîãî n íåõàé Lipn(X) îçíà÷à¹ ìíîæèíó âñiõ ëiïøè-
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öåâèõ ôóíêöié íà X çi ñòàëîþ Ëiïøèöÿ ≤ n. Äëÿ êîæíèõ µ, ν ∈ I(X) íåõàé

d̂n(µ, ν) = sup{|µ(ϕ)− ν(ϕ)| : ϕ ∈ Lipn(X)}.

Ôóíêöi¨ d̂n ¹ íåïåðåðâíèìè ïñåâäîìåòðèêàìè íà ïðîñòîði X, à ôóíêöiÿ

(µ, ν) 7→
∞∑
n=1

dn(µ, ν)

2n

¹ ìåòðèêîþ íà X, ùî iíäóêó¹ ñëàáêó* òîïîëîãiþ. Ïðè òàêié ìåòðèçàöi¨ âiäîáðàæåííÿ
x 7→ δx ¹ içîìåòðè÷íèì âêëàäåííÿì, à âiäîáðàæåííÿ ìíîæåííÿ ìîíàäè ψX : I2(X) →
I(X) � íåðîçòÿãóþ÷èì âiäîáðàæåííÿì.

Ó ñòàòòi [41] çàïðîïîíîâàíî iíøèé ïiäõiä äî ìåòðèçàöi¨ ïðîñòîðiâ I(X). Âií ¹ iäåì-
ïîòåíòíèì àíàëîãîì ìåòðèçàöi¨ Êàíòîðîâè÷à [25] ïðîñòîðiâ éìîâiðíiñíèõ ìið.

Íåõàé (X, d) � ìåòðè÷íèé ïðîñòið, òàêèé ùî diam(X) ≤ 1. ×åðåç Cone(X) ïîçíà÷à-
¹ìî êîíóñ íàä X, íàäiëåíèé ìåòðèêîþ ď:

ď((x, s), (y, t)) = min{s, t}d(x, y) + |s− t|.

Ïiäìíîæèíó K â Cone(X) íàçâåìî íàñè÷åíîþ, ÿêùî (x, t) ∈ K =⇒ (x, t′) ∈ K äëÿ
êîæíîãî t′ ∈ [0, t].

Íåõàé

J̄(X) = {A ∈ exp(Cone(X)) | A íàñè÷åíà i (x, 1) ∈ A äëÿ äåÿêîãî x ∈ X}.

Ó [9] äîâåäåíî, ùî ïðîñòið J̄(X) (ÿê ïiäïðîñòið ãiïåðïðîñòîðó exp(Cone(X))) ïðè-
ðîäíî ãîìåîìîðôíèé ïðîñòîðàì J(X) òà I(X). Öå äîçâîëÿ¹ âèêîðèñòàòè ìåòðèêó Ãàóñ-
äîðôà íà J̄(X) äëÿ ìåòðèçàöi¨ ïðîñòîðiâ J(X) òà I(X).

Äëÿ òàêî¨ ìåòðèçàöi¨ ìîæíà ðîçãëÿíóòè íåñêií÷åííi iòåðàöi¨ ôóíêòîðiâ I òà J â ñåíñi
[13] äëÿ êîìïàêòíèõ ìåòðè÷íèõ ïðîñòîðiâ äiàìåòðà ≤ 1. Âiäêðèòîþ ïðîáëåìîþ ¹ îïèñ
òîïîëîãi¨ îäåðæàíèõ òðiéîê ïðîñòîðiâ.

Ïðèðîäíî âèíèêà¹ òàêîæ òàêå ïèòàííÿ: ÷è iñíó¹ iäåìïîòåíòíèé àíàëîã ìåòðèêè Ïðî-
õîðîâà (äèâ. [30])?

Äîñëiäæóâàëîñÿ òàêîæ ïèòàííÿ ðîçìèòî¨ ìåòðèçàöi¨ ïðîñòîðiâ iäåìïîòåíòíèõ ìið
i max-min ìið. Íàãàäà¹ìî äåÿêi íåîáõiäíi îçíà÷åííÿ. Òðèêóòíîþ íîðìîþ íàçèâà¹òüñÿ
íåïåðåðâíå âiäîáðàæåííÿ ∗ : [0, 1] × [0, 1] → [0, 1], ÿêå ¹ àñîöiàòèâíèì, êîìóòàòèâíèì,
ìîíîòîííèì òà äëÿ ÿêîãî 1 ¹ íåéòðàëüíèì åëåìåíòîì. Òðiéêà (X,M, ∗) íàçèâà¹òüñÿ
ðîçìèòèì ìåòðè÷íèì ïðîñòîðîì (ó ñåíñi [15]), ÿêùî X � äîâiëüíà ìíîæèíà, ∗ �
òðèêóòíà íîðìà i M : X × X × (0,∞) → [0, 1] � ôóíêöiÿ, ùî çàäîâîëüíÿ¹ óìîâè äëÿ
âñiõ x, y, z ∈ X i s, t ∈ (0,∞):

(1) M(x, y, t) > 0;

(2) M(x, y, t) = 1 òîäi i ëèøå òîäi, êîëè x = y;

(3) M(x, y, t) = M(y, x, t);
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(4) M(x, y, t) ∗M(y, z, s) ≤M(x, z, t+ s);

(5) ôóíêöiÿ M(x, y, ·) : (0,∞)→ [0, 1] íåïåðåðâíà.

ßêùî (X,M, ∗) � ðîçìèòèé ìåòðè÷íèé ïðîñòið, òî ïàðà (M, ∗) íàçèâà¹òüñÿ ðîçìèòîþ
ìåòðèêîþ íà ìíîæèíi X. Âiäîìî, ùî ðîçìèòi ìåòðèêè ïîðîäæóþòü ìåòðèçîâíi òîïîëî-
ãi¨.

Ðîçìèòà ìåòðèçàöiÿ âiäîìà äëÿ ãiïåðïðîñòîðiâ [35] òà ïðîñòîðiâ éìîâiðíiñíèõ ìið
[27]. Ó ñòàòòi [8] çàïðîïîíîâàíî ðîçìèòó ìåòðèçàöiþ ïðîñòîðiâ iäåìïîòåíòíèõ ìið òà
max-min ìið íà êîìïàêòíèõ ðîçìèòèõ ìåòðè÷íèõ ïðîñòîðàõ. Ïðè öüîìó êîæíà iäåì-
ïîòåíòíà ìiðà îòîòîæíþ¹òüñÿ ç ïiäãðàôiêîì ñâî¹¨ ãóñòèíè i íà îäåðæàíié ïiäìíîæèíi
ãiïåðïðîñòîðó ðîçãëÿäà¹òüñÿ ìåòðèêà Ãàóñäîðôà. Àíàëîãi÷íà êîíñòðóêöiÿ çàñòîñîâó¹-
òüñÿ äî max-min ìið.

2.3 Óëüòðàìåòðè÷íi ïðîñòîðè

Íàãàäà¹ìî, ùî ìåòðèêà d íà ìíîæèíi X íàçèâà¹òüñÿ óëüòðàìåòðèêîþ, ÿêùî d çàäî-
âîëüíÿ¹ ñèëüíó íåðiâíiñòü òðèêóòíèêà

d(x, y) ≤ max{d(x, z), d(z, y)}.

Ìåòðèçàöiÿ ïðîñòîðó iäåìïîòåíòíèõ ìið ç êîìïàêòíèìè íîñiÿìè íà óëüòðàìåòðè-
÷íîìó ïðîñòîði X çàïðîïîíîâàíà â [24]. Íåõàé r > 0. Ïîçíà÷èìî ÷åðåç Fr(X) ìíîæèíó
äiéñíîçíà÷íèõ ôóíêöié íà X, ñòàëèõ íà âñiõ êóëÿõ ðàäióñà r. Äëÿ µ, ν ∈ I(X) ïðèéìåìî

d̂(µ, ν) = inf{r > 0 | µ(ϕ) = ν(ϕ) äëÿ âñiõ ϕ ∈ Fr(X)}.

Â [24] ïîêàçàíî, ùî d̂ ¹ óëüòðàìåòðèêîþ íà ìíîæèíi I(X). Çàóâàæèìî, ùî öÿ êîí-
ñòðóêöiÿ ¹ iäåìïîòåíòíèì àíàëîãîì ìåòðèêè íà ïðîñòîðàõ éìîâiðíiñíèõ ìið íà óëüòðà-
ìåòðè÷íèõ ïðîñòîðàõ [38]. Ó [24] äîâåäåíî, ùî òàêà ìåòðèçàöiÿ ïîðîäæó¹ ôóíêòîð ó
êàòåãîði¨ óëüòðàìåòðè÷íèõ ïðîñòîðiâ òà íåðîçòÿãóþ÷èõ âiäîáðàæåíü. Öåé ôóíêòîð çáå-
ðiãà¹ ïîâíîòó. Çàóâàæèìî òàêîæ, ùî íîñi¨ iäåìïîòåíòíèõ ìið íåïåðåðâíi ó öié ìåòðèçà-
öi¨. Àíàëîãi÷íi ðåçóëüòàòè äëÿ ôóíêòîðà max-min ìið ç êîìïàêòíèìè íîñiÿìè äîâåäåíî
â ñòàòòi [10].

Ïîíÿòòÿ ðîçìèòîãî óëüòðàìåòðè÷íîãî ïðîñòîðó ¹ âiäïîâiäíèêîì ïîíÿòòÿ óëüòðà-
ìåòðè÷íîãî ïðîñòîðó ó òåîði¨ ðîçìèòèõ ìåòðè÷íèõ ïðîñòîðiâ. Äëÿ òðèêóòíî¨ íîðìè
∗ = min ðîçìèòà ìåòðèêà (M, ∗) íàçèâà¹òüñÿ ðîçìèòîþ óëüòðàìåòðèêîþ [21], ÿêùî âî-
íà çàäîâîëüíÿ¹ òàêå ïîñèëåííÿ óìîâè (4): M(x, y, t) ∗ M(y, z, s) ≤ M(x, z,max{t, s}).
Âiäîìî, ùî îñòàííÿ óìîâà åêâiâàëåíòíà óìîâi: M(x, y, t) ∗M(y, z, t) ≤M(x, z, t).

Ó ñòàòòi [17] çàïðîâàäæåíî ðîçìèòó óëüòðàìåòðèçàöiþ ìíîæèíè âñiõ iäåìïîòåíòíèõ
ìið íà ðîçìèòîìó óëüòðàìåòðè÷íîìó ïðîñòîði. Ðîçãëÿíóòî âëàñòèâiñòü ïîâíîòè îäåð-
æàíèõ ðîçìèòèõ ìåòðè÷íèõ ïðîñòîðiâ. Çàóâàæèìî, ùî öåé ðåçóëüòàò ìà¹ âiäïîâiäíèê
ó ñòàíäàðòíié ìàòåìàòèöi: ðîçìèòó óëüòðàìåòðèçàöiþ ïðîñòîðiâ éìîâiðíiñíèõ ìið íà
ðîçìèòîìó óëüòðàìåòðè÷íîìó ïðîñòîði ïîáóäîâàíî â [36].
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2.4 Ãiïåðïðîñòîðè îïóêëèõ ìíîæèí

Ãiïåðïðîñòîðè îïóêëèõ ìíîæèí ¹ ïðåäìåòîì äîñëiäæåííÿ ó áàãàòüîõ ïóáëiêàöiÿõ. Çîêðå-
ìà ¨ì ïðèñâÿ÷åíî ìîíîãðàôiþ [4].

Ïîíÿòòÿ max-ïëþñ îïóêëî¨ ìíîæèíè ó åâêëiäîâîìó ïðîñòîði îçíà÷åíî â [11]. Êàæå-
ìî, ùî ìíîæèíà A ⊂ Rn max-ïëþñ îïóêëà, ÿêùî x ∨ (α � y) ∈ A äëÿ êîæíèõ x, y ∈ A
i α ∈ [−∞, 0]. Çàóâàæèìî, ùî âåðñiþ öüîãî ïîíÿòòÿ ðîçãëÿíóòî â [7] � òàì àâòîðè
âèêîðèñòîâóâàëè ìíîæåííÿ íà t ∈ [0, 1] çàìiñòü îïåðàöi¨ äîäàâàííÿ.

Ó [2] äîâåäåíî, ùî ãiïåðïðîñòið max-ïëþñ îïóêëèõ ïiäìíîæèí ó êóái [0, 1]n ïðè n ≥ 2

ãîìåîìîðôíèé ãiëüáåðòîâîìó êóáîâi. Öå ìîæíà ðîçãëÿäàòè ÿê iäåìïîòåíòíèé àíàëîã
òåîðåìè Íàäëåðà, Êâiííà i Ñòàâðîêàñà [22]. Äëÿ max-min îïóêëèõ ìíîæèí àíàëîãi÷íi
ðåçóëüòàòè îäåðæàíî â [3].

Ó ñòàòòi [6] ðîçãëÿíóòî íåêîìïàêòíèé âèïàäîê. Äîâåäåíî, ùî ãiïåðïðîñòið max-ïëþñ
îïóêëèõ êîìïàêòíèõ ïiäìíîæèí ó ñòåïåíi Rτ ãîìåîìîðôíèé Rτ äëÿ τ ∈ {ω, ω1}. Ïðè
τ > ω1 öåé ãiïåðïðîñòið íå ¹ àáñîëþòíèì ðåòðàêòîì.

Max-ïëþñ àíàëîã êëàñè÷íî¨ òåîðåìè Ìàéêëà ïðî ñåëåêöiþ ç îïóêëèìè îáðàçàìè
äîâåäåíî â [39] (äèâ. òàêîæ [31]).

Äëÿ iäåìïîòåíòíèõ ìið ó åâêëiäîâèõ ïðîñòîðàõ (áiëüø çàãàëüíî, ó max-ïëþñ îïóêëèõ
ìíîæèíàõ) ìîæíà îçíà÷èòè âiäîáðàæåííÿ áàðèöåíòðà. Áàðèöåíòðîì iäåìïîòåíòíî¨ ìi-
ðè µ =

∨n
i=1 λi � δxi ¹ åëåìåíò βX(µ) =

∨n
i=1 λi � xi.

Íåõàé J = {(p, q) ∈ Rmax | p ∨ q = 0}. Ó ñòàòòi [33] Ò. Ðàäóë äîâiâ, ùî âiäîáðàæåííÿ
áàðèöåíòðà äëÿ max-ïëþñ îïóêëîãî êîìïàêòàX âiäêðèòå òîäi i ëèøå òîäi, êîëè âiäêðèòå
âiäîáðàæåííÿ

sX : X × J → X, sX(x, y, p, q) = (p� x) ∨ (q � y).

Áiëüø òîãî, ó ðîáîòi [33] ïîêàçàíî, ùî âiäîáðàæåííÿ áàðèöåíòðà, îáìåæåíå íà ïðî-
îáðàç ìíîæèíè òî÷îê íåîäíîçíà÷íîñòi, ¹ òðèâiàëüíèì ðîçøàðóâàííÿì ç øàðîì ãiëüáåð-
òiâ êóá ïðè óìîâi, ùî öå âiäîáðàæåííÿ âiäêðèòå.

Îñêiëüêè ïðîñòið I(X) ìà¹ ïðèðîäíó ñòðóêòóðó max-ïëþñ îïóêëîãî êîìïàêòà, òî
ìîæíà ãîâîðèòè ïðî âiäîáðàæåííÿ áàðèöåíòðà βI(X) : I2(X) → I(X). Ó [32] ïîêàçàíî,
ùî âiäîáðàæåííÿ βI(X) âiäêðèòå äëÿ êîæíîãî êîìïàêòíîãî ãàóñäîðôîâîãî ïðîñòîðó X.

Ó [31] äîâåäåíî, ùî âiäîáðàæåííÿ βI([0,1]ω1 íå ¹ 0-ì'ÿêèì âiäîáðàæåííÿì. Çàóâàæèìî,
ùî öÿ ñèòóàöiÿ âiäðiçíÿ¹òüñÿ âiä âèïàäêó áàðèöåíòðè÷íèõ âiäîáðàæåíü éìîâiðíiñíèõ
ìið [12].

Êîìïàêòíi îïóêëi ïðîñòîðè ó ëîêàëüíî îïóêëèõ ïðîñòîðàõ òà ¨õ àôiííi âiäîáðàæåí-
íÿ òiñíî ïîâ'ÿçàíi ç ïîíÿòòÿì àëãåáðè ìîíàäè éìîâiðíiñíèõ ìið (äèâ. [28]). Ïðè öüîìó
âiäîáðàæåííÿ áàðèöåíòðà äëÿ îïóêëîãî êîìïàêòíà âèñòóïà¹ ÿê ñòðóêòóðíå âiäîáðàæå-
ííÿ àëãåáðè. Âiäêðèòîþ ïðîáëåìîþ ¹ âñòàíîâëåííÿ àíàëîãiâ ðåçóëüòàòiâ ñòàòòi [28] äëÿ
ôóíêòîðiâ iäåìïîòåíòíèõ i max-plus ìið.

Ãåîìåòðiþ òðiéîê íåñêií÷åííèõ iòåðàöié ôóíêòîðà ãiïåðïðîñòîðó êîìïàêòíèõ max-
ïëþñ îïóêëèõ ìíîæèí îïèñàíî â [37]. Âiäêðèòèì çàëèøà¹òüñÿ ïèòàííÿ iñíóâàííÿ òàêîãî
îïèñó äëÿ âèïàäêó max-min îïóêëèõ ìíîæèí.
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2.5 Iíâàðiàíòíi iäåìïîòåíòíi ìiðè

Ïîíÿòòÿ iíâàðiàíòíî¨ éìîâiðíiñíî¨ ìiðè äëÿ çàäàíî¨ iòåðîâàíî¨ ñèñòåìè ñòèñêóþ÷èõ âiä-
îáðàæåíü êîìïàêòíîãî (áiëüø çàãàëüíî, ïîâíîãî) ìåòðè÷íîãî ïðîñòîðó îçíà÷åíå â [16].
Äîâåäåíî, ùî iíâàðiàíòíà ìiðà iñíó¹ i ¹äèíà, ó äîâåäåííi âèêîðèñòîâó¹òüñÿ òåîðåìà Áà-
íàõà ïðî íåðóõîìó òî÷êó. Çàóâàæèìî ïðè öüîìó, ùî ìåòðèêà íà ïðîñòîði éìîâiðíiñíèõ
ìið, çàïðîïîíîâàíà â [16], íàñïðàâäi çáiãà¹òüñÿ ç ìåòðèêîþ Êàíòîðîâè÷à.

Ïîíÿòòÿ iíâàðiàíòíî¨ iäåìïîòåíòíî¨ ìiðè äëÿ iòåðîâàíî¨ ñèñòåìè âiäîáðàæåíü êîìïà-
êòíèõ ìåòðè÷íèõ ïðîñòîðiâ çàïðîïîíîâàíå â [19]. Çàóâàæèìî, ùî â [19] ìåòîä äîâåäåííÿ
iñíóâàííÿ i ¹äèíîñòi iíâàðiàíòíî¨ iäåìïîòåíòíî¨ ìiðè íå âèêîðèñòîâó¹ òåîðåìè Áàíàõà
ïðî íåðóõîìó òî÷êó. Âií òàêîæ äîçâîëÿ¹ îäåðæàòè àíàëîãi÷íèé ðåçóëüòàò äëÿ max-min
ìið.

Óëüòðàìåòðè÷íà âåðñiÿ òåîðåìè ¹äèíîñòi òà iñíóâàííÿ iíâàðiàíòíî¨ iäåìïîòåíòíî¨
ìiðè âñòàíîâëåíà â [20].
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Idempotent mathematics is a branch of mathematics in which idempotent operations (for

example, max) on the set of reals play a central role. In recent decades, we have seen intensive

research in this direction.

The principle of correspondence (this is an informal principle analogous to the Bohr cor-

respondence principle in the quantum mechanics) asserts that each meaningful concept or

result of traditional mathematics corresponds to a meaningful concept or result of idempotent

mathematics. In particular, to the notion of probability measure there corresponds that if

Maslov measure (also called idempotent measure) as well as more recent notion of max-min

measure. Also, there are idempotent counterparts of the convex sets; these include the so-called

max-plus and max min convex sets.

Methods of idempotent mathematics are used in optimization problems, dynamic program-

ming, mathematical economics, game theory, mathematical biology and other disciplines.

In this paper we provide a survey of results that concern algebraic and geometric properties

of the functors of idempotent and max-min measures.
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