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ËÎÃÀÐÈÔÌI×ÍÀ ÏÎÕIÄÍÀ ÄÎÁÓÒÊÓ ÁËßØÊÅ Ç ÏÎÂIËÜÍÎ

ÇÐÎÑÒÀÞ×ÎÞ ËI×ÈËÜÍÎÞ ÔÓÍÊÖI�Þ ÍÓËIÂ

Íåõàé z0 = 1 ¹äèíà ãðàíè÷íà òî÷êà íóëiâ (an) äîáóòêó Áëÿøêå B(z); Γm =
m⋃
j=1

{z : |z| <

1, arg(1− z) = −θj} =
m⋃
j=1

lθj , −π/2 + η < θ1 < θ2 < . . . < θm < π/2− η, � ñêií÷åííà ñèñòåìà

ïðîìåíiâ, 0 < η < 1; υ(t) � íåïåðåðâíà íà [0, 1), υ(0) = 0, ïîâiëüíî çðîñòàþ÷à â òî÷öi 1

ôóíêöiÿ, òîáòî υ(t) ∼ υ ((1 + t)/2) , t → 1−; n(t, θj ;B) � êiëüêiñòü íóëiâ an = 1 − rneiθj
äîáóòêó B(z) íà ïðîìåíi lθj òàêèõ, ùî 1− rn ≤ t, 0 < t < 1. Çà óìîâè ðîçòàøóâàííÿ íóëiâ

B(z) íà Γm i âèêîíàííÿ ñïiââiäíîøåíü n(t, θj ;B) ∼ ∆jυ(t), t→ 1−, äëÿ êîæíîãî j = 1,m,

0 ≤ ∆j < +∞, çíàéäåíî àñèìïòîòèêó ëîãàðèôìi÷íî¨ ïîõiäíî¨ B(z) ïðè z = 1− re−iϕ → 1,

−π/2 < ϕ < π/2, ϕ 6= θj . Òàêîæ äëÿ òàêèõ B(z) ðîçãëÿäà¹òüñÿ îáåðíåíà çàäà÷à.

Êëþ÷îâi ñëîâà i ôðàçè: ëîãàðèôìi÷íà ïîõiäíà, äîáóòîê Áëÿøêå, ïîâiëüíî çðîñòàþ÷à

ôóíêöiÿ.
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Âñòóï

Íåõàé (an) � ïîñëiäîâíiñòü ÷èñåë ç C òàêèõ, ùî 0 < |a1| ≤ |a2| ≤ . . . ≤ |an| ≤ . . . < 1

i
+∞∑
n=1

(1− |an|) < +∞. Òîäi ôóíêöiÿ âèãëÿäó

B(z) =
+∞∏
n=1

an
|an|
· an − z

1− anz

íàçèâà¹òüñÿ äîáóòêîì Áëÿøêå i ¹ àíàëiòè÷íîþ â êðóçi D = {z : |z| < 1} ôóíêöi¹þ. Äî-
áóòêè Áëÿøêå ¹ âàæëèâèì ïiäêëàñîì àíàëiòè÷íèõ â D ôóíêöié ç îáìåæåíîþ õàðàêòå-

ðèñòèêîþ Íåâàíëiííè. Çàóâàæèìî ([2, c. 81]), ùî äîáóòîê B ¹ ìåðîìîðôíîþ â C ôóí-

êöi¹þ çà âèíÿòêîì òî÷îê ñêóï÷åííÿ íóëiâ B. Â [8] äëÿ äîáóòêó Áëÿøêå ç äîäàòíèìè

íóëÿìè, ëi÷èëüíà ôóíêöiÿ n(t) = n(t, B) ÿêèõ ¹ ïîâiëüíî çðîñòàþ÷îþ â òî÷öi 1, çíàéäåíî

àñèìïòîòèêó lnB (1− re−iϕ) (−π/2 < ϕ < π/2) ïðè r → 0 + .
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Àñèìïòîòèêà òà îöiíêè ëîãàðèôìi÷íî¨ ïîõiäíî¨ ìåðîìîðôíèõ ôóíêöié çîâíi âèíÿò-

êîâèõ ìíîæèí âiäiãðàþòü âàæëèâó ðîëü â ðiçíèõ ãàëóçÿõ ìàòåìàòèêè, çîêðåìà â íåâàí-

ëiííiâñüêié òåîði¨ ðîçïîäiëó çíà÷åíü (äèâ., íàïðèêëàä, [3, 5, 6]) òà àíàëiòè÷íié òåîði¨

äèôåðåíöiéíèõ ðiâíÿíü ([1, 7]).

Â äàíié ðîáîòi âèâ÷à¹ìî àñèìïòîòèêó ëîãàðèôìi÷íî¨ ïîõiäíî¨ äîáóòêó Áëÿøêå B

ç ¹äèíîþ òî÷êîþ ñêóï÷åííÿ íóëiâ íà ∂D çà óìîâè, ùî n(t, B) ïîâiëüíî çðîñòàþ÷à â

òî÷öi 1 ôóíêöiÿ. Íå çìåíøóþ÷è çàãàëüíîñòi, áóäåìî íàäàëi ââàæàòè, ùî òàêîþ òî÷êîþ

ñêóï÷åííÿ ¹ z0 = 1. Äiéñíî, â ïðîòèëåæíîìó âèïàäêó ìè ðîçãëÿíóëè á äîáóòîê Áëÿøêå

B∗(z) = B
(
z · eiϕ0

)
=

+∞∏
n=1

an
|an|

an − zeiϕ0

1− anzeiϕ0
=

+∞∏
n=1

a∗n
|a∗n|

a∗n − z
1− a∗nz

,

äå a∗n = ane
−iϕ0 , eiϕ0 � òî÷êà ñêóï÷åííÿ íóëiâ (an) äîáóòêó B.

Ç ôîðìóëè

B′(z)

B(z)
=

1∫
0

(1− t2)dn(t)

(z − teiϕn) (1− zte−iϕn)
, |ϕn| = | arg an| → 0, n→ +∞,

äëÿ ëîãàðèôìi÷íî¨ ïîõiäíî¨ B âèïëèâà¹, ùî B′(z)/B(z) = O(1) ïðè z → eiα, |α| > δ,

0 < δ < 1, îñêiëüêè

B′(z)

B(z)
= (1+o(1))

1∫
0

(1− t2)dn(t)

(eiα−teiϕn) (1−te−i(ϕn−α))
= (1+o(1)) e−iα

1∫
0

(1− t2)dn(t)

1−2t cos(α−ϕn)+t2
,

z → eiα, à îñòàííié iíòåãðàë çáiæíèé.

1 Îçíà÷åííÿ òà ôîðìóëþâàííÿ ðåçóëüòàòiâ

Íåõàé an = 1 − rneiθn (−π/2 < θn < π/2) � ïîñëiäîâíiñòü íóëiâ äîáóòêó Áëÿøêå B,

n(t) = n(t, B) � êiëüêiñòü (an) â êðóçi {z : |z| ≤ t} òàêèõ, ùî 1 − rn ≤ t, 0 < t < 1,

rn → 0+ ïðè n → +∞. Ëåãêî áà÷èòè, ùî n(t) = ñ(1 − t), äå ñ(t) � ëi÷èëüíà ôóíêöiÿ

íóëiâ (an) äîáóòêó B òàêèõ, ùî rn ≥ t, 0 < t < 1.

Ïîçíà÷èìî L � êëàñ ïîâiëüíî çðîñòàþ÷èõ â òî÷öi 1 ôóíêöié υ, òîáòî υ � íåâiä'¹ìíi,

íåñïàäíi, íåîáìåæåíi çâåðõó, íåïåðåðâíî äèôåðåíöiéîâíi íà [0, 1) ôóíêöi¨, υ(0) = 0,

υ(t) ∼ υ ((1 + t)/2) , t→ 1− . Ëåãêî áà÷èòè, ùî (1− t)υ′(t) = o (υ(t)) ïðè t→ 1− . ×åðåç
B(υ), υ ∈ L, ïîçíà÷èìî ìíîæèíó äîáóòêiâ Áëÿøêå B, íóëi ÿêèõ çàäîâîëüíÿþòü óìîâó

lim
t→1−

n(t, B)/υ(t) < +∞.

Íåõàé −π/2 + η < ψ1 < ψ2 < . . . < ψm < π/2 − η, 0 < η < 1, Γm =
m⋃
j=1

{z : |z| <

1, arg(1− z) = −ψj} =
m⋃
j=1

lψj � ñêií÷åííà ñèñòåìà ïðîìåíiâ; B(υ; Γm) � ïiäêëàñ äîáóòêiâ
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B êëàñó B(υ), íóëi (an) ÿêèõ ëåæàòü íà Γm; n(t, ψj) = n(t, ψj;B) � êiëüêiñòü íóëiâ B,

ùî ëåæàòü íà ïðîìåíi lψj òàêèõ, ùî 1− rn ≤ t.

Äëÿ υ̃ ∈ L ïðèéìåìî

υ(t) =

t∫
0

υ̃(x)

1− x
dx, 0 ≤ t < 1, υ(0) = 0.

Ëåãêî áà÷èòè, ùî υ ∈ L i υ̃(t) = o (υ(t)) , t → 1 − . Äiéñíî, çàñòîñîâóþ÷è ïðàâèëî

Ëîïiòàëÿ, ìà¹ìî

υ

(
1 + t

2

)
υ(t)

∼
υ̃

(
1 + t

2

)
/

(
1− 1 + t

2

)
2υ̃(t)/(1− t)

=

υ̃

(
1 + t

2

)
υ̃(t)

→ 1, t→ 1−;

υ̃(t)

υ(t)
∼ υ̃′(t)(1− t)

υ̃(t)
→ 0, t→ 1− .

Íåõàé l̃ψj = {z : r̃j ≤ |z| < 1, arg(1 − z) = −ψj}, r̃j � íàéìåíøèé ìîäóëü íóëÿ B,

ùî ëåæèòü íà lψj , j = 1,m; G = D \

(
m⋃
j=1

l̃ψj

)
; lnB � îäíîçíà÷íà ãiëêà â îáëàñòi G

áàãàòîçíà÷íî¨ ôóíêöi¨ LnB(z) = ln |B(z)|+ iArgB(z) òàêà, ùî lnB(0) < 0.

Òåîðåìà 1. Íåõàé υ̃ ∈ L, ∆j ≥ 0, B ∈ B(υ; Γm) i äëÿ êîæíîãî j = 1,m

n(t;ψj) = ∆jυ(t) + o (υ̃(t)) , t→ 1− . (1)

Òîäi äëÿ z = 1− re−iϕ, ϕ ∈
(
−π

2
;
π

2

)
\

(
m⋃
j=1

θψj

)
,

(1− z)
B′(z)

B(z)
= −i

m∑
j=1

∆j (2ψj + π sign(ϕ− ψj)) υ̃(1− r) + o (υ̃(1− r)) , r → 0+, (2)

ïðè÷îìó äëÿ äîâiëüíîãî δ > 0 ñïiââiäíîøåííÿ (2) âèêîíó¹òüñÿ ðiâíîìiðíî ùîäî ϕ íà

ìíîæèíi
(
−π

2
;
π

2

)
\

(
m⋃
j=1

(ψj − δ, ψj + δ)

)
.

Òåîðåìà 2. Íåõàé υ̃ ∈ L, ∆j ≥ 0, B ∈ B(υ; Γm) i âèêîíó¹òüñÿ (2). Òîäi

n(t;ψj) = (1 + o(1)) ∆jυ(t), t→ 1− .

2 Äîïîìiæíi ðåçóëüòàòè

Áóäåìî âèêîðèñòâóâàòè òàêi òâåðäæåííÿ, ÿêi ìè ñôîðìóëþ¹ìî ó âèãëÿäi ëåì.
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Ëåìà 1. Íåõàé υ̃ ∈ L, 0 < ∆ < +∞, íóëi an = 1 − rne
−iψ äîáóòêó B ëåæàòü íà lψ,

−π/2 < ψ < π/2 i

n(t) = ∆υ(t) + o (υ̃(t)) , t→ 1− . (3)

Òîäi äëÿ z = 1− re−iϕ, ϕ ∈ (−π/2;π/2) \ {ψ},

(1− z)
B′(z)

B(z)
= −i∆ (2ψ + π sign(ϕ− ψ)) υ̃(1− r) + o (υ̃(1− r)) , r → 0+, (4)

ïðè÷îìó äëÿ äîâiëüíîãî δ > 0 ñïiââiäíîøåííÿ (4) âèêîíó¹òüñÿ ðiâíîìiðíî ùîäî ϕ íà

ìíîæèíi (−π/2;ψ − δ] ∪ [ψ + δ; π/2).

Äîâåäåííÿ. Ïiñëÿ çàìiíè z = (w − 1)/w ìà¹ìî

g(w) = B

(
w − 1

w

)
=

(
+∞∏
n=1

1

|an|

)
+∞∏
n=1

(
1− w

bn

)
/

+∞∏
n=1

(
1− w

cn

)
= p0

g1(w)

g2(w)
,

äå p0 =
+∞∏
n=1

|an|−1, bn = 1/(1 − an) = eiψ/rn � íóëi öiëî¨ ôóíêöi¨ g1, cn =
−an

1− an
=

− 1

rn
e−iψ + 1 =

1

rn
e−i(ψ+π) + 1 � íóëi g2 òà

n(τ, 0, g1) = n(τ, 0, g2) = ∆υ

(
1− 1

τ

)
+ o

(
υ̃

(
1− 1

τ

))
= ∆V (τ) + o

(
Ṽ (τ)

)
, τ → +∞,

äå V (τ) = υ

(
1− 1

τ

)
, Ṽ (τ) = υ̃

(
1− 1

τ

)
, τ ≥ 1. Ïðèéìåìî g̃2(w) =

+∞∏
n=1

(
1− w

c̃n

)
, c̃n =

cn−1 =
1

rn
e−i(ψ+π). Íåõàé l̂α = {w : |w| ≥ 1, argw = α}, l∗α = {w : |w| ≥ 1, arg(w−1) = α},

ln g(w) = ln p0 + ln g1(w) − ln g̃2(w) +
+∞∑
n=1

ln

(
1− w/c̃n
1− w/cn

)
� îäíîçíà÷íà ãiëêà Ln g(w) â C

ç ðîçðiçàìè âçäîâæ ïðîìåíiâ l̂ψ, l̂−ψ−π, l
∗
−ψ−π òàêà, ùî ln g(0) = ln g1(0) = ln g̃2(0) = 0,

ln p0 > 0, ln

(
1− w

c̃n

)∣∣∣∣
w=0

= ln

(
1− w

cn

)∣∣∣∣
w=0

= 0. Çâiäñè

w
g′(w)

g(w)
= w

(
g′1(w)

g1(w)
− g̃′2(w)

g̃2(w)

)
+ w

+∞∑
n=1

cn − c̃n
(w − cn)(w − c̃n)

. (5)

Âðàõîâóþ÷è íåðiâíiñòü (äèâ., íàïðèêëàä, [4, c. 92]) |t− reiϕ| ≥ (t + r) sin δ/2 äëÿ

δ ≤ ϕ ≤ 2π − δ, 0 < δ < 1, t > 0, ïðè θ ∈ [−ψ − π + δ,−ψ + π − δ] i τ ≥ 2/ sin
δ

2
ìà¹ìî

|w − c̃n| =
∣∣∣∣τeiθ − 1

rn
ei(−ψ−π)

∣∣∣∣ =

∣∣∣∣τ − 1

rn
ei(−ψ−θ−π)

∣∣∣∣ ≥ (τ +
1

rn

)
sin

δ

2
,

|w − cn| ≥ |w − c̃n| − 1 ≥
(
τ +

1

rn

)
sin

δ

2
− 1 ≥ 1

2

(
τ +

1

rn

)
sin

δ

2
.
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Äàëi (tn = 1/rn > 1),∣∣∣∣∣w
+∞∑
n=1

1

(w − cn)(w − c̃n)

∣∣∣∣∣ ≤ 2τ

sin2 δ/2

+∞∑
n=1

1

(τ + tn)
≤ 2τ

sin2 δ/2

+∞∫
1

dn(t, 0, g̃2)

(t+ τ)2

=
4τ

sin2 δ/2

+∞∫
1

n(t, 0, g̃2)dt

(t+ τ)3
≤ 8∆τ

sin2 δ/2

+∞∫
1

V (t+ τ)

(t+ τ)3
d(t+ τ) ≤ 8∆τ

sin2 δ/2

+∞∫
τ

u1/2−3du (6)

=
16∆

3 sin2 δ/2

1√
τ

= o(1), τ → +∞,

áî äëÿ äîâiëüíîãî ε > 0 âèêîíó¹òüñÿ V (τ) = o (τ ε) ïðè τ → +∞.

Âðàõîâóþ÷è àñèìïòîòèêó ëîãàðèôìi÷íî¨ ïîõiäíî¨ öiëî¨ ôóíêöi¨ íóëüîâîãî ïîðÿäêó,

çíàéäåíó â [10, òåîðåìà 1], äëÿ w = τeiθ, ψ < θ < ψ + 2π, ìà¹ìî

w
g′1(w)

g1(w)
= ∆V (τ) + i∆(θ − ψ − π)Ṽ (τ) + o

(
Ṽ (τ)

)
, τ → +∞;

à äëÿ −ψ − π < θ < −ψ + π

w
g̃′2(w)

g̃2(w)
= ∆V (τ) + i∆(θ + ψ)Ṽ (τ) + o

(
Ṽ (τ)

)
, τ → +∞.

Ç (5), (2) òà îñòàííiõ äâîõ ñïiââiäíîøåíü äëÿ θ ∈ (ψ,−ψ + π) îòðèìó¹ìî (τ → +∞)

w
g′(w)

g(w)
= w

(
g′1(w)

g1(w)
− g̃′2(w)

g̃2(w)

)
= i∆ ((θ − ψ − π)− (θ + ψ)) Ṽ (τ) + o

(
Ṽ (τ)

)
= − (1 + o(1)) i∆(2ψ + π)Ṽ (τ),

à äëÿ θ ∈ (−ψ − π, ψ)

w
g′(w)

g(w)
= (1 + o(1)) i∆ ((θ − ψ + π)− (θ + ψ)) Ṽ (τ) = − (1 + o(1)) i∆(2ψ − π)Ṽ (τ),

òîáòî äëÿ θ ∈ (−ψ − π,−ψ + π) \ {ψ} âèêîíó¹òüñÿ

w
g′(w)

g(w)
= −i∆ (2ψ + π sign(θ − ψ)) Ṽ (τ) + o

(
Ṽ (τ)

)
, τ → +∞. (7)

Îñêiëüêè −ψ−π < −π
2
, ψ+π >

π

2
, w =

1

1− z
, g′(w) = B′

(
w − 1

w

)
1

w2
= (1−z)2B′(z)

i äëÿ z = 1−re−iϕ ìà¹ìî θ = argw = arg

(
1

1− z

)
= arg

(
1

r
eiϕ
)

= ϕ, òî ç (7) îòðèìó¹ìî

(4), à îòæå, ëåìó 1 äîâåäåíî.

Ëåìà 2. Íåõàé υ̃ ∈ L, 0 < ∆ < +∞, íóëi an = 1− rne−iψ, −π/2 < ψ < π/2, äîáóòêó B

ëåæàòü íà lψ i äëÿ z = 1− re−iϕ, ϕ ∈ (−π/2;π/2) \ {ψ} âèêîíó¹òüñÿ

(1− z)
B′(z)

B(z)
= −i∆ (2ψ + π sign(ϕ− ψ)) υ̃(1− r) + o (υ̃(1− r)) , r → 0 + .

Òîäi n(t;B) = (1 + o(1))υ(t), t→ 1− .
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Äîâåäåííÿ. Íå çìåíøóþ÷è çàãàëüíîñòi, ïðèïóñòèìî, ùî ψ = 0. Ïiñëÿ çàìiíè z = (w −
1)/w îòðèìó¹ìî

g(w) = B

(
w − 1

w

)
=

+∞∏
n=1

1

an

+∞∏
n=1

(
1− w

bn

)
/

+∞∏
n=1

(
1− w

cn

)
= p0

g1(w)

g2(w)
,

äå bn = 1/rn > 0 � íóëi öiëî¨ ôóíêöi¨ g1, cn = −1/rn + 1 < 0 � íóëi g2 òà n(τ, 0, g1) =

n(1− 1/τ, B).

Îñêiëüêè (äèâ. äîâåäåííÿ ëåìè 1) wg′(w)/g(w) = (1− z)B′(z)/B(z), òî çà óìîâ ëåìè

2 äëÿ w = τeiθ, 0 < |θ| < π, ìà¹ìî

w
g′(w)

g(w)
= −i∆π sign θṼ (τ) + o

(
Ṽ (τ)

)
, τ → +∞, (8)

äå Ṽ (τ) = υ̃ (1− 1/τ) , Ṽ (2τ) ∼ Ṽ (τ) ïðè τ → +∞.
Ïîêëàäåìî Sρ(α, β) = {w : |w| ≤ ρ, α ≤ argw ≤ β}, −π < α < β < π, ∂S+

ρ (α, β) �

äîäàòíà îði¹íòàöiÿ ìåæi ñåêòîðà Sρ(α, β), V (τ) =
τ∫
1

Ṽ (t)/tdt. Òîäi, âðàõîâóþ÷è (8), ÿê

ïðè äîâåäåííi òåîðåìè 2 ç [10] îòðèìó¹ìî

n(ρ, 0, g1) =
1

2πi

∫
∂S+

ρ (α,β)

g′(w)

g(w)
dw = (1 + o(1))∆V (ρ), ρ→ +∞,

áî Ṽ (ρ) = o (V (ρ)) , ρ → +∞. Îñêiëüêè V (ρ) = υ (1− 1/ρ) =
1−1/ρ∫
0

υ̃(x)/(1 − x)dx,

n(ρ, 0, g) = n(1− 1/ρ,B), òî n(t;B) = (1 + o(1))υ(t), t→ 1− .

3 Äîâåäåííÿ òåîðåì

Çà óìîâ òåîðåì ìîæåìî çîáðàçèòè B ó âèãëÿäi

B(z) = B1(z) ·B2(z) · . . . ·Bm(z),

äå Bj(z) � äîáóòîê Áëÿøêå ïîáóäîâàíèé çà íóëÿìè B, ÿêi ðîçòàøîâàíi íà ïðîìåíi lψj .

Ç ðiâíîñòi

lnB(z) = lnB1(z) + lnB2(z) + . . .+ lnBm(z), z ∈ G, (9)

çàâäÿêè (4), äëÿ z = 1− re−iϕ, ϕ ∈ (−π/2;π/2) \

(
m⋃
j=1

ψj

)
, ìà¹ìî (r → 0+)

(1− z)
B′(z)

B(z)
= (1− z)

m∑
j=1

B′j(z)

Bj(z)
= −i

m∑
j=1

∆j (2ψj + π sign(ϕ− ψj)) υ̃(1− r) + o (υ̃(1− r)) ,

ùî äîâîäèòü òåîðåìó 1.

Âðàõîâóþ÷è (9) òà ëåìó 2 äëÿ êîæíîãî j = 1,m îòðèìó¹ìî n(t;ψj)=(1+o(1)) ∆jυ(t),

t→ 1−, ùî äîâîäèòü òåîðåìó 2.

Çàóâàæåííÿ 1. Çàìiíèòè óìîâó ðîçòàøóâàííÿ íóëiâ B íà Γm â òåîðåìi 1 íà iñíóâàííÿ

êóòîâî¨ ùiëüíîñòi â òî÷öi 1 íóëiâB ìè íå ìîæåìî, îñêiëüêè àïðîêñèìàöiéíà òåîðåìà ([9])

äëÿ ëîãàðèôìi÷íî¨ ïîõiäíî¨ öiëèõ ôóíêöié ç ïîâiëüíî çðîñòàþ÷îþ ëi÷èëüíîþ ôóíêöi¹þ

íóëiâ ïðè r → +∞ ¹ ç òî÷íiñòþ äî o (V (r)) , à Ṽ (r) = o (V (r)) , r → +∞.
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Zabolotskyi M.V., Gal Y.M., Mostova M.R. Logarithmic derivative of the Blaschke product with

slowly increasing counting function of zeros, Bukovinian Math. Journal. 9, 1 (2021), 164�170.

The Blaschke products form an important subclass of analytic functions on the unit disc

with bounded Nevanlinna characteristic and also are meromorphic functions on C except for the

accumulation points of zeros B(z). Asymptotics and estimates of the logarithmic derivative of

meromorphic functions play an important role in various �elds of mathematics. In particular,

such problems in Nevanlinna's theory of value distribution were studied by Goldberg A.A.,

Korenkov N.E., Hayman W.K., Miles J. and in the analytic theory of di�erential equations �

by Chyzhykov I.E., Strelitz Sh.I.

Let z0 = 1 be the only boundary point of zeros (an) of the Blaschke product B(z); Γm =
m⋃
j=1

{z : |z| < 1, arg(1 − z) = −θj} =
m⋃
j=1

lθj , −π/2 + η < θ1 < θ2 < . . . < θm < π/2 − η, be

a �nite system of rays, 0 < η < 1; υ(t) be continuous on [0, 1), υ(0) = 0, slowly increasing

at the point 1 function, that is υ(t) ∼ υ ((1 + t)/2) , t → 1−; n(t, θj ;B) be a number of zeros

an = 1− rneiθj of the product B(z) on the ray lθj such that 1− rn ≤ t, 0 < t < 1. We found

asymptotics of the logarithmic derivative of B(z) as z = 1 − re−iϕ → 1, −π/2 < ϕ < π/2,

ϕ 6= θj , under the condition that zeros of B(z) lay on Γm and n(t, θj ;B) ∼ ∆jυ(t), t → 1−,
for all j = 1,m, 0 ≤ ∆j < +∞. We also considered the inverse problem for such B(z).


