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ÊÎÅÔIÖI�ÍÒÍI ÎÁÅÐÍÅÍI ÇÀÄÀ×I ÄËß ÏÀÐÀÁÎËI×ÍÎÃÎ

ÐIÂÍßÍÍß Ç ÇÀÃÀËÜÍÈÌ ÑËÀÁÊÈÌ ÂÈÐÎÄÆÅÍÍßÌ

Äîñëiäæóþòüñÿ îáåðíåíi çàäà÷i äëÿ ïàðàáîëi÷íîãî ðiâíÿííÿ ç âèðîäæåííÿì, ìîëîäøèé

êîåôiöi¹íò ÿêîãî ¹ ëiíiéíèì ìíîãî÷ëåíîì çà ïðîñòîðîâîþ çìiííîþ ç äâîìà íåâiäîìèìè çà-

ëåæíèìè âiä ÷àñó ôóíêöiÿìè. Âèðîäæåííÿ ðiâíÿííÿ ñïðè÷èíåíî ìîíîòîííî çðîñòàþ÷îþ

ôóíêöi¹þ âiä ÷àñó, ÿêà ðîçìiùåíà â íüîìó ïðè ïîõiäíié çà ÷àñîì. Âñòàíîâëåíî óìîâè iñíó-

âàííÿ òà ¹äèíîñòi êëàñè÷íèõ ðîçâ'ÿçêiâ çãàäàíèõ çàäà÷ ó âèïàäêó ñëàáêîãî âèðîäæåííÿ.

Êëþ÷îâi ñëîâà i ôðàçè: êîåôiöi¹íòíà îáåðíåíà çàäà÷à, ïàðàáîëi÷íå ðiâíÿííÿ, çàãàëüíå

ñëàáêå âèðîäæåííÿ.
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Çàâäÿêè ïðàêòè÷íîìó çàñòîñóâàííþ â ãåîôiçèöi, åêîíîìiöi, ìåäèöèíi [11] â îñòàííi

äåñÿòèëiòòÿ àêòèâíî ðîçâèâà¹òüñÿ òåîðiÿ îáåðíåíèõ çàäà÷.Ùî ñòîñó¹òüñÿ êîåôiöi¹íòíèõ

îáåðíåíèõ çàäà÷ äëÿ ïàðàáîëi÷íèõ ðiâíÿíü, òî íà ñüîãîäíi âîíè âèâ÷åíi äîñòàòíüî ïîâíî

(äèâ. [12, 14, 4, 3, 2, 5] òà áiáëiîãðàôiþ ó íèõ).

Ïðè ìàòåìàòè÷íîìó ìîäåëþâàííi òàêèõ ïðîöåñiâ ÿê ðóõ ðiäèí òà ãàçiâ ó ïîðèñòî-

ìó ñåðåäîâèùi, ÿâèùà ó ïëàçìi, îïðiñíåííÿ ìîðñüêèõ âîä, ïîâåäiíêà ôiíàíñîâèõ ðèíêiâ

òîùî âèíèêàþòü çàäà÷i äëÿ ðiâíÿíü ç âèðîäæåííÿì. Êîåôiöi¹íòíèì îáåðíåíèì çàäà-

÷àì âèçíà÷åííÿ çàëåæíèõ âiä ÷àñó êîåôiöi¹íòiâ ó ïàðàáîëi÷íèõ ðiâíÿííÿõ ïðèñâÿ÷åíi

ðîáîòè [15, 9, 10, 1, 7, 6]. Îáåðíåíi çàäà÷i âèçíà÷åííÿ êîåôiöi¹íòiâ ó ïàðàáîëi÷íîìó ðiâ-

íÿííi, ùî çàëåæàëè á âiä óñiõ ïðîñòîðîâèõ i ÷àñîâî¨ çìiííî¨ çàëèøà¹òüñÿ ïðîáëåìîþ

âiäêðèòîþ.

Ó öié ðîáîòi ðîçãëÿäàþòüñÿ îáåðíåíi çàäà÷i äëÿ ïàðàáîëi÷íîãî ðiâíÿííÿ ç âèðî-

äæåííÿì. Ìîëîäøèé êîåôiöi¹íò öüîãî ðiâíÿííÿ ¹ ëiíiéíèì ïîëiíîìîì çà ïðîñòîðîâîþ

çìiííîþ ç äâîìà íåâiäîìèìè çàëåæíèìè âiä ÷àñó ôóíêöiÿìè. Äëÿ âèçíà÷åííÿ öèõ ôóí-

êöié çàäàþòüñÿ äîäàòêîâi óìîâè, òàê çâàíi óìîâè ïåðåâèçíà÷åííÿ, ó âèãëÿäi òåïëîâèõ
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ìîìåíòiâ. Çàäà÷i âiäðiçíÿþòüñÿ íàáîðîì êðàéîâèõ óìîâ (Äiðiõëå, Íåéìàíà). Âèðîäæåí-

íÿ ðiâíÿííÿ ñïðè÷èíåíî ìîíîòîííî çðîñòàþ÷îþ ôóíêöi¹þ, ùî ïåðåòâîðþ¹òüñÿ â íóëü â

ïî÷àòêîâèé ìîìåíò ÷àñó i ðîçìiùåíà ó ðiâíÿííi ïðè ïîõiäíié çà ÷àñîì. Äîñëiäæó¹òüñÿ

âèïàäîê ñëàáêîãî âèðîäæåííÿ. Ïðè öüîìó çàñòîñîâó¹òüñÿ àïàðàò ôóíêöié Ãðiíà äëÿ

îòðèìàííÿ iíòåãðàëüíèõ ðiâíÿíü åêâiâàëåíòíèõ çàäàíèì êðàéîâèì çàäà÷àì, òåîðåìà

Øàóäåðà ïðî íåðóõîìó òî÷êó öiëêîì íåïåðåðâíîãî îïåðàòîðà òà âëàñòèâîñòi ðîçâ'ÿçêiâ

ñèñòåì îäíîðiäíèõ iíòåãðàëüíèõ ðiâíÿíü Âîëüòåðà ç ÿäðàìè, ùî ìàþòü iíòåãðîâíi îñî-

áëèâîñòi. Ó ðîáîòi îòðèìàíî óìîâè iñíóâàííÿ òà ¹äèíîñòi êëàñè÷íèõ ðîçâ'ÿçêiâ çãàäàíèõ

çàäà÷.

1 Ôîðìóëþâàííÿ çàäà÷i òà îñíîâíi ðåçóëüòàòè

Â îáëàñòi QT = {(x, t) : 0 < x < h, 0 < t < T} ðîçãëÿäà¹òüñÿ îáåðíåíà çàäà÷à

âèçíà÷åííÿ çàëåæíèõ âiä ÷àñó ôóíêöié b1 = b1(t), b2 = b2(t) ó êîåôiöi¹íòi ïðè ïîõiäíié

çà ïðîñòîðîâîþ çìiííîþ ó ïàðàáîëi÷íîìó ðiâíÿííi ç âèðîäæåííÿì

ψ(t)ut = a(t)uxx + (b1(t)x+ b2(t))ux + c(x, t)u+ f(x, t) (1)

ç ïî÷àòêîâîþ óìîâîþ

u(x, 0) = ϕ(x), x ∈ [0, h], (2)

êðàéîâèìè óìîâàìè

u(0, t) = µ1(t), u(h, t) = µ2(t), t ∈ [0, T ] (3)

òà óìîâàìè ïåðåâèçíà÷åííÿ

h∫
0

u(x, t)dx = µ3(t), t ∈ [0, T ], (4)

h∫
0

xu(x, t)dx = µ4(t), t ∈ [0, T ]. (5)

Âiäîìî, ùî a(t) > 0, t ∈ [0, T ], à âèðîäæåííÿ ðiâíÿííÿ ñïðè÷èíÿ¹ ìîíîòîííî çðîñ-

òàþ÷à ôóíêöiÿ ψ(t) > 0, t ∈ (0, T ], ψ(0) = 0. Âèðîäæåííÿ ðiâíÿííÿ íàçèâàòèìåìî

ñëàáêèì, ÿêùî lim
t→0

t∫
0

dτ

ψ(τ)
= 0, òà ñèëüíèì, ÿêùî æ lim

t→0

t∫
0

dτ

ψ(τ)
= +∞.

Îçíà÷åííÿ 1. Òðiéêà ôóíêöié (b1, b2, u) ∈ (C[0, T0])
2 × C2,1(QT0) ∩ C1,0(QT0), ùî çàäî-

âîëüíÿ¹ ðiâíÿííÿ (1) òà óìîâè (2)-(5) ïîòî÷êîâî äëÿ âñiõ t ≤ T0 íàçèâà¹òüñÿ ëîêàëüíèì

ðîçâ'ÿçêîì çàäà÷i (1)-(5) ïðè T0 < T òà ãëîáàëüíèì ðîçâ'ÿçêîì öi¹¨ çàäà÷i ïðè T0 = T .

Ó ðîáîòi âñòàíîâëåíî óìîâè iñíóâàííÿ ðîçâ'ÿçêó çàäà÷i (1)-(5) íà îñíîâi òåîðåìè

Øàóäåðà ïðî íåðóõîìó òî÷êó öiëêîì íåïåðåðâíîãî îïåðàòîðà. Äîâåäåííÿ ¹äèíîñòi áà-

çó¹òüñÿ íà âèêîðèñòàííi âëàñòèâîñòåé ðîçâ'ÿçêiâ îäíîðiäíèõ iíòåãðàëüíèõ ðiâíÿíü Âîëü-

òåðà äðóãîãî ðîäó ç ÿäðàìè, ùî ìàþòü iíòåãðîâíi îñîáëèâîñòi. Äîñëiäæåííÿ ïðîâåäåíî

ó âèïàäêó ñëàáêîãî âèðîäæåííÿ.
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2 Iñíóâàííÿ ðîçâ'ÿçêó

Òåîðåìà 1. Íåõàé âèêîíóþòüñÿ óìîâè:

A1) ϕ ∈ C2[0, h], µi ∈ C1[0, T ], i ∈ 1, 4, a ∈ C[0, T ], a(t) > 0,

t ∈ [0, T ], c, f ∈ C(QT ) òà çàäîâîëüíÿþòü óìîâó Ãåëüäåðà çà çìiííîþ x ðiâíîìiðíî

ïî t ç ïîêàçíèêîì α, 0 < α < 1;

A2) (hµ2(t)− µ3(t))
2 − (µ2(t)− µ1(t))(h

2µ2(t)− 2µ4(t)) 6= 0, t ∈ [0, T ];

A3) ψ(t) > 0, t ∈ (0, T ], ψ(0) = 0, lim
t→0

t∫
0

dτ

ψ(τ)
= 0;

A4) µ1(0) = ϕ(0), µ2(0) = ϕ(h),
h∫
0

ϕ(x)dx = µ3(0),
h∫
0

xϕ(x)dx = µ4(0).

Òîäi iñíó¹ ëîêàëüíèé ðîçâ'ÿçîê çàäà÷i (1)-(5).

Äîâåäåííÿ. Äëÿ ïî÷àòêó çâåäåìî çàäà÷ó (1)-(5) äî åêâiâàëåíòíî¨ ñèñòåìè ðiâíÿíü, âè-

êîðèñòîâóþ÷è àïàðàò ôóíêöié Ãðiíà.

Ó çàäà÷i (1)-(3) ïðîâåäåìî çàìiíó çìiííèõ

u(x, t) = ũ(x, t) + u0(x, t), (6)

äå ôóíêöiÿ u0(x, t) çàäîâîëüíÿ¹ çàäàíi óìîâè (2), (3). Áåçïîñåðåäíüîþ ïåðåâiðêîþ, âðà-

õîâóþ÷è óìîâè óçãîäæåííÿ (A4), ëåãêî ïîêàçàòè, ùî

u0(x, t) = ϕ(x)− ϕ(0) + µ1(t) +
x

h

(
µ2(t)− µ1(t)− µ2(0) + µ1(0)

)
. (7)

Ó ðåçóëüòàòi çàìiíè (6) âiäíîñíî ôóíêöi¨ ũ = ũ(x, t) îòðèìà¹ìî íåîäíîðiäíå ðiâíÿííÿ ç

îäíîðiäíèìè ïî÷àòêîâîþ òà êðàéîâèìè óìîâàìè:

ψ(t)ũt = a(t)ũxx + (b1(t)x+ b2(t))ũx + c(x, t)ũ+ f(x, t)− ψ(t)µ′1(t)−
xψ(t)

h
(µ′2(t)− µ′1(t))

+ a(t)ϕ′′(x) + (b1(t)x+ b2(t))

(
ϕ′(x) +

1

h
(µ2(t)− µ1(t)− µ2(0) + µ1(0))

)
+ c(x, t)

(
ϕ(x)− ϕ(0) + µ1(t) +

x

h
(µ2(t)− µ1(t)− µ2(0) + µ1(0))

)
, (8)

ũ(x, 0) = 0, x ∈ [0, h], (9)

ũ(0, t) = ũ(h, t) = 0, t ∈ [0, T ]. (10)

Âèêîðèñòîâóþ÷è ôóíêöiþ Ãðiíà G1 = G1(x, t, ξ, τ) ïåðøî¨ êðàéîâî¨ çàäà÷i äëÿ ðiâíÿííÿ

òåïëîïðîâiäíîñòi

ψ(t)ut = a(t)uxx (11)

çàäà÷ó (8)-(10) çàìiíèìî íà åêâiâàëåíòíå iíòåãðî-äèôåðåíöiàëüíå ðiâíÿííÿ

ũ(x, t) =

t∫
0

h∫
0

G1(x, t, ξ, τ)

((
b1(τ)ξ + b2(τ)

)
ũξ(ξ, τ) + c(ξ, τ)ũ(ξ, τ) + f(ξ, τ)
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− ψ(τ)µ′1(τ) + a(τ)ϕ′′(ξ)− ψ(τ)ξ

h
(µ′2(τ)− µ′1(τ)) + (b1(τ)ξ + b2(τ))

×
(
ϕ′(ξ) +

1

h
(µ2(τ)− µ1(τ)− µ2(0) + µ1(0))

)
+ c(ξ, τ)(ϕ(ξ)− ϕ(0) + µ1(τ)

+
ξ

h
(µ2(τ)− µ1(τ)− µ2(0) + µ1(0)))

)
dξ dτ. (12)

Âiäîìî [8], ùî ôóíêöi¨ Ãðiíà ïåðøî¨ (k = 1) ÷è äðóãî¨ (k = 2) êðàéîâèõ çàäà÷ äëÿ

ðiâíÿííÿ (11) ìîæíà ïîäàòè ó ÿâíîìó âèãëÿäi

Gk(x, t, ξ, τ) =
1

2
√
π(θ(t)− θ(τ))

+∞∑
n=−∞

(
exp

(
−(x− ξ + 2nh)2

4(θ(t)− θ(τ))

)
+ (−1)k exp

(
−(x+ ξ + 2nh)2

4(θ(t)− θ(τ))

))
, k = 1, 2, (13)

äå θ(t) =

t∫
0

a(τ)

ψ(τ)
dτ . Âðàõîâóþ÷è (13), ëåãêî ïîêàçàòè, ùî öi ôóíêöi¨ âîëîäiþòü âëàñòè-

âîñòÿìè

h∫
0

|Gk(x, t, ξ, τ)|dξdτ ≤ 1,

h∫
0

|Gkx(x, t, ξ, τ)| dξ ≤
C1√

θ(t)− θ(τ)
, k = 1, 2, (14)

äå C1 � äîäàòíà ñòàëà.

Ïîêëàäåìî v(x, t) ≡ ux(x, t). Âèêîðèñòîâóþ÷è (6), (12), ïðÿìó çàäà÷ó (1)-(3) çâåäåìî

äî ñèñòåìè iíòåãðàëüíèõ ðiâíÿíü âiäíîñíî íåâiäîìèõ u = u(x, t), v = v(x, t):

u(x, t) =

t∫
0

h∫
0

G1(x, t, ξ, τ)

(
(b1(τ)ξ + b2(τ))v(ξ, τ) + c(ξ, τ)u(ξ, τ)− ψ(t)µ′1(τ)

− ξψ(t)

h
(µ′2(τ)− µ′1(τ)) + a(τ)ϕ′′(ξ) + f(ξ, τ)

)
dξ dτ + u0(x, t), (x, t) ∈ QT , (15)

v(x, t) =

t∫
0

h∫
0

G1x(x, t, ξ, τ)

(
(b1(τ)ξ + b2(τ))v(ξ, τ) + c(ξ, τ)u(ξ, τ)− ψ(t)µ′1(τ)

− ξψ(t)

h
(µ′2(τ)− µ′1(τ)) + a(τ)ϕ′′(ξ) + f(ξ, τ)

)
dξ dτ + u0x(x, t), (x, t) ∈ QT . (16)

Çàóâàæèìî, ùî ðiâíÿííÿ (16) îòðèìàíå ç ðiâíÿííÿ (15) øëÿõîì äèôåðåíöiþâàííÿ çà

ïðîñòîðîâîþ çìiííîþ.

Çíàéäåìî ðiâíÿííÿ äëÿ ôóíêöié b1 = b1(t), b2 = b2(t). Äëÿ öüîãî äîìíîæèìî (1) íà

xk, k = 0, 1 òà ïðîiíòåãðó¹ìî éîãî çà çìiííîþ x âiä 0 äî h :

b1(t) = 4−1
((

ψ(t)µ′3(t)− a(t)(v(h, t)− v(0, t))−
h∫

0

(c(x, t)u(x, t) + f(x, t))dx

)
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×
(
hµ2(t)− µ3(t)

)
−
(
ψ(t)µ′4(t)− a(t)(hv(h, t)− µ2(t) + µ1(t))

−
h∫

0

x(c(x, t)u(x, t) + f(x, t))dx

)(
µ2(t)− µ1(t)

))
, t ∈ [0, T ], (17)

b2(t) = 4−1
((

ψ(t)µ′4(t)− a(t)(hv(h, t)− µ2(t) + µ1(t))−
h∫

0

x(c(x, t)u(x, t)

+ f(x, t))dx

)(
hµ2(t)− µ3(t)

)
−
(
ψ(t)µ′3(t)− a(t)(v(h, t)− v(0, t))

−
h∫

0

(c(x, t)u(x, t) + f(x, t))dx

)(
h2µ2(t)− 2µ4(t)

))
, t ∈ [0, T ]. (18)

Âèðàç

4 = (hµ2(t)− µ3(t))
2 − (µ2(t)− µ1(t))(h

2µ2(t)− 2µ4(t)) (19)

âiäìiííèé âiä íóëÿ çãiäíî ç óìîâîþ (A2) Òåîðåìè 1.

Îòæå, çàäà÷ó (1)-(5) çâåäåíî äî ñèñòåìè ðiâíÿíü (15)-(18). Ïiä ðîçâ'ÿçêîì öi¹¨ ñèñ-

òåìè áóäåìî ðîçóìiòè íàáið ôóíêöié (b1, b2, u, v), òàêèõ ùî (b1, b2, u, v) ∈ (C[0, T ])2 ×
(C(QT ))

2 òà ïðè ïiäñòàíîâöi ¨õ ó ðiâíÿííÿ (15)-(18) âñi ðiâíîñòi ïåðåòâîðþþòüñÿ ó òî-

òîæíîñòi.

Çàäà÷à (1)-(5) òà ñèñòåìà ðiâíÿíü (15)-(18) ¹ åêâiâàëåíòíèìè ó òàêîìó ðîçóìiííi:

ÿêùî òðiéêà ôóíêöié (b1, b2, u) ¹ ãëîáàëüíèì ðîçâ'ÿçêîì çàäà÷i (1)-(5), òî (b1, b2, u, v) ¹

ðîçâ'ÿçêîì ñèñòåìè ðiâíÿíü (15)-(18), i, íàâïàêè. Ïåðøà ÷àñòèíà òâåðäæåííÿ âèïëèâà¹

çi ñïîñîáó îòðèìàííÿ ñèñòåìè ðiâíÿíü. Ïîêàæåìî, ùî, ÿêùî (b1, b2, u, v) ∈ (C[0, T ])2 ×
(C(QT ))

2 ¹ ðîçâ'ÿçêîì ñèñòåìè ðiâíÿíü (15)-(18), òî (b1, b2, u) íàëåæèòü äî êëàñó

(C[0, T ])2 × C2,1(QT ) ∩ C1,0(QT ) i çàäîâîëüíÿ¹ óìîâè (1)-(5).

Ïðîäèôåðåíöiþ¹ìî ðiâíiñòü (15) çà çìiííîþ x. Âèêîðèñòîâóþ÷è âëàñòèâîñòi iíòå-

ãðàëüíèõ ðiâíÿíü Âîëüòåðà äðóãîãî ðîäó, îòðèìó¹ìî, ùî v(x, t) ≡ ux(x, t),

u ∈ C2,1(QT ) ∩ C1,0(QT ) i çàäîâîëüíÿ¹ (1)-(3).

Äîìíîæèìî ðiâíiñòü (17) íà hµ2(t)−µ3(t), à (18) íà µ2(t)−µ1(t). Ñóìóþ÷è îòðèìàíi

ðiâíîñòi, çíàõîäèìî

b1(t)(hµ2(t)− µ3(t)) + b2(t)(µ2(t)− µ1(t)) = ψ(t)µ′3(t)− a(t)(ux(h, t)− ux(0, t))

−
h∫

0

(c(x, t)u(x, t) + f(x, t))dx.

Âèêîðèñòîâóþ÷è (1)-(3), îñòàííþ ðiâíiñòü ïîäàìî ó âèãëÿäi

b1(t)

( h∫
0

u(x, t)dx− µ3(t)

)
= −ψ(t)

( h∫
0

ut(x, t)dx− µ′3(t)
)
.
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Ïîêëàäåìî z(t) ≡
h∫
0

u(x, t)dx − µ3(t). Òîäi b1(t)z(t) = −ψ(t)z′(t), çâiäêè

z(t) = z(0)e
−

t∫
0

b1(τ)
ψ(τ)

dτ
. Îñêiëüêè z(0) = 0 çà óìîâîþ (A4) Tåîðåìè 1, òî z(t) ≡ 0, òîá-

òî ìà¹ ìiñöå ðiâíiñòü (4).

Àíàëîãi÷íî, äîìíîæèìî ðiâíÿííÿ (17) íà h2µ2(t)− 2µ4(t), à (18) � íà hµ2(t)− µ3(t).

Ïðîñóìóâàâøè, çíàõîäèìî

b1(t)(h
2µ2(t)− 2µ4(t)) + b2(t)(hµ2(t)− µ3(t)) = −ψ(t)µ′4(t)− a(t)(hux(h, t)

− µ2(t) + µ1(t))−
h∫

0

x(c(x, t)u(x, t) + f(x, t))dx.

Çàñòîñîâóþ÷è óìîâè óçãîäæåííÿ (A4) Tåîðåìè 1, ïðèõîäèìî äî óìîâè (5). Öå é çàâåð-

øó¹ äîâåäåííÿ åêâiâàëåíòíîñòi îáåðíåíî¨ çàäà÷i (1)-(5) òà ñèñòåìè ðiâíÿíü (15)-(18).

Îñêiëüêè äîñëiäæó¹òüñÿ çàäà÷à äëÿ ðiâíÿííÿ ç âèðîäæåííÿì, òî âñòàíîâèìî ïîâåäií-

êó iíòåãðàëiâ, ùî âõîäÿòü äî ïðàâèõ ÷àñòèí ôîðìóë (15), (16) ïðè t → 0. Áåðó÷è äî

óâàãè îöiíêè ôóíêöié Ãðiíà (14), îòðèìà¹ìî

I1 ≡
∣∣∣∣

t∫
0

h∫
0

G1(x, t, ξ, τ)

(
(b1(τ)ξ + b2(τ))v(ξ, τ) + c(ξ, τ)u(ξ, τ)− ψ(t)µ′1(τ)

− ξψ(t)

h
(µ′2(τ)− µ′1(τ)) + a(τ)ϕ′′(ξ) + f(ξ, τ)

)
dξ dτ

∣∣∣∣ ≤ C2t,

I2 ≡
∣∣∣∣

t∫
0

h∫
0

G1x(x, t, ξ, τ)

(
(b1(τ)ξ + b2(τ))v(ξ, τ) + c(ξ, τ)u(ξ, τ)− ψ(t)µ′1(τ)

− ξψ(t)

h
(µ′2(τ)− µ′1(τ)) + a(τ)ϕ′′(ξ) + f(ξ, τ)

)
dξ dτ

∣∣∣∣ ≤ C3

t∫
0

dτ√
θ(t)− θ(τ)

= C3

t∫
0

ψ(τ)
a(τ)

dθ(τ)√
θ(t)− θ(τ)

≤ C4ψ(t)

t∫
0

dθ(τ)√
θ(t)− θ(τ)

≤ C5ψ(t)
√
θ(t) ≤ C6ψ(t)

( t∫
0

dσ

ψ(σ)

) 1
2

.

Âðàõîâóþ÷è îçíà÷åííÿ ñëàáêîãî âèðîäæåííÿ, ìîæåìî ñòâåðäæóâàòè, ùî äëÿ äîâiëü-

íîãî ðîçâ'ÿçêó ñèñòåìè ðiâíÿíü (15)-(18) iíòåãðàëè ç ïðàâèõ ÷àñòèí ôîðìóë (15), (16)

ïðÿìóþòü äî íóëÿ ïðè t→ 0.

Ïîäàìî ñèñòåìó ðiâíÿíü (15)-(18) ó âèãëÿäi îïåðàòîðíîãî ðiâíÿííÿ

ω = Pω, (20)

äå ω = (u, v, b1, b2) i îïåðàòîð P = (P1, P2, P3, P4) âèçíà÷à¹òüñÿ âiäïîâiäíî ïðàâèìè

÷àñòèíàìè âêàçàíèõ ðiâíÿíü.

Íåõàé |u(x, t)| ≤ M1, |v(x, t)| ≤ M2, (x, t) ∈ QT , äå M1,M2 ïîêè ùî äîâiëüíi, äîñòà-

òíüî âåëèêi ñòàëi. Çàñòîñîâóþ÷è öi îöiíêè â (17), (18), çíàõîäèìî

|P3ω| ≤
C7(1 +M1 +M2)

min
t∈[0,T ]

|4|
≡M3, t ∈ [0, T ], (21)
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|P4ω| ≤
C8(1 +M1 +M2)

min
t∈[0,T ]

|4|
≡M4, t ∈ [0, T ], (22)

äå ñòàëi C7, C8 çàëåæàòü ëèøå âiä âõiäíèõ äàíèõ öi¹¨ çàäà÷i.

Ðîçãëÿíåìî ðiâíÿííÿ (15), (16). Âðàõîâóþ÷è íàâåäåíi îöiíêè, îäåðæèìî

|P1ω| ≤
∣∣∣∣

t∫
0

h∫
0

G1(x, t, ξ, τ)

(
(M3ξ +M4)M2 + c(ξ, τ)M1 − ψ(t)µ′1(τ)

− ξψ(t)

h
(µ′2(τ)− µ′1(τ)) + a(τ)ϕ′′(ξ) + f(ξ, τ)

)
dξ dτ

∣∣∣∣+ max
(x,t)∈QT

|u0(x, t)|

≤ C9t+ max
(x,t)∈QT

|u0(x, t)|, (23)

|P2ω| ≤
∣∣∣∣

t∫
0

h∫
0

G1x(x, t, ξ, τ)

(
(M3ξ +M4)M2 + c(ξ, τ)M1 − ψ(t)µ′1(τ)

− ξψ(t)

h
(µ′2(τ)− µ′1(τ)) + a(τ)ϕ′′(ξ) + f(ξ, τ)

)
dξ dτ

∣∣∣∣+ max
(x,t)∈QT

|u0x(x, t)|

≤ C10ψ(t)

( t∫
0

dσ

ψ(σ)

) 1
2

+ max
(x,t)∈QT

|u0x(x, t)|. (24)

Âèáåðåìî ÷èñëà M1,M2 òàê, ùîá M1 > max
(x,t)∈QT

|u0(x, t)|, M2 > max
(x,t)∈QT

|u0x(x, t)|. Êðiì

òîãî, çàôiêñó¹ìî ÷èñëî T0 : 0 < T0 ≤ T òàêå, ùî

C9T0 + max
(x,t)∈QT

|u0(x, t)| ≤M1, C10ψ(T0)

( T0∫
0

dσ

ψ(σ)

) 1
2

+ max
(x,t)∈QT

|u0x(x, t)| ≤M2. (25)

Íà çàìêíåíié, îïóêëié ìíîæèíi N ≡ {(u, v, b1, b2) ∈ (C(QT0))
2 × (C[0, T0])

2 :

|u(x, t)| ≤ M1, |v(x, t)| ≤ M2, |b1(t)| ≤ M3, |b2(t)| ≤ M4} ç Áàíàõîâîãî ïðîñòîðó

B ≡ (C(QT0))
2 × (C[0, T0])

2 ðîçãëÿíåìî îïåðàòîðíå ðiâíÿííÿ (20). Ç îöiíîê (21)-(24)

âèïëèâà¹, ùî îïåðàòîð P ïåðåâîäèòü öþ ìíîæèíó â ñåáå æ. Òå, ùî öåé îïåðàòîð öië-

êîì íåïåðåðâíèé äîâîäèòüñÿ çà òîþ æ ñõåìîþ, ùî i â [1] ç âðàõóâàííÿì óìîâ (A1)

Òåîðåìè 1. Çàñòîñîâóþ÷è òåîðåìó Øàóäåðà ïðî íåðóõîìó òî÷êó öiëêîì íåïåðåðâíîãî

îïåðàòîðà, îòðèìà¹ìî iñíóâàííÿ ðîçâ'ÿçêó ñèñòåìè ðiâíÿíü (15)-(18), à, îòæå, i ëîêàëü-

íîãî ðîçâ'ÿçêó îáåðíåíî¨ çàäà÷i (1)-(5). Òåîðåìó 1 äîâåäåíî.

3 �äèíiñòü ðîçâ'ÿçêó

Òåîðåìà 2. Ïðè âèêîíàííi óìîâè (A2) Òåîðåìè 1 ãëîáàëüíèé ðîçâ'ÿçîê çàäà÷i (1)-(5)

¹äèíèé.

Äîâåäåííÿ. Ïðèïóñòèìî, ùî çàäà÷à (1)-(5) ìà¹ äâà ðîçâ'ÿçêè (b1i, b2i, ui), i = 1, 2. Ïîçíà-

÷èìî ¨õ ðiçíèöi âiäïîâiäíî b1(t) = b11(t) − b12(t), b2(t) = b21(t) − b22(t),
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u(x, t) = u1(x, t)− u2(x, t). Âèêîðèñòîâóþ÷è (1)-(5), äëÿ íèõ îäåðæèìî ðiâíÿííÿ

ψ(t)ut = a(t)uxx + (b11(t)x+ b21(t))ux + c(x, t)u+ (b1(t)x+ b2(t))u2x (26)

ç îäíîðiäíèìè ïî÷àòêîâîþ, êðàéîâèìè óìîâàìè òà óìîâàìè ïåðåâèçíà÷åííÿ:

u(x, 0) = 0, x ∈ [0, h], (27)

u(0, t) = u(h, t) = 0, t ∈ [0, T ], (28)

h∫
0

u(x, t)dx = 0, t ∈ [0, T ]. (29)

h∫
0

xu(x, t)dx = 0, t ∈ [0, T ]. (30)

Çà äîïîìîãîþ ôóíêöi¨ Ãðiíà G∗(x, t, ξ, τ) ïåðøî¨ êðàéîâî¨ çàäà÷i äëÿ ðiâíÿííÿ

ψ(t)ut = a(t)uxx + (b11(t)x+ b21(t))ux + c(x, t)u (31)

ðîçâ'ÿçîê çàäà÷i (26)-(28) ïîäàìî ó âèãëÿäi

u(x, t) =

t∫
0

h∫
0

G∗(x, t, ξ, τ)(b1(τ)ξ + b2(τ))u2ξ(ξ, τ)dξdτ, (x, t) ∈ QT . (32)

Ïðîäèôåðåíöiþ¹ìî (32) çà çìiííîþ x. Çíàéäåìî

ux(x, t) =

t∫
0

h∫
0

G∗x(x, t, ξ, τ)(b1(τ)ξ + b2(τ))u2ξ(ξ, τ)dξdτ, (x, t) ∈ QT . (33)

Äîìíîæèìî ðiâíÿííÿ (26) íà xk, k = 0, 1 òà ïðîiíòåãðó¹ìî çà çìiííîþ x âiä 0 äî h.

Îòðèìà¹ìî

b1(t) = 4−1
((

a(t)hux(h, t) +

h∫
0

xc(x, t)u(x, t)dx

)(
µ2(t)− µ1(t)

)

−
(
a(t)(ux(h, t)− ux(0, t)) +

h∫
0

c(x, t)u(x, t)dx

)(
hµ2(t)− µ3(t)

))
, (34)

b2(t) = 4−1
((

a(t)hux(h, t) +

h∫
0

xc(x, t)u(x, t)dx

)(
hµ2(t)− µ3(t)

)

−
(
a(t)(ux(h, t)− ux(0, t)) +

h∫
0

c(x, t)u(x, t)dx

)(
h2µ2(t)− 2µ4(t)

))
, (35)
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äå 4 âèçíà÷à¹òüñÿ ôîðìóëîþ (19).

Ïiäñòàâëÿþ÷è (32), (33) â (34), (35), îòðèìà¹ìî ñèñòåìó îäíîðiäíèõ iíòåãðàëüíèõ

ðiâíÿíü Âîëüòåðà äðóãîãî ðîäó âiäíîñíî íåâiäîìèõ b1 = b1(t), b2 = b2(t) :

b1(t) =

t∫
0

(K11(t, τ)b1(τ) +K12(t, τ)b2(τ))dτ, (36)

b2(t) =

t∫
0

(K21(t, τ)b1(τ) +K22(t, τ)b2(τ))dτ, (37)

äå

K11(t, τ) = 4−1
((
µ2(t)− µ1(t)

)(
a(t)h

h∫
0

G∗x(h, t, ξ, τ)ξu2ξ(ξ, τ)dξ

+

h∫
0

h∫
0

G∗(x, t, ξ, τ)xξc(x, t)u2ξ(ξ, τ)dξdx

)
−
(
h2µ2(t)− 2µ4(t)

)

×
(
a(t)

h∫
0

(G∗x(h, t, ξ, τ)−G∗x(0, t, ξ, τ))ξu2ξ(ξ, τ)dξ

+

h∫
0

h∫
0

G∗(x, t, ξ, τ)ξc(x, t)u2ξ(ξ, τ)dξdx

))
,

K12(t, τ) = 4−1
((
µ2(t)− µ1(t)

)(
a(t)h

h∫
0

G∗x(h, t, ξ, τ)u2ξ(ξ, τ)dξ

+

h∫
0

h∫
0

G∗(x, t, ξ, τ)xc(x, t)u2ξ(ξ, τ)dξdx

)
−
(
h2µ2(t)− 2µ4(t)

)

×
(
a(t)

h∫
0

(G∗x(h, t, ξ, τ)−G∗x(0, t, ξ, τ))u2ξ(ξ, τ)dξ

+

h∫
0

h∫
0

G∗(x, t, ξ, τ)c(x, t)u2ξ(ξ, τ)dξdx

))
,

K21(t, τ) = 4−1
((
hµ2(t)− µ3(t)

)(
a(t)h

h∫
0

G∗x(h, t, ξ, τ)ξu2ξ(ξ, τ)dξ

+

h∫
0

h∫
0

G∗(x, t, ξ, τ)xξc(x, t)u2ξ(ξ, τ)dξdx

)
−
(
h2µ2(t)− 2µ4(t)

)
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×
(
a(t)

h∫
0

(G∗x(h, t, ξ, τ)−G∗x(0, t, ξ, τ))ξu2ξ(ξ, τ)dξ

+

h∫
0

h∫
0

G∗(x, t, ξ, τ)ξc(x, t)u2ξ(ξ, τ)dξdx

))
,

K22(t, τ) = 4−1
((
hµ2(t)− µ3(t)

)(
a(t)h

h∫
0

G∗x(h, t, ξ, τ)u2ξ(ξ, τ)dξ

+

h∫
0

h∫
0

G∗(x, t, ξ, τ)xc(x, t)u2ξ(ξ, τ)dξdx

)
−
(
h2µ2(t)− 2µ4(t)

)

×
(
a(t)

h∫
0

(G∗x(h, t, ξ, τ)−G∗x(0, t, ξ, τ))u2ξ(ξ, τ)dξ

+

h∫
0

h∫
0

G∗(x, t, ξ, τ)c(x, t)u2ξ(ξ, τ)dξdx

))
.

Çàñòîñîâóþ÷è âiäîìi îöiíêè ôóíêöié Ãðiíà [13, p. 469]

|Dr
tD

s
yG
∗(y, t, η, τ)| ≤ C9(θ0(t)− θ0(τ))−

1+2r+s
2 exp

(
−C10

(y − η)2

θ0(t)− θ0(τ)

)
, (38)

θ0(t) =

t∫
0

dτ

ψ(τ)
, r ∈ {0, 1}, s ∈ {0, 1, 2}, 2r + s = 1 àáî 2r + s = 2, τ < t

òà îçíà÷åííÿ ñëàáêîãî âèðîäæåííÿ ìîæåìî ñòâåðäæóâàòè, ùî ÿäðà K11(t, τ), K12(t, τ),

K21(t, τ), K22(t, τ) ìàþòü iíòåãðîâíi îñîáëèâîñòi. Öå îçíà÷à¹, ùî ñèñòåìà (34), (35) ìà¹

ëèøå òðèâiàëüíèé ðîçâ'ÿçîê

b1(t) ≡ 0, b2(t) ≡ 0, t ∈ [0, T ].

Âèêîðèñòîâóþ÷è öå â çàäà÷i (26)-(30), çíàõîäèìî

u(x, t) ≡ 0, (x, t) ∈ QT .

Òåîðåìó 2 äîâåäåíî.

4 Âèïàäîê êðàéîâèõ óìîâ Íåéìàíà

Äîñëiäèìî òåïåð îáåðíåíó çàäà÷ó âèçíà÷åííÿ çàëåæíèõ âiä ÷àñó ôóíêöié b1 = b1(t),

b2 = b2(t) ó ðiâíÿííi (1) ç óìîâàìè (2), (4), (5) òà êðàéîâèìè óìîâàìè Íåéìàíà

ux(0, t) = µ5(t), ux(h, t) = µ6(t), t ∈ [0, T ]. (39)



Êîåôiöi¹íòíi îáåðíåíi çàäà÷i 101

Îçíà÷åííÿ 2. Òðiéêà ôóíêöié (b1, b2, u) ∈ (C[0, T0])
2 × C2,1(QT0), ùî çàäîâîëüíÿ¹ ðiâ-

íÿííÿ (1) òà óìîâè (2), (39), (4), (5) ïîòî÷êîâî äëÿ âñiõ t ≤ T0, íàçèâà¹òüñÿ ëîêàëüíèì

ðîçâ'ÿçêîì çàäà÷i (1), (2), (39), (4), (5), ÿêùî T0 < T òà ãëîáàëüíèì ðîçâ'ÿçêîì öi¹¨

çàäà÷i, ÿêùî æ T0 = T.

Òåîðåìà 3. Íåõàé âèêîíóþòüñÿ óìîâè:

B1) ϕ ∈ C2[0, h], µi ∈ C[0, T ], i = 5, 6, µi ∈ C1[0, T ], i = 3, 4, c, f ∈ C(QT ) òà

çàäîâîëüíÿþòü óìîâó Ãåëüäåðà çà çìiííîþ x ðiâíîìiðíî ïî t;

B2) ϕ′(x) > 0, x ∈ [0, h];

B3) ψ(t) > 0, t ∈ (0, T ], ψ(0) = 0, lim
t→0

t∫
0

dτ

ψ(τ)
= 0;

B4) ϕ′(0) = µ5(0), ϕ
′(h) = µ6(0),

h∫
0

ϕ(x)dx = µ3(0),
h∫
0

xϕ(x)dx = µ4(0).

Òîäi iñíó¹ ¹äèíèé ëîêàëüíèé ðîçâ'ÿçîê çàäà÷i (1), (2), (39), (4), (5).

Äîâåäåííÿ. Ó öüîìó âèïàäêó, âèêîðèñòîâóþ÷è ôóíêöiþ Ãðiíà G2(x, t, ξ, τ) äðóãî¨ êðà-

éîâî¨ çàäà÷i äëÿ ðiâíÿííÿ (11), çàäà÷ó (1), (2), (39), çâåäåìî äî ñèñòåìè ðiâíÿíü

u(x, t) = ϕ(x) + x(µ5(t)− µ5(0)) +
x2

2h

(
µ6(t)− µ5(t)− µ6(0) + µ5(0)

)

+

t∫
0

h∫
0

G2(x, t, ξ, τ)

(
(b1(τ)ξ + b2(τ))v(ξ, τ) + c(ξ, τ)u(ξ, τ) + f(ξ, τ)− ψ(τ)

(
ξµ′5(τ)

+
ξ2

2h
(µ′6(τ)− µ′5(τ))

)
+ a(τ)

(
ϕ′′(ξ) +

1

h
(µ6(τ)− µ5(τ)− µ6(0) + µ5(0))

))
dξ dτ, (40)

v(x, t) = ϕ′(x) + µ5(t)− µ5(0) +
x

h

(
µ6(t)− µ5(t)− µ6(0) + µ5(0)

)

+

t∫
0

h∫
0

G2x(x, t, ξ, τ)

(
(b1(τ)ξ + b2(τ))v(ξ, τ) + c(ξ, τ)u(ξ, τ) + f(ξ, τ)− ψ(τ)

(
ξµ′5(τ)

+
ξ2

2h
(µ′6(τ)− µ′5(τ))

)
+ a(τ)

(
ϕ′′(ξ) +

1

h
(µ6(τ)− µ5(τ)− µ6(0) + µ5(0))

))
dξdτ. (41)

Âèêîðèñòîâóþ÷è (14), ëåãêî ïîêàçàòè, ùî iíòåãðàëè ç ïðàâèõ ÷àñòèí ôîðìóë (40), (41)

ìàþòü òàêó æ ïîâåäiíêó ïðè t→ 0 ÿê I1, I2. Áóäåìî ââàæàòè, ùî

|u(x, t)| ≤M5, (x, t) ∈ QT , (42)

0 < M6 ≤ v(x, t) ≤M7, (x, t) ∈ QT , (43)

ñòàëi M5,M6,M7 âèçíà÷èìî íèæ÷å.

ßê i ó âèïàäêó êðàéîâèõ óìîâ Äiðiõëå, âèêîðèñòîâóþ÷è (1), (2), (39), (4), (5), çíà-

õîäèìî

b1(t) =

((
µ′3(t)ψ(t)− a(t)(µ6(t)− µ5(t))−

h∫
0

(c(x, t)u(x, t) + f(x, t))dx

)
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×
(
hu(h, t)− µ3(t)

)
−
(
µ′4(t)ψ(t)− a(t)(hµ6(t)− u(h, t) + u(0, t))

−
h∫

0

x(c(x, t)u(x, t) + f(x, t))dx

)(
u(h, t)− u(0, t)

))
4−11 , (x, t) ∈ [0, h]× [0, t2], (44)

b2(t) =

((
µ′4(t)ψ(t)− a(t)(hµ6(t)− u(h, t) + u(0, t))−

h∫
0

x(c(x, t)u(x, t)

+ f(x, t))dx

)(
hu(h, t)− µ3(t)

)
−
(
µ′3(t)ψ(t)− a(t)(µ6(t)− µ5(t))

−
h∫

0

(c(x, t)u(x, t) + f(x, t))dx

)(
h2u(h, t)− 2µ4(t)

))
4−11 , (x, t) ∈ [0, h]× [0, t2], (45)

äå

41 = (hu(h, t)− µ3(t))
2 − (u(h, t)− u(0, t))(h2u(h, t)− 2µ4(t)). (46)

Âèðàç (46) ïîäàìî ó âèãëÿäi

41 =

( h∫
0

xv(x, t)dx

)2

−
h∫

0

v(x, t)dx

h∫
0

x2v(x, t)dx

= −1

2

h∫
0

h∫
0

(y2 − y1)2v(y1, t)v(y2, t)dy1dy2.

Òîäi éîãî âiäìiííiñòü âiä íóëÿ çàáåçïå÷ó¹òüñÿ óìîâîþ (43).

ßê ó âèïàäêó êðàéîâèõ óìîâ Äiðiõëå, ïîäàìî ñèñòåìó ðiâíÿíü (40)-(45) ó âèãëÿäi

îïåðàòîðíîãî ðiâíÿííÿ

ω = Pω,

äå ω = (u, v, b1, b2) i îïåðàòîð P = (P1, P2, P3, P4) âèçíà÷à¹òüñÿ âiäïîâiäíî ïðàâèìè

÷àñòèíàìè ðiâíÿíü öi¹¨ ñèñòåìè.

Ç ðiâíîñòåé (44), (45), âèêîðèñòîâóþ÷è (42), (43), îäåðæó¹ìî

|P3ω| <
C11(1 +M5 +M7)

min
t∈[0,t2]

41

≡M8, t ∈ [0, t2], (47)

|P4ω| <
C12(1 +M5 +M7)

min
t∈[0,t2]

41

≡M9, t ∈ [0, t2], (48)

äå ñòàëi C11, C12 çàëåæàòü ëèøå âiä âõiäíèõ äàíèõ çàäà÷i.

Çàôiêñó¹ìî òàêå ÷èñëî T0, 0 < T0 ≤ T , ùîá âèêîíóâàëèñÿ íåðiâíîñòi:∣∣∣∣x(µ5(t)− µ5(0)) +
x2

2h

(
µ6(t)− µ5(t)− µ6(0) + µ5(0)

)
+

t∫
0

h∫
0

G2(x, t, ξ, τ)
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×
(
(M8ξ +M9(τ))M7 + c(ξ, τ)M6 + f(ξ, τ)− ψ(τ)

(
ξµ′5(τ) +

ξ2

2h
(µ′6(τ)− µ′5(τ))

)

+ a(τ)

(
ϕ′′(ξ) +

1

h
(µ6(τ)− µ5(τ)− µ6(0) + µ5(0))

))
dξ dτ

∣∣∣∣ ≤ min
x∈[0,h]

|ϕ(x)|

2
, (49)

∣∣∣∣µ5(t)− µ5(0) +
x

h

(
µ6(t)− µ5(t)− µ6(0) + µ5(0)

)
+

t∫
0

h∫
0

G2x(x, t, ξ, τ)

×
(
(M8ξ +M9(τ))M7 + c(ξ, τ)M6 + f(ξ, τ)− ψ(τ)

(
ξµ′5(τ) +

ξ2

2h
(µ′6(τ)− µ′5(τ))

)

+ a(τ)

(
ϕ′′(ξ) +

1

h
(µ6(τ)− µ5(τ)− µ6(0) + µ5(0))

))
dξdτ

∣∣∣∣ ≤ min
x∈[0,h]

ϕ′(x)

2
. (50)

Òîäi íà çàìêíåíié, îïóêëié ìíîæèíi N ≡ {(u, v, b1, b2) ∈ (C(QT0))
2 × (C[0, T0])

2 :

|u(x, t)| ≤ M5, 0 < M6 ≤ v(x, t) ≤ M7, |b1(t)| ≤ M8, |b2(t)| ≤ M9}, äå M5 ≡ max
x∈[0,h]

|ϕ(x)| +
min
x∈[0,h]

|ϕ(x)|

2
,M6 ≡

min
x∈[0,h]

ϕ′(x)

2
, M7 ≡ max

x∈[0,h]
ϕ′(x) +

min
x∈[0,h]

ϕ′(x)

2
ç Áàíàõîâîãî ïðîñòîðó

B ≡ (C(QT0))
2×(C[0, T0])2 âèêîíóþòüñÿ âñi óìîâè òåîðåìèØàóäåðà ïðî íåðóõîìó òî÷êó

öiëêîì íåïåðåðâíîãî îïåðàòîðà. Äîâåäåííÿ iñíóâàííÿ ðîçâ'ÿçêó çàäà÷i (1), (2), (39), (4),

(5) çàâåðøó¹ìî, ÿê ó âèïàäêó Òåîðåìè 1.

Çàóâàæèìî, ùî äîäàòíiñòü ôóíêöi¨ v(x, t) çàáåçïå÷ó¹ óìîâà (B2) Òåîðåìè 3.

ßê i ó âèïàäêó êðàéîâèõ óìîâ Äiðiõëå, ¹äèíiñòü ðîçâ'ÿçêó äîâîäèòüñÿ âiä ñóïðîòèâ-

íîãî. Ïðèïóñòèâøè, ùî iñíó¹ äâà ðîçâ'ÿçêè (b1i, b2i, ui), i = 1, 2 çàäà÷i (1), (2), (39), (4),

(5), äëÿ ðiçíèöü b1(t) = b11(t) − b12(t), b2(t) = b21(t) − b22(t), u(x, t) = u1(x, t) − u2(x, t),
îòðèìà¹ìî ðiâíÿííÿ (26) ç óìîâàìè (27), (29), (30) òà îäíîðiäíèìè êðàéîâèìè óìîâàìè

ux(0, t) = ux(h, t) = 0, t ∈ [0, T ]. (51)

Çà äîïîìîãîþ ôóíêöi¨ Ãðiíà G∗2 = G∗2(x, t, ξ, τ) äðóãî¨ êðàéîâî¨ çàäà÷i äëÿ ðiâíÿííÿ (31)

ðîçâ'ÿçîê çàäà÷i (26), (27), (51) ïîäàìî ó âèãëÿäi

u(x, t) =

t∫
0

h∫
0

G∗2(x, t, ξ, τ)(b1(τ)ξ + b2(τ))u2ξ(ξ, τ)dξdτ, (x, t) ∈ QT . (52)

Ïiñëÿ äèôåðåíöiþâàííÿ (52) çà çìiííîþ x, îòðèìà¹ìî

ux(x, t) =

t∫
0

h∫
0

G∗2x(x, t, ξ, τ)(b1(τ)ξ + b2(τ))u2ξ(ξ, τ)dξdτ, (x, t) ∈ QT . (53)

Äëÿ ôóíêöié b1 = b1(t), b2 = b2(t) çíàõîäèìî ðiâíÿííÿ

b1(t) =

((
b21(t)u(0, t)− (hb11(t) + b21(t))u(h, t)−

h∫
0

c(x, t)u(x, t))dx

)(
hu2(h, t)− µ3(t)

)
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−
(
(a(t)− h2b11(t)− hb21(t))u(h, t)− a(t)u(0, t)−

h∫
0

xc(x, t)u(x, t))dx

)

×
(
u2(h, t)− u2(0, t)

))
4−12 , t ∈ [0, T0], (54)

b2(t) =

((
(a(t)− h2b11(t)− hb21(t))u(h, t)− a(t)u(0, t)−

h∫
0

xc(x, t)u(x, t))dx

)

×
(
hu2(h, t)− µ3(t)

)
−
(
b21(t)u(0, t)− (hb11(t) + b21(t))u(h, t)−

h∫
0

c(x, t)u(x, t))dx

)

×
(
h2u2(h, t)− 2µ4(t)

))
4−12 , t ∈ [0, T0], (55)

äå âèðàç 42 âèçíà÷à¹òüñÿ çà ôîðìóëîþ

42 = (hu2(h, t)− µ3(t))
2 − (u2(h, t)− u2(0, t))(h2u2(h, t)− 2µ4(t)). (56)

Âiäìiííiñòü âiä íóëÿ öüîãî âèðàçó íà âiäðiçêó [0, T0] ãàðàíòó¹ óìîâà (B2) Òåîðåìè 3.

Ïiäñòàâèâøè (52), (53) â (54), (55) ïðèõîäèìî äî ñèñòåìè îäíîðiäíèõ iíòåãðàëüíèõ

ðiâíÿíü Âîëüòåðà äðóãîãî ðîäó âèãëÿäó (36), (37). Òå, ùî ÿäðà öi¹¨ ñèñòåìè ìàþòü iíòå-

ãðîâíi îñîáëèâîñòi âèïëèâà¹ ç îöiíîê (38). Äîâåäåííÿ ¹äèíîñòi ðîçâ'ÿçêó çàâåðøó¹òüñÿ

ÿê ó âèïàäêó Òåîðåìè 2.

Çàóâàæèìî òàêîæ, ùî äëÿ äîâåäåííÿ ¹äèíîñòi ðîçâ'ÿçêó äîñòàòíüî âèêîíàííÿ ëèøå

óìîâè (B2) Òåîðåìè 3. Êðiì òîãî, íà âiäìiíó âiä êðàéîâèõ óìîâ Äiðiõëå, ¹äèíèì ¹ íå

ãëîáàëüíèé, à ëîêàëüíèé ðîçâ'ÿçîê çàäà÷i (1), (2), (39), (4), (5).
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Íàäiéøëî 14.12.2020

Brodyak O.Ya., Huzyk N.M. Coe�cient inverse problems for the parabolic equation with general

weak degeneration, Bukovinian Math. Journal. 9, 1 (2021), 91�106.

It is investigated the inverse problems for the degenerate parabolic equation. The mi-

nor coe�cient of this equation is a linear polynomial with respect to space variable with

two unknown time-dependent functions. The degeneration of the equation is caused by the

monotone increasing function at the time derivative. It is established conditions of existence

and uniqueness of the classical solutions to the named problems in the case of weak degenerati-

on.


