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COMPOSITION OF SLICE ENTIRE FUNCTIONS AND BOUNDED

L-INDEX IN DIRECTION

We study the following question: "Let f : C → C be an entire function of bounded l-

index, Φ : Cn → C be a slice entire function, n ≥ 2, l : C → R+ be a continuous function.

What is a positive continuous function L : Cn → R+ and a direction b ∈ Cn \ {0} such that

the composite function f(Φ(z)) has bounded L-index in the direction b?". In the present

paper, early known results on boundedness of L-index in direction for the composition of entire

functions f(Φ(z)) are generalized to the case where Φ : Cn → C is a slice entire function, i.e.

it is an entire function on a complex line {z0 + tb : t ∈ C} for any z0 ∈ Cn and for a given

direction b ∈ Cn \ {0}. These slice entire functions are not joint holomorphic in the general

case. For example, it allows consideration of functions which are holomorphic in variable z1
and continuous in variable z2.
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1 Introduction

The present paper is devoted to compositions of slice entire functions and theory of

functions having bounded L-index in direction. Let us introduce some notation from [1, 2].

Let R+ = (0,+∞), R∗+ = [0,+∞), 0 = (0, . . . , 0), b = (b1, . . . , bn) ∈ Cn \ {0} be a given

direciton, L : Cn → R+ be a continuous function, F : Cn → C an entire function. The slice

functions on a line {z0 + tb : t ∈ C} for a �xed z0 ∈ Cn we will denote as gz0(t) = F (z0 + tb)

and lz0(t) = L(z0 + tb). Besides, we denote by 〈a, c〉 =
∑n

j=1 ajcj the Hermitian scalar

product in Cn, where a, c ∈ Cn.

Let H̃n
b be the class of functions which are holomorphic on every slices {z0 + tb : t ∈ C}

for each z0 ∈ Cn and let Hn
b be the class of functions from H̃n

b which are joint continuous.

The notation ∂bF (z) stands for the derivative of the function gz(t) at the point 0, i.e. for

ÓÄÊ 517.55

2010 Mathematics Subject Classi�cation: 32A15, 32A17, 30D20.
This research was funded by the National Research Foundation of Ukraine, 2020.02/0025, 0120U103996.

©Bandura A.I., Skaskiv O.B., 2021



30 Bandura A.I., Skaskiv O.B.

every p ∈ N ∂pbF (z) = g
(p)
z (0), where gz(t) = F (z + tb) is an entire function of complex

variable t ∈ C for given z ∈ Cn. It is easy to check that for any p ∈ N the derivative ∂pbF is

also joint continuous.

In this research, we will often call this derivative as directional derivative because if F

is entire function in Cn then the derivatives of the function gz(t) matches with directional

derivatives of the function F. The assumption of joint continuity together with the holomor-

phity assumption in one direction do not imply holomorphy in whole n-dimensional complex

space.

A function F ∈ H̃n
b is said [1] to be of bounded L-index in the direction b, if there exists

m0 ∈ Z+ such that for all m ∈ Z+ and each z ∈ Cn the inequality

|∂mb F (z)|
m!Lm(z)

≤ max
0≤k≤m0

|∂kbF (z)|
k!Lk(z)

, (1)

is true. The least integer m0, obeying (1), is called the L-index in the direction b of the

function F and is denoted by Nb(F,L). If suchm0 does not exist, then we put Nb(F,L) =∞,
and the function F is called of unbounded L-index in the direction b in this case. For n = 1,

b = 1, L(z) = l(z), z ∈ C inequality (1) de�nes a function of bounded l-index with the

l-index N(F, l) ≡ N1(F, l) [10], and if in addition l(z) ≡ 1, then we obtain a de�nition of

index boundedness with index N(F ) ≡ N1(F, 1) [11, 12]. Other approach to use a concept of

bounded index in the investigations of functions of several complex variables was considered

in papers by F. Nuray and R. Patterson [15, 14, 13]. They use all possible partial derivatives

in the de�nition.

A detailed review of papers on compositions of functions and boundedness of index is

presented in [3]. There was considered the following question: Let f : C → C be an entire

function of bounded l-index, Φ : Cn → C be an entire function, l : C→ R+ be a continuous

function. What are a positive continuous function L and a direction b ∈ Cn such that the

composite function f(Φ(z)) has bounded L-index in the direction b? There was presented

an answer to the question in [3]. Similar questions were considered for analytic functions in

the unit ball in [5], for entire functions of bounded L-index in joint variables in [4], for entire

and analytic functions of bounded l −M -index in [6], for analytic functions in C× D [7].

Here we will consider the question of whether Φ : Cn → C is a slice entire function, i.e.

it belongs to the class H̃n
b .

Note that the positivity and continuity of the function L are mild restrictions. Therefore,

we impose additional assumptions on the function L.

For η > 0, z ∈ Cn, b = (b1, . . . , bn) ∈ Cn \ {0} and a positive continuous function

L : Cn → R+ we de�ne

λ(η) = sup
z∈Cn

sup
t∈C

{
L(z + tb)

L(z)
: |t| ≤ η

L(z)

}
.

By Qn
b we denote the class of functions L such that λ(η) is �nite for any η > 0. We also

use notation Q = Q1
1 for the class of positive continuous function l(z), when z ∈ C, b = 1,

n = 1, L ≡ l.

There was obtained the following result for entire functions.
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Theorem 1 ([3]). Let b ∈ Cn \ {0}, f be an entire function in C, Φ be an entire function

in Cn such that ∂bΦ(z) 6= 0 and∣∣∂jbΦ(z)
∣∣ ≤ K |∂bΦ(z)|j , K ≡ const > 0,

for all z ∈ Cn and every j ≤ p, where p is de�ned by (2).

Let l ∈ Q, l(w) ≥ 1, w ∈ C and L ∈ Qn
b, where L(z) =

∣∣∂bΦ(z)
∣∣l(Φ(z)). The entire

function f has bounded l-index if and only if F (z) = f(Φ(z)) has bounded L-index in the

direction b.

To prove the main theorem we need auxiliary propositions.

Theorem 2 ([2]). Let L ∈ Qn
b. A function F ∈ H̃n

b is of bounded L-index in the direction

b if and only if there exist p ∈ Z+ and C > 0 such that for every z ∈ Cn one has

|∂p+1
b F (z)|
Lp+1(z)

≤ C max

{
|∂kbF (z)|
Lk(z)

: 0 ≤ k ≤ p

}
. (2)

For n = 1 Theorem 2 is Sheremeta's result [16]. W. K. Hayman [9] proved Theorem 2

for entire functions of bounded index. Analogs of the Hayman Theorem are also known for

other classes of holomorphic functions of bounded index [8, 16, 17].

Our main result is following

Theorem 3. Let b ∈ Cn \ {0}, f be an entire function in C, Φ ∈ H̃n
b such that ∂bΦ(z) 6= 0

and ∣∣∂jbΦ(z)
∣∣ ≤ K |∂bΦ(z)|j , K ≡ const > 0, (3)

for all z ∈ Cn and every j ≤ p, where p is de�ned by (2).

Let l ∈ Q, l(w) ≥ 1, w ∈ C and L ∈ Qn
b, where L(z) =

∣∣∂bΦ(z)
∣∣l(Φ(z)). The entire

function f has bounded l-index if and only if the slice entire function F (z) = f(Φ(z)) has

bounded L-index in the direction b.

Note that the assumptions for every j ∈ {1, . . . , p} ∂bΦ(z) 6= 0 and |∂jbΦ(z)| ≤
K|∂bΦ(z)|j, in Theorem 3 are generated by method of proof. In fact, we can remove them

and prove a more general proposition with some greater function L.

Theorem 4. Let l ∈ Q, f : C → C be an entire function of bounded l-index, Φ ∈ H̃n
b,

b ∈ Cn \ {0}. Suppose that l(w) ≥ 1, w ∈ C, and L ∈ Qn
b with

L(z) = max {1, |∂bΦ(z)|} l(Φ(z)) (4)

and for all z ∈ Cn and k ∈ {1, 2, . . . , N(f, l) + 1} one has

|∂kbΦ(z)| ≤ K(l(Φ(z)))1/(N(f,l)+1)|∂bΦ(z)|k. (5)

where K ≥ 1 is a constant. Then the slice entire function F (z) = f(Φ(z)) has bounded

L-index in the direction b.
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2 Proof of Main Theorem

Proof of Theorem 3. Below we repeat the considerations from [3]. But now we consider the

more general case where Φ(z) is an entire slice function. At �rst, we prove that

∂kbF (z) = f (k)(Φ(z)) (∂bΦ(z))k +
k−1∑
j=1

f (j)(Φ(z))Qj,k(z), (6)

where Qj,k(z) =
∑

n1+2n2+...+knk=k

0≤n1≤j−1

cj,k,n1,...,nk
(∂bΦ(z))n1

(
∂2
bΦ(z)

)n2 . . .
(
∂kbΦ(z)

)nk ,

and cj,k,n1,...,nk
are some non-negative integer coe�cients. We also deduce that

f (k)(Φ(z)) =
∂kbF (z)(
∂bΦ(z)

)k +
1(

∂bΦ(z)
)2k

k−1∑
j=1

∂jbF (z) (∂bΦ(z))j Q∗j,k(z), (7)

where Q∗j,k(z)=
∑

m1+2m2+...+kmk=2(k−j)

bj,k,m1,...,mk
(∂bΦ(z))m1

(
∂2
bΦ(z)

)m2 . . .
(
∂kbΦ(z)

)mk ,

and bj,k,m1,...,mk
are some integer coe�cients.

The validity of (6) and (7) will be checked by the method of mathematical induction.

Obviously, for k = 1 equalities (6) and (7) hold. Assume that they are true for k = s. Let

us prove them for k = s+ 1. Evaluate directional derivative in (6)

∂s+1
b F (z) = f (s+1)(Φ(z)) (∂bΦ(z))s+1 + sf (s)(Φ(z)) (∂bΦ(z))s−1 ∂2

bΦ(z)+

+
s−1∑
j=1

(
f (j+1)(Φ(z))∂bΦ(z)Qj,s(z) + f (j)(Φ(z))∂bQj,s(z)

)
=

= f (s+1)(Φ(z)) (∂bΦ(z))s+1 + f (s)(Φ(z))
(
s (∂bΦ(z))s−1 ∂2

bΦ(z) + ∂bΦ(z)Qs−1,s(z)
)

+

+
s−1∑
j=2

f (j)(Φ(z)) (∂bΦ(z)Qj−1,s(z) + ∂bQj,s(z)) + f ′(Φ(z))∂bQ1,s(z).

Since

s (∂bΦ(z))s−1 ∂2
bΦ(z)+

+
∑

n1+2n2+...+sns=s

0≤n1≤s−2

cs−1,s,n1,...,ns (∂bΦ(z))n1+1 (∂2
bΦ(z)

)
. . . (∂sbΦ(z))ns =

=
∑

m1+2m2+...+sms=s+1

0≤m1≤s−1

c̃s,s+1,m1,...,ms (∂bΦ(z))m1
(
∂2
bΦ(z)

)m2 . . . (∂sbΦ(z))ms =Qs,s+1(z),

∂bQ1,s(z) =
∑

2n2+...+sns=s

c1,s,0,n2,...,ns

(
n2

(
∂2
bΦ(z)

)n2−1 (
∂3
bΦ(z)

)n3+1
. . . (∂sbΦ(z))ns +

+ . . .+ ns

(
∂2
bΦ(z)

)n2
(
∂3
bΦ(z)

)n3 . . . (∂sbΦ(z))ns−1 ∂s+1
b Φ(z)

)
=

=
∑

2m2+...+(s+1)ms+1=s+1

c̃1,s+1,0,m2,...,ms+1

(
∂2
bΦ(z)

)m2 . . . (∂sbΦ(z))ms
(
∂s+1
b Φ(z)

)ms+1 =
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= Q1,s+1(z), and

∂bΦ(z)Qj−1,s(z) + ∂bQj,s(z) =

=
∑

n1+2n2+...+sns=s

0≤n1≤j−2

cj−1,s,n1,...,ns (∂bΦ(z))n1+1 (∂2
bΦ(z)

)n2 . . . (∂sbΦ(z))ns +

+
∑

n1+2n2+...+kns=s

0≤n1≤j−1

cj,s,n1,n2,...,ns

(
n1 (∂bΦ(z))n1−1 (∂2

bΦ(z)
)n2+1

. . . (∂sbΦ(z))ns +

+ . . .+ ns (∂bΦ(z))n1
(
∂2
bΦ(z)

)n2 . . . (∂sbΦ(z))ns−1 ∂s+1
b Φ(z)

)
=

∑
m1+2m2+...+(s+1)ms+1=s+1

0≤m1≤j−1

c̃j,s+1,m1,...,ms+1(∂bΦ(z))n1 . . .(∂sbΦ(z))ns
(
∂s+1
b Φ(z)

)ns+1 =Qj,s+1(z),

we obtain (6) with s+ 1 instead of k.

By the mathematical induction as (6) it can be proved equality (7).

Let f be an entire function of bounded l-index. By Theorem 2 inequality (2) is valid for

n = 1, F = f, L = l, b = 1. Taking into account (3) and (6), for k = p+ 1 we have

1

Lp+1(z)

∣∣∂p+1
b F (z)

∣∣ ≤ |f (p+1)(Φ(z))|
Lp+1(z)

|∂bΦ(z)|p+1 +

p∑
j=1

|f (j)(Φ(z))||Qj,p+1(z)|
Lp+1(z)

≤

≤ max

{
|f (k)(Φ(z))|
lk(Φ(z))

: 0 ≤ k ≤ p

}(
C +

p∑
j=1

|Qj,p+1(z)|
lp+1−j(Φ(z))|∂bΦ(z)|p+1

)
≤

≤ max

{
|f (k)(Φ(z))|
lk(Φ(z))

: 0 ≤ k ≤ p

}
×

×

C+

p∑
j=1

∑
n1+2n2+...+(p+1)np+1=p+1

0≤n1≤j−1

cj,p+1,n1,...,np+1

| (∂bΦ(z))n1 (∂2
bΦ(z))

n2 . . .
(
∂p+1
b Φ(z)

)np+1 |
lp+1−j(Φ(z))|∂bΦ(z)|p+1

≤

≤ max

{
|f (k)(Φ(z))|
lk(Φ(z))

: 0 ≤ k ≤ p

}C +

p∑
j=1

∑
n1+2n2+...+(p+1)np+1=p+1

0≤n1≤j−1

cj,p+1,n1,...,np+1K
p+1

lp+1−j(Φ(z))

 ≤
≤ C1 max

{
|f (k)(Φ(z))|
lk(Φ(z))

: 0 ≤ k ≤ p

}
.

Using equality (7), we can estimate the quotient |f
(k)(Φ(z))|
lk(Φ(z))

:

|f (k)(Φ(z))|
lk(Φ(z))

≤ |∂kbF (z)|
lk(Φ(z))|∂bΦ(z)|k

+
k−1∑
j=1

|∂
jF (z)
∂bj ||Q∗j,k(z)|

lk(Φ(z))|∂bΦ(z)|2k−j
≤

≤ max

{
1

Lj(z)

∣∣∣∣∂jbF (z)

∣∣∣∣ : 1 ≤ j ≤ k

}(
1 +

k−1∑
j=1

|Q∗j,k(z)|
lk−j(Φ(z))|∂bΦ(z)|2(k−j)

)
≤

≤ max

{
1

Lj(z)

∣∣∣∣∂jbF (z)

∣∣∣∣ : 1 ≤ j ≤ k

}
×
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×

1 +
k−1∑
j=1

∑
m1+2m2+...+kmk=2(k−j)

|bj,k,m1,...,mk
|
| (∂bΦ(z))m1 (∂2

bΦ(z))
m2 . . .

(
∂kbΦ(z)

)mk |
lk−j(Φ(z))|∂bΦ(z)|2(k−j)

 ≤
≤ max

{
1

Lj(z)

∣∣∣∣∂jbF (z)

∣∣∣∣ : 1 ≤ j ≤ k

}1 +
k−1∑
j=1

∑
m1+2m2+...+kmk=2(k−j)

|bj,k,m1,...,mk
|Kk

lk−j(Φ(z))


≤ C2 max

{
1

Lj(z)

∣∣∣∣∂jbF (z)

∣∣∣∣ : 1 ≤ j ≤ k

}
.

Hence, it follows that

1

Lp+1(z)

∣∣∂p+1
b F (z)

∣∣ ≤ C1C2 max

{
1

Lk(z)

∣∣∂kbF (z)
∣∣ : 0 ≤ k ≤ p

}
. (8)

Therefore, by Theorem 2 inequality (8) means that the function F has bounded L-index

in the direction b.

Conversely, suppose that F is a function of bounded L-index in the direction b. Then it

satis�es (2). In view of (3) and (7), we obtain

|f (p+1)(Φ(z))|
lp+1(Φ(z))

≤ |∂p+1
b F (z)|

lp+1(Φ(z))|∂bΦ(z)|p+1
+

p∑
j=1

|∂jbF (z)||Q∗j,p+1(z)|
lp+1(Φ(z))|∂bΦ(z)|2p+2−j ≤

≤ max

{
1

Lk(z)

∣∣∂kbF (z)
∣∣ : 0 ≤ k ≤ p

}(
C +

p∑
j=1

|Q∗j,p+1(z)|
lp+1−j(Φ(z))|∂bΦ(z)|2(p+1−j)

)
≤

≤ max

{
1

Lk(z)

∣∣∂kbF (z)
∣∣ : 0 ≤ k ≤ p

}
×

×

C +

p∑
j=1

∑
m1+...+(p+1)mp+1=

=2(p+1−j)

|bj,p+1,m1,...,mp+1|
| (∂bΦ(z))m1 (∂2

bΦ(z))
m2 . . .

(
∂p+1
b Φ(z)

)mp+1 |
lp+1−j(Φ(z))|∂bΦ(z)|2(p+1−j)

 ≤

≤ max

{
1

Lk(z)

∣∣∂kbF (z)
∣∣ : 0 ≤ k ≤ p

}C+

p∑
j=1

∑
m1+...+(p+1)mp+1=

=2(p+1−j)

|bj,p+1,m1,...,mp+1|K2p+2−2j

lp+1−j(Φ(z))

 ≤
≤ C3 max

{
1

Lk(z)

∣∣∂kbF (z)
∣∣ : 0 ≤ k ≤ p

}
.

Accordingly to equality (6) we estimate

1

Lk(z)

∣∣∂kbF (z)
∣∣ ≤ |f (k)(Φ(z))||ϕ′(z)|k

Lk(z)
+

k−1∑
j=1

|f (j)(Φ(z))||Qj,k(z)|
Lk(z)

≤

≤ max

{
|f (j)(Φ(z))|
lj(Φ(z))

: 1 ≤ j ≤ k

}(
1 +

k−1∑
j=1

|Qj,k(z)|
lk−j(Φ(z))|∂bΦ(z)|k

)
≤

≤ C4 max

{
|f (j)(Φ(z))|
lj(Φ(z))

: 1 ≤ j ≤ k

}
.
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It implies that

|f (p+1)(Φ(z))|
lp+1(Φ(z))

≤ C3C4 max

{
|f (j)(Φ(z))|
lj(Φ(z))

: 0 ≤ j ≤ p

}
.

Thus, by Theorem 2 (n = 1, F = f, L = l, b = 1) the function f has bounded l-index.

Proof of Theorem 4. Let f be an entire function of bounded l-index. Denote

L0(z) = l(Φ(z))|∂bΦ(z)|.

Taking into account (6) and (4), for k = p+ 1 we have

|∂p+1
b F (z)|
Lp+1

0 (z)
≤ |f

(p+1)(Φ(z))|
Lp+1

0 (z)
|∂bΦ(z)|p+1 +

p∑
j=1

|f (j)(Φ(z))||Qj,p+1(z)|
Lp+1

0 (z)
≤

≤ |f
(p+1)(Φ(z))| |∂bΦ(z)|p+1

lp+1(Φ(z)) |∂bΦ(z)|p+1 +

p∑
j=1

|f (j)(Φ(z))|
lj(Φ(z))

· |Qj,p+1(z)|lj(Φ(z))

|∂bΦ(z)|p+1 lp+1(Φ(z))
. (9)

By Theorem 2 inequality (2) is valid for n = 1, F = f, L = l, b = 1 and p = N(f, l).

(∀τ ∈ C) :
|f (p+1)(τ)|
lp+1(τ)

≤ C max

{
|f (k)(τ)|
lk(τ)

: 0 ≤ k ≤ p

}
.

Applying to (9) these inequalities with τ = Φ(z), we obtain

|∂p+1
b F (z)|
Lp+1

0 (z)
≤ max

{ |f (k)(Φ(z))|
lk(Φ(z))

: 0 ≤ k ≤ p
}(
C +

p∑
j=1

|Qj,p+1(z)|lj−p−1(Φ(z))

|∂bΦ(z)|p+1

)
≤

≤ max
{ |f (k)(Φ(z))|

lk(Φ(z))
: 0 ≤ k ≤ p

}(
C+

+

p∑
j=1

∑
n1+2n2+...+(p+1)np+1=p+1

0≤n1≤j−1

cj,p+1,n1,...,np+1

| (∂bΦ(z))n1 (∂2
bΦ(z))

n2 . . .
(
∂p+1
b Φ(z)

)np+1 |
lp+1−j(Φ(z)) |∂bΦ(z)|p+1

)
. (10)

In view of condition (5) inequality (10) yields

|∂p+1
b F (z)|
Lp+1

0 (z)
≤max

{|f (k)(Φ(z))|
lk(Φ(z))

: 0≤k≤p
}
×

×
(
C+

p∑
j=1

∑
n1+2n2+...+(p+1)np+1=p+1

0≤n1≤j−1

cj,p+1,n1,...,np+1K
p+1l(Φ(z))|∂bΦ(z)|p+1

lp+1−j(Φ(z)) |∂bΦ(z)|p+1

)
≤

≤max
{|f (k)(Φ(z))|

lk(Φ(z))
: 0≤k≤p

}(
C+

p∑
j=1

∑
n1+2n2+...+(p+1)np+1=p+1

0≤n1≤j−1

cj,p+1,n1,...,np+1K
p+1

lp−j(Φ(z))

)
. (11)

We will use that l(Φ(z)) ≥ 1. Then from (11) it follows that

|∂p+1
b F (z)|
Lp+1

0 (z)
≤ C1 max

{
|f (k)(Φ(z))|
lk(Φ(z))

: 0 ≤ k ≤ p

}
, (12)
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where

C1 = C +Kp+1

p∑
j=1

∑
n1+2n2+...+(p+1)np+1=p+1

0≤n1≤j−1

cj,p+1,n1,...,np+1 .

Applying equality (7), we can estimate the quotient |f
(k)(Φ(z))|
lk(Φ(z))

|f (k)(Φ(z))|
lk(Φ(z))

≤ |∂kbF (z)|
lk(Φ(z))|∂bΦ(z)|k

+
k−1∑
j=1

|∂jbF (z)||Q∗j,k(z)|
lk(Φ(z))|∂bΦ(z)|2k−j

≤

≤ max
{ |∂jbΦ(z)|
lj(Φ(z))|∂bΦ(z)|j

: 1 ≤ j ≤ k
}(

1 +
k−1∑
j=1

|Q∗j,k(z)|
lk−j(Φ(z))|∂bΦ(z)|2(k−j)

)
≤

≤ max
{ |∂jbΦ(z)|
lj(Φ(z))|∂bΦ(z)|j

: 1 ≤ j ≤ k
}(

1+

+
k−1∑
j=1

∑
m1+2m2+...+kmk=2(k−j)

|bj,k,m1,...,mk
| |(∂bΦ(z))m1(∂2

bΦ(z))m2 . . . (∂kbΦ(z))mk |
lk−j(Φ(z))|∂bΦ(z)|2(k−j)

)
. (13)

Inequalities (5) and l(w) ≥ 1 imply that |∂sbΦ(z)| ≤ Kls/2(Φ(z))|∂bΦ(z)|s, because s/2 ≥
1/(N(f, l) + 1) for s ∈ {1, 2, . . . , N(f, l) + 1}. Applying this inequality to (13), we deduce

|f (k)(Φ(z))|
lk(Φ(z))

≤max
{ |∂jbF (z)|
lj(Φ(z))|∂bΦ(z)|j

: 1≤j≤k
}(

1+
k−1∑
j=1

∑
m1+2m2+...+kmk=2(k−j)

×

×|bj,k,m1,...,mk
|Km1+m2+...+mk

(l(Φ(z)))(m1+2m2+...+kmk)/2|∂bΦ(z)|m1+2m2+...+kmk

lk−j(Φ(z))|∂bΦ(z)|2(k−j)

)
≤

≤ C2 max
{ |∂jbΦ(z)|
lj(Φ(z))|∂bΦ(z)|j

: 1 ≤ j ≤ k
}
,

where

C = 1+
k−1∑
j=1

∑
m1+2m2+...+kmk=2(k−j)

|bj,k,m1,...,mk
|Km1+m2+...+mk .

Then from inequality (12) we get

|∂p+1
b F (z)|
Lp+1

0 (z)
≤C1 max

{
|f (k)(Φ(z))|
lk(Φ(z))

: 0 ≤ k ≤ p

}
≤C1C2 max

{ |∂jbF (z)|
Lj

0(z)
: 0 ≤ j ≤ p

}
, (14)

p = N(f, l). The last inequality is proved for all z such that ∂bΦ(z) 6= 0.

Remind that L(z) = l(Φ(z)) max{1, |∂bΦ(z)|}. Rewrite inequality (14) in the following

form: ∣∣∂p+1
b F (z)

∣∣
Lp+1(z)

· L
p+1(z)

Lp+1
0 (z)

≤ C1C2 max

{∣∣∂kbF (z)
∣∣

Lk(z)

Lk(z)

Lk
0(z)

: 0 ≤ k ≤ p

}
.

Then ∣∣∂p+1
b F (z)

∣∣
Lp+1(z)

≤ C1C2
Lp+1

0 (z)

Lp+1(z)
max

{∣∣∂kbF (z)
∣∣

Lk(z)

Lk(z)

Lk
0(z)

: 0 ≤ k ≤ p

}
≤
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≤ C1C2
Lp+1

0 (z)

Lp+1(z)
max

{∣∣∂kbF (z)
∣∣

Lk(z)
: 0 ≤ k ≤ p

}
max

{
Lk(z)

Lk
0(z)

: 0 ≤ k ≤ p

}
=

= C1C2
(L0(z)/L(z))p+1

min
0≤k≤p

(L0(z)/L(z))k
max

{∣∣∂kbF (z)
∣∣

Lk(z)
: 0 ≤ k ≤ p

}
. (15)

Let t0 = t(z) = L0(z)/L(z) and k0 ≤ p (k0 ∈ Z+) be such that (t0)k0 = min0≤k≤p t
k
0. One

should observe that t0 ∈ (0, 1] and p+ 1− k0 ≥ 1. Hence,

tp+1
0

tk00

= tp+1−k0
0 ≤ t0 ≤ 1.

Therefore,
(L0(z)/L(z))p+1

min0≤k≤p(L0(z)/L(z))k
= tp+1−k0

0 ≤ t0 ≤ 1.

Thus, from inequality (15) we get∣∣∂p+1
b F (z)

∣∣
Lp+1(z)

≤ C1C2 max

{∣∣∂kbF (z)
∣∣

Lk(z)
: 0 ≤ k ≤ p

}
(16)

for all z such that ∂bΦ(z) 6= 0.

If ∂bΦ(z) = 0 then for any k ∈ {1, . . . , N(f, `) + 1} inequality (5) implies ∂kbΦ(z) = 0.

In view of (6) it means that for each k ∈ {1, . . . , N(f, l) + 1} ∂kbF (z) = 0. Thus, for the

points z such that ∂bΦ(z) = 0 inequality (16) is also satis�ed.

Therefore, by Theorem 2 this inequality means that the function F has bounded L-index

in the direction b.
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Áàíäóðà À.I., Ñêàñêiâ Î.Á. Êîìïîçèöiÿ öiëèõ íà çðiçêàõ ôóíêöié òà îáìåæåíèé L-iíäåêñ

çà íàïðÿìêîì // Áóêîâèíñüêè�è ìàòåì. æóðíàë � 2021. � Ò.9, �1. � C. 29�38.

Ðîçãëÿäà¹òüñÿ òàêå ïèòàííÿ: "íåõàé f : C → C � öiëà ôóíêöiÿ îáìåæåíîãî l-iíäåêñó,

Φ : Cn → C � öiëà íà çðiçêàõ ôóíêöiÿ, n ≥ 2, l : C → R+ � íåïåðåðâíà ôóíêöiÿ. Äëÿ

ÿêî¨ äîäàòíî¨ íåïåðåðâíî¨ ôóíêöi¨ L : Cn → R+ òà äëÿ ÿêîãî íàïðÿìêó b ∈ Cn \ {0}
ñêëàäåíà ôóíêöiÿ f(Φ(z)) ìà¹ îáìåæåíèé L-iíäåêñ çà íàïðÿìêîì b?". Ó ïîäàíié ñòàòòi

ðàíiøå âiäîìi ðåçóëüòàòè ïðî îáìåæåíiñòü L-iíäåêñ çà íàïðÿìêîì äëÿ êîìïîçèöi¨ öiëèõ

ôóíêöié f(Φ(z)) óçàãàëüíåíi íà âèïàäîê, êîëè Φ : Cn → C � öiëà íà çðiçêàõ ôóíêöiÿ,

ñåáòî öÿ ôóíêöiÿ öiëà íà êîæíié êîìïëåêñíié ïðÿìié {z0 + tb : t ∈ C} äëÿ áóäü-ÿêîãî

z0 ∈ Cn òà çàäàíîãî íàïðÿìêó b ∈ Cn \ {0}. Òàêi öiëi íà çðiçêàõ ôóíêöié íå ãîëîìîðôíi

çà ñóêóïíiñòþ çìiííèõ ó çàãàëüíî âèïàäêó. Íàïðèêëàä, òàêèé ïiäõiä äîçâîëÿ¹ ðîçãëÿä

ôóíêöié, ãîëîìîðôíèõ çà çìiííîþ z1 i íåïåðåðâíèõ çà çìiííîþþ z2.


