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COMPOSITION OF SLICE ENTIRE FUNCTIONS AND BOUNDED
L-INDEX IN DIRECTION

We study the following question: "Let f : C — C be an entire function of bounded I-
index, ® : C" — C be a slice entire function, n > 2, [ : C — R, be a continuous function.
What is a positive continuous function L : C* — R, and a direction b € C™ \ {0} such that
the composite function f(®(z)) has bounded L-index in the direction b?". In the present
paper, early known results on boundedness of L-index in direction for the composition of entire
functions f(®(z)) are generalized to the case where ® : C™ — C is a slice entire function, i.e.
it is an entire function on a complex line {z° + tb : t € C} for any z° € C" and for a given
direction b € C™ \ {0}. These slice entire functions are not joint holomorphic in the general
case. For example, it allows consideration of functions which are holomorphic in variable z;
and continuous in variable zs.
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1 INTRODUCTION

The present paper is devoted to compositions of slice entire functions and theory of
functions having bounded L-index in direction. Let us introduce some notation from [1, 2|.
Let Ry = (0,+00), R} = [0,+00), 0 = (0,...,0), b = (b,...,b,) € C"\ {0} be a given
direciton, L : C* — R, be a continuous function, F' : C" — C an entire function. The slice
functions on a line {z"+tb: ¢t € C} for a fixed 2° € C" we will denote as g.o(t) = F(2° +tb)
and Lo(t) = L(2° + tb). Besides, we denote by (a,¢) = >°7_ ;T the Hermitian scalar
product in C", where a, ¢ € C™.

Let ﬁﬁ be the class of functions which are holomorphic on every slices {2 +tb : t € C}
for each 2 € C™ and let H} be the class of functions from ﬁﬁ which are joint continuous.
The notation 0, F'(z) stands for the derivative of the function g.(¢) at the point 0, i.e. for
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every p € N OpF(z) = ggp)(()), where g.(t) = F(z 4 tb) is an entire function of complex

variable t € C for given z € C™. It is easy to check that for any p € N the derivative O F' is
also joint continuous.

In this research, we will often call this derivative as directional derivative because if F'
is entire function in C" then the derivatives of the function g,(t) matches with directional
derivatives of the function F. The assumption of joint continuity together with the holomor-
phity assumption in one direction do not imply holomorphy in whole n-dimensional complex
space.

A function F € HP is said [1] to be of bounded L-index in the direction b, if there exists
mg € Z4 such that for all m € Z, and each z € C" the inequality

|05 F(2)] OEF (2)]
mILm(z) = otkeme KILF(z) (1)

is true. The least integer myg, obeying (1), is called the L-index in the direction b of the
function F' and is denoted by Ny, (F, L). If such mg does not exist, then we put Ny (F, L) = oo,
and the function [ is called of unbounded L-index in the direction b in this case. Forn =1,
b =1, L(z) = I(z), z € C inequality (1) defines a function of bounded l-index with the
l-index N(F,l) = Ny(F,l) |10], and if in addition I(z) = 1, then we obtain a definition of
index boundedness with index N(F') = N;(F,1) [11, 12]. Other approach to use a concept of
bounded index in the investigations of functions of several complex variables was considered
in papers by F. Nuray and R. Patterson [15, 14, 13]. They use all possible partial derivatives
in the definition.

A detailed review of papers on compositions of functions and boundedness of index is
presented in [3|. There was considered the following question: Let f : C — C be an entire
function of bounded l-index, ® : C* — C be an entire function, | : C — R be a continuous
function. What are a positive continuous function L and a direction b € C" such that the
composite function f(®(z)) has bounded L-index in the direction b? There was presented
an answer to the question in [3|. Similar questions were considered for analytic functions in
the unit ball in [5], for entire functions of bounded L-index in joint variables in [4], for entire
and analytic functions of bounded | — M-index in [6], for analytic functions in C x D [7].

Here we will consider the question of whether ® : C* — C is a slice entire function, i.e.
it belongs to the class ﬁ{j.

Note that the positivity and continuity of the function L are mild restrictions. Therefore,
we impose additional assumptions on the function L.

Forn >0,z € C", b = (by,...,b,) € C"\ {0} and a positive continuous function
L: C"— R, we define

) = sy {55 < 7 )

By Qp we denote the class of functions L such that A(n) is finite for any n > 0. We also
use notation @ = Q] for the class of positive continuous function /(z), when z € C, b = 1,
n=1, L=1L.

There was obtained the following result for entire functions.
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Theorem 1 ([3]). Let b € C"\ {0}, f be an entire function in C, ® be an entire function
in C™ such that 0,®(2) # 0 and

‘8J 2)| < K|0,®(z )J’, K = const > 0,

for all z € C" and every j < p, where p is defined by (2).

Let Il € Q, l(w) > 1, w € C and L € Q}, where L(z) = |0,®(2)|l(®(2)). The entire
function f has bounded l-index if and only if F(z) = f(®(z)) has bounded L-index in the
direction b.

To prove the main theorem we need auxiliary propositions.

Theorem 2 (|2|). Let L € Q. A function F' € H} is of bounded L-index in the direction
b if and only if there exist p € Z, and C' > 0 such that for every z € C" one has

p+1 k
CARIOIPI. { OhF (=)

() iy 0Sks p} - 2)

For n = 1 Theorem 2 is Sheremeta’s result [16]. W. K. Hayman [9] proved Theorem 2
for entire functions of bounded index. Analogs of the Hayman Theorem are also known for
other classes of holomorphic functions of bounded index (8, 16, 17].

Our main result is following

Theorem 3. Let b € C*\ {0}, f be an entire function in C, & € H such that dp®(z) # 0
and
‘BJ 2)| < K |0p®(2 )J’, K = const >0, (3)

for all z € C" and every j < p, where p is defined by (2).

Let 1 € Q, l(w) > 1, w € C and L € Qp, where L(z) = |0p®(2)|{(®(2)). The entire
function f has bounded l-index if and only if the slice entu"e function F(z) = f(®(z)) has
bounded L-index in the direction b.

Note that the assumptions for every j € {1,...,p} ®(z) # 0 and |d®(2)| <
K|0p®(2)?, in Theorem 3 are generated by method of proof. In fact, we can remove them
and prove a more general proposition with some greater function L.

Theorem 4. Let | € @), f : C — C be an entire function of bounded [-index, ¢ € ﬁ{i,
b € C"\ {0}. Suppose that [(w) > 1, w € C, and L € Q}. with

L(z) = max {1, [0, ®(2)[} [(D(2)) (4)
and for all z € C" and k € {1,2,...,N(f,l) + 1} one has
05 (2)] < K(U(®(2)) VT |0,0(2)[". (5)

where K > 1 is a constant. Then the slice entire function F(z) = f(®(z)) has bounded
L-index in the direction b.
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2 PROOF OF MAIN THEOREM

Proof of Theorem 3. Below we repeat the considerations from [3]. But now we consider the
more general case where ®(z) is an entire slice function. At first, we prove that

k—1
OhF(2) = fP(0(2) (9@(2))" + D F(2(2))Qjk(2), (6)
j=1
where Q) (2) = Z Cikm,my (Op®(2))™ (05@(2))™ ... (8{2(1)(2/))% :
n1+2ng+...+knp=k
0<n1<5—-1
and ¢jn,...n, are some non-negative integer coefficients. We also deduce that
@)= BFE LS G () Qi) 7
z)) = - o L E(2) (Op®(2 1 (2),
(8b<I>(z)) (8b<1>(z)) j=1 ’
where Q. (2) = > b oma o (Op®(2))™ (82D (2))™ ... (8D (2))™,
mi+2mo+...+kmp=2(k—j)
and bj g m,....m, are some integer coefficients.

The validity of (6) and (7) will be checked by the method of mathematical induction.
Obviously, for k = 1 equalities (6) and (7) hold. Assume that they are true for k = s. Let
us prove them for k = s+ 1. Evaluate directional derivative in (6)

O F(z) = fE(0(2)) (B P(2))™ + fC(@(2)) (BpD(2))" G (2)+

) (FU(@(2) 08 (2)Qys(2) + FV(P(2)) 06 Qs(2)) =

j=1

= FE(@(2)) (B6®(2)™ + FO(D(2)) (5 (068(2)) FoB(2) + OuD(2)Q5-1.4(2)) +

s—1

) fO(P(2)) (062(2)Qj-1,5(2) + 0bQi(2)) + f(8(2)) 6 Q,s(2)-

Since
s (0p2(2))"" 5o (2)+
+ Y Cotsmn (06@(2)" T (R0(2)) . (03P (2))™ =

n1+2ng+...+sns=s
0<n;<s—2

= > Costtms,eim, (Op®(2))™ (G (2))™ ... (G5 D(2))™ = Qs.s41(2),

'm.1+2m2+...+sms:s+l
0<m1<s—1

Bz = Y Clatmn <n2 (020(2))" " (33 D(2))™ " . (95 D(2))™ +

2no+...+sns=s

+o g (R2(2))™ (02(2))™ ... (052(2)) O @ (2)) =
- ) Clst1.0marmers (OE®(2))™ .. (B5@(2))™ (95T ®(2)) ™ =

2mo+...4+(s+1)msy1=s+1
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= Q1,5+1<2)7 and
abq)(z)Qj—l,s(z) + aij,s(z) =
= ) Getsmen, (O02(2)" T (BR0(2)) . (050(2))™ +

ny1+2ng+...+sng=s
0<n; <j—2

S G (1 (0080 (@30()" L (0p0(2)" +

ni+2ng+...+kns=s

0<n1<j—1
ot (Bo0() (BB(2))™ .. (030(2))" 05710(2))
= > Cjstmiomess @p@(2)™ G5 R(2)™ G50 (2)) " = Qo1 (2),
m1+2m2+...+(5+1)ms+1:5+1
0<m1<j—1

we obtain (6) with s + 1 instead of k.

By the mathematical induction as (6) it can be proved equality (7).

Let f be an entire function of bounded l-index. By Theorem 2 inequality (2) is valid for
n=1,F=f, L=1,b=1. Taking into account (3) and (6), for k = p + 1 we have

(p+1) P L (J ipr1(2
(o) < LR g g ,p++z|f () Qupia()]

Lp+1 - Lr+1(z) Lrt1(z)

S Qipia(2)
<unx{ a0k <) (“wa R <>rp+1> :
(e

: OSkSp}x

p | (Bp®(2))™ (B20(2))™ ... (T @ (2)) """ |

x[C+) 2 Cipttims oy 71 ((2))[ 9 0 ()1 =

J=1 ny42no4...+@+1)np1=p+1
0<n1<j—-1

< max —:nggp C’+E E — o P <
{ <q>(z)) J=1 n{+2ng+...+(p+1)n +1=p+1 lp+1_](®(z))
0<m<j—1

:nggp}.

Using equality (7), we can estimate the quotient W :

If(’“

(@(2)) ARG S 2R,
) S PG ReET 2 B b ()P T =

L SENAC)
15s21) (”ZM B)I0n <>|2<k—f>> :

1 .
<max<{ —— | F(z
Frelals
PN I
gmax{Lj(Z)abF(z).lgjgk}x
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k—1 mi ma k my
| (Dp®(2))™ (Op®@(2))™ ... (O5P(2))"" |
|1+ > 103k, - S <
L - (k=3)
( G=L myt2ma -t kmy=2(k—) I (2(2)) 05 @(2)
k—1
§max{ — |0} F(2) :1§j§k} 1—1—2 Z Jv};_}’vk
L= =1 mi+2ma+...+km=2(k—j) (2(2))
1 .
J ) .
SCQmaX{Lj(z) N F(z) .1§j§k}.
Hence, it follows that
1 1
LJDJF_I(Z)}aﬁHF(zHgC’lCQmaX{Lk—(Z)‘a’gF(z)‘ : OSkSp}. (8)

Therefore, by Theorem 2 inequality (8) means that the function F' has bounded L-index
in the direction b.

Conversely, suppose that F' is a function of bounded L-index in the direction b. Then it
satisfies (2). In view of (3) and (7), we obtain

ST (@())] _ P F ()| ) P FENQ () _
P = FIREIRERT o P CDRT

1 k . |Q]p+1( )|
< maX{Lk—(z) |8bF(Z)’ 0<k< p} <C + Z 1P |abq)(z)|2(p+1—j)> <

gmaX{Lk( |8b | nggp}x
ey LO2C)™ (Re()™ (1 2)™ | _
et 0 ) B () P -
j=1 m1+..,+(p+1)mp+1:
=2(p+1—j)
P 2p+2-2§
’bjp-i'lml ) 1‘Kp /
gmax{ z)‘:()gkgp} C+Z Z AL, T <
k 1—
L j=1 m1+4.4+(p+1)mp+1: lp+ J(Q(Z))

=2(p+1—j)

SCgmaX{Lk;(Z)WﬁF(z)! :ogk:gp}.

Accordingly to equality (6) we estimate

1 (k) q) NE B

_J9@E)] - 1Qu)
= {w@(z» h=Is }(”;Vw >>|ab<1><)|)S

[f9(@(2))] .
§C’4max{m.1§]§k}.

IN
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It implies that

[0 (@(2))] [f9(@(2))]
PH(D(2)) F(®(2))

Thus, by Theorem 2 (n =1, F = f, L = [, b = 1) the function f has bounded l-index. [

<0304H1aX{ :()Sjgp}.

Proof of Theorem 4. Let f be an entire function of bounded [-index. Denote

Lo(2) = 1(®(2))|0p(2)].
Taking into account (6) and (4), for £ = p + 1 we have
05 F (=) _ [f*I(@(2)] it N WP (@))IQp1(2)]
) S e etel T Ly (2) =

(
_ P (@(2))] 10w PP 1Qipn (A)F(2(2))

T PR(D(2)) [0pD(2) [P +; P(®(2)  |0p®(2)[P™ 1PH(D(2))

)’erl

By Theorem 2 inequality (2) is valid forn =1, F = f, L=1,b=1and p = N(f,1).

(p+1) (- ) (+
(Vr e C): wngax{Vlk(i))l: nggp}.

Applying to (9) these inequalities with 7 = ®(z), we obtain

OF T F(2)] [f(2(2))] Q1 (2)[F P (0(2))
R S e LELE D GO D PR B

=1
: ()Sk:gp}(C'-f—

)
- | (Bu2())™ (Bp2(2))"™ ... (85" 2(2)) ™" |
2> 2 A P (®(2)) |3y ()" ) (10)

jzl n1+2n2+4..+(p+1)np+1:p+1
0<n1<j—-1

In view of condition (5) inequality (10) yields

FE) (@)
o < e

X (C+i Z Ciptim,mp KPP (z))|6b<11>( )|p+> _
J=lngt2nat. Hp+Dnpp 1 =pH [PH1=3(D(2)) |OpP(= )|p+
0<n1<g—1

0<k<ppx

SO (@) Cjpr L, WK
<max{peyy 0 k<) vy % =T
J=InH2not. Hp+1)np 1 =pH
O<nl_j—1

We will use that I(®(z)) > 1. Then from (11) it follows that

0P R (2))| [f P (@())] |
WgClmaX{W.Oékﬁp}a (12)
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where »
Ol — O + Kp+1 Z Z Cj,p+1,n1 ..... Np+1°
Applying equality (7), we can estimate the quotient W
[fF(@(2))] |0 F(2)] — 3JF (Q5x(2)] <
F@G) © F@E)0REN T 2 F@)0,8(:)P 5
0L ® ()| — Q5 (2)]
< max { I (®(2))| 058 (=) 1<]<k}<“+221k3 )] @@M“kﬂ)g
0,2 ()| (
<mo{ Gt S0 <
k—1
[(Fp® ()™ (Fp®(2))™ ... (O P(2))™
+Z Z ‘b]knu ..... mk’ lk,( ())’ab ()| (k—j) ) (13)

J=1 mi+2mo+...+kmr=2(k—j)

Inequalities (5) and I(w) > 1 imply that |05®(2)] < KI%?(®(2))|0,®(2)|*, because s/2 >
1/(N(f,1)+1) for s € {1,2,...,N(f,1) + 1}. Applying this inequality to (13), we deduce

7@ () LG
R e R GO D DR

J=1 mi+2mao+...+kmyp=2(k—j)

(m1+2ma+...+kmy)/2 mi+2mo—+...+km
X|bjkm1 ...mk’KmlerQJr T (l<¢(2))) - ’ |ab(1)(2)| - : S
S 1F=3(®(2))|0p®(2) 2=
000 (2)|

< (5 max 1<5<k

’ {<<>>|ab<>| J

where
k—1
2R S SR T

j=1 m1+2m2+...+kmk:2(k—j)

Then from inequality (12) we get

05 F(2)] {If(’“)(@(zm } LF (2)] :
—— =< max{ —————: 0 < k < pp<CiCymax PV << , (14
G SO e 0k srpsGlmen S Ri0<i<ah 09

p = N(f,1). The last inequality is proved for all z such that 0,®(z) # 0.
Remind that L(z) = [(®(z)) max{1, |0, P(2)|}. Rewrite inequality (14) in the following

form:

B F(2)| L(2)
Lp+1 (Z) L;g+1 (Z)

|05F (2)| L*(2)
L¥(z)  L(z)

SC’lCQmaX{ : ng‘gp}.

Then

R _ o ) { O4F ()| L)

Lri(z) = Ly mg)La@'ogkgp}g
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L5 (2) [O5F ()] L¥(2) | _
SClCQ—LpH(z)maX{ (2 ng:gp}max{yg(z). ng:gp}—
_ (Lo()/LE)P TI5F()]
~ i (L) /L) { i) - UEEE p} | =

0<k<p

Let to = t(2) = Lo(2)/L(z) and ko < p (ko € Z,) be such that (y)* = ming<j<,tk. One
should observe that ¢y € (0,1] and p+ 1 — ky > 1. Hence,

tp+1
=t < <1
to
Therefore,
(Lo(2)/L(2))"*

=R <y < 1.

mino<k<p(Lo(2)/L(2))"*
Thus, from inequality (15) we get

|05 F(2)] k(=)
Lp+—1(z)gclcgmax T 0<k<p (16)

for all z such that 0, ®(z) # 0.

If O,®(2) = 0 then for any k € {1,...,N(f,¢) + 1} inequality (5) implies Of®(z) = 0.
In view of (6) it means that for each k € {1,...,N(f,l) + 1} OFF(z) = 0. Thus, for the
points z such that O, ®(z) = 0 inequality (16) is also satisfied.

Therefore, by Theorem 2 this inequality means that the function F' has bounded L-index
in the direction b. []
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Posrnsnaerncs rake nuramus: "mexait f : C — C — mina dyukiia odmexenoro [-iHmexcy,
® : C" - C — uina na 3pizkax byukuis, n > 2, | : C — R, — nenepepsra dyukuis. s
sikoi ponarnol Henepepsuol byskuii L : C* — Ry ra mua gxkoro Hanpsimy b € C™\ {0}
cxnanena yukuisn f(P(z)) mae obmexennit L-ingekc 3a nanpamkom b?". VYV nopamiii crarri
pamimre BimoMi pe3yabTaTu mpo O0OMEXKEHICTh L-iHIeKC 33 HAMPSIMKOM JJIs KOMIIO3UINI IiJInX
dbynkuiit f(P(z)) yzaranbaeni na sunagok, koau ¢ : C* — C — wmisa Ha 3piskax dbyHKI,
ceOTo 1 (PYHKINA Iia HA KOXKHIF KOMIIIEKCHIM mpsamiit {ZO +tb : t € C} mua Gyub-gkoro
20 € C" ra 3amanoro nanpamky b € C" \ {0}. Taxi mini ma spiskax dbynkmiit #He romoMmopdHi
3a CyKYIIHICTIO 3MIHHHX y 3arajbHO BUMAAKy. Hampukiazn, Takuil miaxiz 103BOJSE PO3IIIs
dyHKII, TOTOMOPMHUX 34 3MIHHOI z] 1 HEMTEPEPBHUX 33, 3MIHHOIOKO 23.



