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Çíàéäåíî êîíñòðóêòèâíi óìîâè iñíóâàííÿ ðîçâ'ÿçêiâ ëiíiéíî¨ íåâèðîäæåíî¨ iíòåãðàëüíî-
äèôåðåíöiàëüíî¨ êðàéîâî¨ çàäà÷i, íå ðîçâ'ÿçàíî¨ âiäíîñíî ïîõiäíî¨. Çàïðîïîíîâàíî ñõåìó
çíàõîäæåííÿ ðîçâ'ÿçêó ëiíiéíî¨ íåâèðîäæåíî¨ iíòåãðàëüíî-äèôåðåíöiàëüíî¨ êðàéîâî¨ çà-
äà÷i, ÿê ó êðèòè÷íîìó, òàê i â íåêðèòè÷íîìó âèïàäêàõ.
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1 Ïîñòàíîâêà çàäà÷i

Äîñëiäæåíî çàäà÷ó ïðî ïîáóäîâó ðîçâ'ÿçêiâ [1]

y(t) ∈ D2[a; b], y′(t) ∈ L2[a; b]

ëiíiéíî¨ iíòåãðàëüíî-äèôåðåíöiàëüíî¨ ñèñòåìè, íå ðîçâ'ÿçàíî¨ âiäíîñíî ïîõiäíî¨

A(t)y′(t) = B(t)y(t) + Φ(t)

∫ b

a

F (y(s), y′(s), s)ds+ f(t), (1)

ïiäïîðÿäêîâàíèõ êðàéîâié óìîâi

`y(·) = α, α ∈ Rp. (2)

Ðîçâ'ÿçîê êðàéîâî¨ çàäà÷i (1), (2) øóêà¹ìî â îêîëi ðîçâ'ÿçêó

y0(t) ∈ D2[a; b], y′0(t) ∈ L2[a; b]

ïîðîäæóþ÷î¨ íåòåðîâî¨ n 6= p êðàéîâî¨ çàäà÷i

A(t)y′0(t) = B(t)y0(t) + f(t), `y0(·) = α. (3)
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Òóò

A(t), B(t) ∈ L2
m×n[a; b] := L2[a; b]⊗ Rm×n, Φ(t) ∈ L2

m×q[a; b], f(t) ∈ L2[a; b].

Ìàòðèöþ A(t) ïðèïóñêà¹ìî ïðÿìîêóòíîþ, àáî æ êâàäðàòíîþ, àëå âèðîäæåíîþ. Âåêòîð-

ôóíêöiÿ F (y(t), y′(t), t) ëiíiéíà çà ðîçâ'ÿçêîì y(t) êðàéîâî¨ çàäà÷i (1), (2) òà éîãî ïîõiä-

íîþ y′(t), à òàêîæ íåïåðåðâíà çà òðåòiì àðãóìåíòîì íà âiäðiçêó [a; b];

`y(·) : D2[a; b]→ Rp

� ëiíiéíèé îáìåæåíèé âåêòîðíèé ôóíêöiîíàë, âèçíà÷åíèé íà ïðîñòîði D2[a; b] n-âèìið-

íèõ àáñîëþòíî íåïåðåðâíèõ íà âiäðiçêó [a, b] ôóíêöié [1].

Ïîñòàâëåíà çàäà÷à ïðîäîâæó¹ äîñëiäæåííÿ ëiíiéíî¨ iíòåãðàëüíî-äèôåðåíöiàëüíî¨

êðàéîâî¨ çàäà÷i [2, 3] íà âèïàäîê ëiíiéíî¨ êðàéîâî¨ çàäà÷i (1) ç ïðÿìîêóòíîþ ìàòðè-

öåþ ïðè ïîõiäíié [4, 5, 6]. Çà óìîâè [6]

PA∗(t) ≡ 0 (4)

ñèñòåìà (3) ðîçâ'ÿçíà âiäíîñíî ïîõiäíî¨

z′ = A+(t)B(t)z + F0(t, ν0(t)); (5)

òóò rank A(t) := σ0 = m ≤ n. Êðiì òîãî

F0(t, ν0(t)) := A+(t)f(t) + PAρ0 (t)ν0(t),

A+(t) � ïñåâäîîáåðíåíà (ïî Ìóðó � Ïåíðîóçó) ìàòðèöÿ, PA∗(t) � ìàòðèöÿ-îðòîïðîåêòîð:

PA∗(t) : Rm → N(A∗(t)),

PAρ0 (t) � (n × ρ0)− ìàòðèöÿ, óòâîðåíà ç ρ0 ëiíiéíî-íåçàëåæíèõ ñòîâïöiâ (n × n)−
ìàòðèöi-îðòîïðîåêòîðà PA(t) : Rn → N(A(t)). Ó âèïàäêó (4) iíòåãðàëüíî-äèôåðåí-

öiàëüíó ñèñòåìó (1) áóäåìî íàçèâàòè íåâèðîäæåíîþ [6]. Çà óìîâè ρ0 6= 0 ñèñòåìà (5),

ðîçâ'ÿçàíà âiäíîñíî ïîõiäíî¨, çàëåæèòü âiä äîâiëüíî¨ íåïåðåðâíî¨ âåêòîð-ôóíêöi¨ ν0(t).

Ïîçíà÷èìî X0(t) íîðìàëüíó ôóíäàìåíòàëüíó ìàòðèöþ

X ′0(t) = A+(t)B(t)X0(t), X0(a) = In

îòðèìàíî¨ ñèñòåìè çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü (5).

2 Êðèòè÷íèé âèïàäîê

ßê âiäîìî [1], ó êðèòè÷íîìó âèïàäêó

PQ∗ 6= 0, Q := `X(·) ∈ Rp×n

äëÿ ôiêñîâàíî¨ íåïåðåðâíî¨ ôóíêöi¨ ν0(t) ∈ L2[a; b] ïîðîäæóþ÷à êðàéîâà çàäà÷à (3)

ðîçâ'ÿçíà òîäi é òiëüêè òîäi, êîëè âèêîíó¹òüñÿ óìîâà

PQ∗d

{
α− `K[f(s)](·)

}
= 0; (6)
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ïðè öüîìó r-ïàðàìåòðè÷íà ñiì'ÿ ðîçâ'ÿçêiâ ïîðîäæóþ÷î¨ çàäà÷i (3)

y0(t, cr) = Xr(t)cr +G[f(s);α](t), cr ∈ Rr

çîáðàæó¹òüñÿ çà äîïîìîãîþ óçàãàëüíåíîãî îïåðàòîðà Ãðiíà

G[f(s);α](t) := X(t)Q+

{
α− `K[f(s)](·)

}
+K[f(s)](t).

Òóò

K

[
f(s)

]
(t) := X(t)

∫ t

a

X−1(s)F0(s, ν0(s)) ds

� îïåðàòîð Ãðiíà çàäà÷i Êîøi y0(a) = c äëÿ ïîðîäæóþ÷î¨ ñèñòåìè (3), Xr(t) := X(t)PQr ;

ìàòðèöÿ PQr ∈ Rp×r, óòâîðåíà ç r ëiíiéíî-íåçàëåæíèõ ñòîâïöiâ ìàòðèöi-îðòîïðîåêòîðà

PQ : Rp → N(Q).

Ìàòðèöÿ PQ∗d ∈ Rd×p, óòâîðåíà ç d ëiíiéíî-íåçàëåæíèõ ðÿäêiâ ìàòðèöi-îðòîïðîåêòîðà

PQ∗ : Rp → N(Q∗).

Ó êðèòè÷íîìó âèïàäêó ðîçâ'ÿçîê êðàéîâî¨ çàäà÷i (1), (2) øóêà¹ìî ó âèãëÿäi

y(t) = y0(t, cr) + x(t).

Äëÿ çíàõîäæåííÿ âiäõèëåííÿ

x(t) ∈ D2[a; b], x′(t) ∈ L2[a; b]

âiä ïîðîäæóþ÷îãî ðîçâ'ÿçêó y0(t, cr) îòðèìó¹ìî êðàéîâó çàäà÷ó

A(t)x′(t) = B(t)x(t) + Φ(t)

∫ b

a

F (y(s), y′(s), s) ds, `x(·) = 0.

Âiäõèëåííÿ

x(t, u, v) = X0(t)u+ Ψ(t)v

âiä ïîðîäæóþ÷îãî ðîçâ'ÿçêó y0(t, cr) âèçíà÷àþòü íåâiäîìi ñòàëi

v :=

∫ b

a

F (y(s), y′(s), s) ds ∈ Rq, u ∈ Rn

òà ìàòðèöÿ

Ψ(t) := K

[
Φ(s)

]
(t) ∈ D2

n×q[a; b].

Øóêàíèé ðîçâ'ÿçîê y(t) íåâèðîäæåíî¨ iíòåãðàëüíî-äèôåðåíöiàëüíî¨ ñèñòåìè (1) çàäî-

âîëüíÿ¹ êðàéîâó óìîâó (2) ó âèïàäêó

Qv +Ru = 0, R := `Ψ(·) ∈ Rp×q. (7)
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Ïîçíà÷èìî Pρ ∈ R(q+n)×ρ ìàòðèöþ, óòâîðåíó ç ρ ëiíiéíî-íåçàëåæíèõ ñòîâïöiâ îðòî-

ïðîåêòîðà PQ̌
PQ̌ : Rq+n → N(Q̌)

ìàòðèöi

Q̌ := [Q; R ] ∈ Rp×(q+n).

Óìîâó (7) çàäîâîëüíÿþòü âåêòîðè

u = P1 cρ, v = P2 cρ, cρ ∈ Rρ;

òóò

Pρ := col (P1, P2 ), P1 ∈ Rn×ρ, P2 ∈ Rq×ρ.

Äëÿ çíàõîäæåííÿ âåêòîðà cρ, íåîáõiäíîãî äëÿ âèçíà÷åííÿ íåâiäîìèõ u(cρ) òà v(cρ) îòðè-

ìó¹ìî ðiâíÿííÿ

ϕ(cρ) := ϕ(u(cρ), v(cρ)) := u(cρ)− (8)

−
∫ b

a

F (y0(t, cr) + x(t, u, v), y′0(t, cr) + x′(t, u, v), t) dt.

Îñêiëüêè âåêòîð-ôóíêöiÿ F (y(t), y′(t), t) ëiíiéíà çà ðîçâ'ÿçêîì y(t) êðàéîâî¨ çàäà÷i (1),

(2) òà éîãî ïîõiäíîþ y′(t), ìà¹ ìiñöå çîáðàæåííÿ

F (y(t), y′(t), t) = A1(t)y(t) + A2(t)y′(t),

äå

A1(t) := F ′y(y(t), y′(t), t), A2(t) := F ′y′(y(t), y′(t), t),

ïðè öüîìó ïîðîäæóþ÷à ñèñòåìà (3) íåîäíîðiäíà, òîìó ìîæíà ââàæàòè F (0, 0, t) ≡ 0.

Óìîâà ðîçâ'ÿçíîñòi ëiíiéíîãî ðiâíÿííÿ (8):

ϕ(cρ) = B0 cρ + ψ(cr), B0 ∈ Rq×ρ

ðiâíîçíà÷íà âèìîçi

PB∗0ψ(cr) = 0. (9)

Òóò

B0 :=

∫ b

a

{
A1(t)[X(t)P1 + Ψ(t)P2]+

+A2(t)[X ′(t)P1 + Ψ′(t)P2]

}
dt− P2 ∈ Rq×ρ,

êðiì òîãî

ψ(cr) := −
∫ b

a

[
A1(t)y0(t, cr) + A2(t)y′0(t, cr)

]
dt,

PB∗0 : Rq → N(B∗0) � îðòîïðîåêòîð ìàòðèöi B∗0. Çà óìîâè (9) ðîçâ'ÿçîê ëiíiéíîãî ðiâíÿííÿ
(8) ìà¹ âèãëÿä

čρ = B+
0 ψ(cr) + PB0 cµ, cρ ∈ Rρ;
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òóò PB0 : Rρ → N(B0) � îðòîïðîåêòîð ìàòðèöi B0. Òàêèì ÷èíîì, øóêàíèé ðîçâ'ÿçîê

íåâèðîäæåíî¨ iíòåãðàëüíî-äèôåðåíöiàëüíî¨ ñèñòåìè (1)

y(t, cµ) = Yµ(t)cµ +G[Φ(s); ν0(s)](t), cµ ∈ Rµ

äëÿ ôiêñîâàíî¨ íåïåðåðâíî¨ ôóíêöi¨ ν0(t) ∈ L2[a; b] çîáðàæó¹òüñÿ çà äîïîìîãîþ óçàãàëü-

íåíîãî îïåðàòîðà Ãðiíà

G[Φ(s); ν0(s)](t) := G[f(s);α](t)− B+
0

∫ b

a

[
A1(t)G[f(s);α](t) + A2(t)G′[f(s);α](t)

]
dt.

Òóò Yµ(t) � (n × µ) � âèìiðíà ìàòðèöÿ, óòâîðåíà ç µ ëiíiéíî-íåçàëåæíèõ ñòîâïöiâ

ìàòðèöi[
X0(t)− [X0(t)P1 + Ψ(t)P2]B+

0 [A1(t)Xr(t);A2(t)X ′r(t)]dt; [X(t)P1 + Ψ(t)P2]PB0

]
.

Òàêèì ÷èíîì, äîâåäåíà íàñòóïíà òåîðåìà.

Òåîðåìà 1. Ó êðèòè÷íîìó âèïàäêó (PQ∗ 6= 0) ïîðîäæóþ÷à êðàéîâà çàäà÷à (3) ðîçâ'ÿç-

íà òîäi é òiëüêè òîäi, êîëè âèêîíó¹òüñÿ óìîâà (6); ïðè öüîìó r-ïàðàìåòðè÷íà ñiì'ÿ

ðîçâ'ÿçêiâ ïîðîäæóþ÷î¨ çàäà÷i (3) ìà¹ âèãëÿä

y0(t, cr) = Xr(t)cr +G[f(s);α](t), cr ∈ Rr.

Øóêàíèé ðîçâ'ÿçîê íåâèðîäæåíî¨ iíòåãðàëüíî-äèôåðåíöiàëüíî¨ êðàéîâî¨ çàäà÷i (1), (2)

y(t, cµ) = Yµ(t)cµ +G[Φ(s); ν0(s)](t), cµ ∈ Rµ

äëÿ ôiêñîâàíî¨ íåïåðåðâíî¨ ôóíêöi¨ ν0(t) ∈ L2[a; b] çà óìîâè (9) çîáðàæó¹òüñÿ çà äîïî-

ìîãîþ óçàãàëüíåíîãî îïåðàòîðà Ãðiíà G[Φ(s); ν0(s)](t).

Ïðèêëàä 1. Âèìîãàì äîâåäåíî¨ òåîðåìè çàäîâîëüíÿ¹ çàäà÷à ïðî ïîáóäîâó 2π-ïåðiîäè÷-

íèõ ðîçâ'ÿçêiâ ëiíiéíî¨ iíòåãðàëüíî-äèôåðåíöiàëüíî¨ ñèñòåìè

A(t)y′(t) = B(t)y(t) + Φ(t)

∫ b

a

F (y(s), y′(s), s)ds+ f(t); (10)

òóò

A(t) :=

(
cos t sin t cos t

− sin t cos t − sin t

)
, B(t) :=

(
− sin t cos t − sin t

− cos t − sin t − cos t

)
,

f(t) :=

(
1

sin t

)
, Φ(t) :=

(
1 0

0 t

)
,

êðiì òîãî

F (y(t), y′(t), t) := A1(t)y(t) + A2(t)y′(t), A1(t) :=

(
1 0 0

0 0 0

)
, A2(t) :=

(
0 0 0

0 0 t

)
.
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Ïîðîäæóþ÷à ñèñòåìà (10) çàäîâîëüíÿ¹ óìîâi (4), òîìó iíòåãðàëüíî-äèôåðåíöiàëüíà

ñèñòåìà (10) � íåâèðîäæåíà, ïðè÷îìó ìà¹ ìiñöå íåðiâíiñòü ρ0 6= 0, îòæå, ñèñòåìà (5),

ðîçâ'ÿçàíà âiäíîñíî ïîõiäíî¨, çàëåæèòü âiä äîâiëüíî¨ íåïåðåðâíî¨ âåêòîð-ôóíêöi¨; ïî-

êëàäåìî ν0(t) := 0. Äëÿ ïîðîäæóþ÷î¨ ïåðiîäè÷íî¨ êðàéîâî¨ çàäà÷i ó ðàçi ñèñòåìè (10)

PQ = PQ∗ = I3 6= 0,

òîìó ìà¹ ìiñöå êðèòè÷íèé âèïàäîê, ïðè÷îìó âèêîíó¹òüñÿ óìîâà ðîçâ'ÿçíîñòi (6), ïðè

öüîìó òðüîõïàðàìåòðè÷íà ñiì'ÿ ðîçâ'ÿçêiâ ïîðîäæóþ÷î¨ çàäà÷i

y0(t, cr) = Xr(t)cr +G[f(s)](t), cr ∈ R3

çîáðàæó¹òüñÿ çà äîïîìîãîþ óçàãàëüíåíîãî îïåðàòîðà Ãðiíà

G[f(s)](t) =

(
sin t+ sin 3t

cos t− cos 3t

)
òà íîðìàëüíî¨ ôóíäàìåíòàëüíî¨ ìàòðèöi îäíîðiäíî¨ ÷àñòèíè ïîðîäæóþ÷î¨ ñèñòåìè (10)

X0(t) = Xr(t) =
1

2

 1 + cos t sin t cos t− 1

−2 sin t 2 cos t −2 sin t

cos t− 1 sin t 1 + cos t

 .

Îñêiëüêè

Q = 0, R = −π
2

 0 1

0 0

0 1

 ,

îòðèìó¹ìî ìàòðèöi

P1 =

 1 0 0 0

0 1 0 0

0 0 1 0

 , P2 =

(
0 0 0 1

0 0 0 0

)
.

Ïåðiîäè÷íèé ðîçâ'ÿçîê

y(t) = y0(t, cr) + x(t), x(t) = X(t)v + Ψ(t)u,

v = P1 cρ, u = P2 cρ, cρ ∈ R4

ëiíiéíî¨ íåâèðîäæåíî¨ iíòåãðàëüíî-äèôåðåíöiàëüíî¨ ñèñòåìè (10)

y(t, cµ) = Yµ(t)cµ +G[Φ(s); ν0(s)](t), cµ ∈ R2

äëÿ ôiêñîâàíî¨ íåïåðåðâíî¨ ôóíêöi¨ ν0(t) := 0 çîáðàæó¹òüñÿ çà äîïîìîãîþ óçàãàëüíåíîãî

îïåðàòîðà Ãðiíà

G[Φ(s); ν0(s)](t) =
1

12

 4 sin t+ sin 2t

6− 4 cos t− 2 cos 2t

4 sin t+ sin 2t


òà ìàòðèöi

Yµ(t) =
1

2(1 + π2)

 1 + π sin t (1 + 2π2) sin t

0 2(1 + 2π2) sin t

−1 + π sin t (1 + 2π2) sin t

 .
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3 Çíàõîäæåííÿ ðîçâ'ÿçêó ó íåêðèòè÷íîìó âèïàäêó.

Ó íåêðèòè÷íîìó âèïàäêó (PQ∗ = 0) ëiíiéíà íåâèðîäæåíà iíòåãðàëüíî-äèôåðåíöiàëü-

íà êðàéîâà çàäà÷à (3) ðîçâ'ÿçíà äëÿ áóäü-ÿêèõ íåîäíîðiäíîñòåé f(t) òà α.

Íàñëiäîê 1. Ó íåêðèòè÷íîìó âèïàäêó (PQ∗ = 0) r-ïàðàìåòðè÷íà ñiì'ÿ ðîçâ'ÿçêiâ ïî-

ðîäæóþ÷î¨ çàäà÷i (3) ìà¹ âèãëÿä

y0(t, cr) = Xr(t)cr +G[f(s);α](t), cr ∈ Rr.

Øóêàíèé ðîçâ'ÿçîê íåâèðîäæåíî¨ iíòåãðàëüíî-äèôåðåíöiàëüíî¨ êðàéîâî¨ çàäà÷i (1), (2)

y(t, cµ) = Yµ(t)cµ +G[Φ(s); ν0(s)](t), cµ ∈ Rµ

äëÿ ôiêñîâàíî¨ íåïåðåðâíî¨ ôóíêöi¨ ν0(t) ∈ L2[a; b] çà óìîâè (9) çîáðàæó¹òüñÿ çà äîïîìî-

ãîþ óçàãàëüíåíîãî îïåðàòîðà Ãðiíà G[Φ(s); ν0(s)](t).

Ïðèêëàä 2. Âèìîãàì íàñëiäêó çàäîâîëüíÿ¹ çàäà÷à ïðî ïîáóäîâó ðîçâ'ÿçêiâ ëiíiéíî¨

àíòiïåðiîäè÷íî¨ iíòåãðàëüíî-äèôåðåíöiàëüíî¨ êðàéîâî¨ çàäà÷i

A(t)y′(t) = B(t)y(t+ f(t)) + Φ(t)× (11)

×
∫ b

a

F (y(s), y′(s), s)ds, `y(·) := y(0) + y(2π) = 0;

òóò

A(t) :=

(
cos t sin t cos t

− sin t cos t − sin t

)
, B(t) :=

(
cos t sin t − cos t

− sin t cos t sin t

)
,

êðiì òîãî

Φ(t) :=

(
1 0

0 t

)
, f(t) :=

(
1

e−t

)
,

äå

F (y(t), y′(t), t) := A1(t)y(t) + A2(t)y′(t), A1(t) :=

(
1 0 0

0 0 0

)
, A2(t) :=

(
0 0 0

0 0 t

)
.

Ïîðîäæóþ÷à ñèñòåìà (11) çàäîâîëüíÿ¹ óìîâi (4), òîìó iíòåãðàëüíî-äèôåðåíöiàëüíà

ñèñòåìà (11) � íåâèðîäæåíà, ïðè÷îìó ìà¹ ìiñöå íåðiâíiñòü ρ0 6= 0, îòæå, ñèñòåìà (5),

ðîçâ'ÿçàíà âiäíîñíî ïîõiäíî¨, çàëåæèòü âiä äîâiëüíî¨ íåïåðåðâíî¨ âåêòîð-ôóíêöi¨; ïî-

êëàäåìî ν0(t) := 0. Äëÿ ïîðîäæóþ÷î¨ ïåðiîäè÷íî¨ êðàéîâî¨ çàäà÷i ó ðàçi ñèñòåìè (11)

PQ = PQ∗ = 0,

òîìó ìà¹ ìiñöå íåêðèòè÷íèé âèïàäîê, ïðè öüîìó ¹äèíèé ðîçâ'ÿçîê ïîðîäæóþ÷î¨ êðàé-

îâî¨ çàäà÷i

y0(t, cr) = G[f(s)](t)
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çîáðàæó¹òüñÿ çà äîïîìîãîþ óçàãàëüíåíîãî îïåðàòîðà Ãðiíà ïîðîäæóþ÷î¨ çàäà÷i

G[f(s)](t) =
1

40 (1 + e2π)

 G1[f(s)](t)

G2[f(s)](t)

G3[f(s)](t)

 ,

äå

G1[f(s)](t) = 5e−2π−t (1 + e2π
)

(−et − e2π+t + 2e2π cos t+ 2e2π sin t+ 4e2π+t sin t),

G2[f(s)](t) = 4e−2π−t(4e2t + 14e2π+2t − 4e2π cos t−

−4e4π cos t− 5e2π+t cos t− 5e4π+t cos t+ 2e2π sin t+ 2e4π sin t− 5e2π+t sin t− 5e4π+t sin t),

G3[f(s)](t) = 5e−2π−t (1 + e2π
)

(−et − e2π+t + 2e2π cos t+ 2e2π sin t+ 4e2π+t sin t).

Îñêiëüêè

Q = 0, R =

 0 π
1
2

(−1 + e2π) −π
0 π

 ,

îòðèìó¹ìî ìàòðèöi

P1 =
(
P1a P1b

)
,

äå

P1a =


(5+6e2π+5e4π)π2

2(10+13π2+6e2π(2+π2)+5e4π(2+π2))

− 4(1+e2π)π2

10+13π2+6e2π(2+π2)+5e4π(2+π2)

(5+6e2π+5e4π)π2

2(10+13π2+6e2π(2+π2)+5e4π(2+π2))

 , P1b =


− 4(1+e2π)π2

10+13π2+6e2π(2+π2)+5e4π(2+π2)
2+9π2−2e2π(2+π2)+e4π(2+π2)

10+13π2+6e2π(2+π2)+5e4π(2+π2)

− 4(1+e2π)π2

10+13π2+6e2π(2+π2)+5e4π(2+π2)

 ,

êðiì òîãî

P2 =
(
P2a P2b

)
,

äå

P2a =

 − 2(−1+e2π)π2

10+13π2+6e2π(2+π2)+5e4π(2+π2)

− (5+6e2π+5e4π)π
10+13π2+6e2π(2+π2)+5e4π(2+π2)

 , P2a =

 − 2(−1+e2π)(1+e2π)(2+π2)
10+13π2+6e2π(2+π2)+5e4π(2+π2)

8(1+e2π)π
10+13π2+6e2π(2+π2)+5e4π(2+π2)

 .

Òàêèì ÷èíîì, îòðèìó¹ìî íåðiâíiñòü

detB0 6= 0,

äå

detB0 =
2 (−1 + e4π)π (−1 + 2π2)

10 + 13π2 + 6e2π (2 + π2) + 5e4π (2 + π2)
.

Îñòàííÿ íåðiâíiñòü ó âèïàäêó ëiíiéíî¨ iíòåãðàëüíî-äèôåðåíöiàëüíî¨ êðàéîâî¨ çàäà÷i

(11) çàáåçïå÷ó¹ âèêîíàííÿ óìîâè (9). Øóêàíèé ðîçâ'ÿçîê ëiíiéíî¨ iíòåãðàëüíî-äèôåðåí-

öiàëüíî¨ êðàéîâî¨ çàäà÷i (11) äëÿ ôiêñîâàíî¨ íåïåðåðâíî¨ ôóíêöi¨ ν0(t) := 0 ¹äèíèé

y(t) = G[Φ(s); ν0(s)](t)
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i çîáðàæó¹òüñÿ çà äîïîìîãîþ óçàãàëüíåíîãî îïåðàòîðà Ãðiíà ëiíiéíî¨ iíòåãðàëüíî-äè-

ôåðåíöiàëüíî¨ êðàéîâî¨ çàäà÷i (11)

G[Φ(s); ν0(s)](t) =
1

40 (1 + e2π) (−1 + 2π2)

 G1[Φ(s); ν0(s)](t)

G2[Φ(s); ν0(s)](t)

G3[Φ(s); ν0(s)](t)

 ,

äå

G1[Φ(s); ν0(s)](t) = −5e−2π−t(1 + e2π)(et(1 + π)(−1 + e2π(−1 + 2π)) + (e2π(2− 4π2)−

−e2π+tt+et(1+2π)t) cos t+(e2π(2−4π2)+et(−2−3π+π2)+e2π+t(6−π−9π2 +2π3)) sin t),

G2[Φ(s); ν0(s)](t) = e−2π−t(−2e2t(3− π2 + e2π(33− 10π− 61π2 + 10π3)) + (1 + e2π)(e2π(16−

−32π2) + 5e2π+t(5− π − 9π2 + 2π3 − t) + 5et(−1 + π2 + t+ π(−1 + 2t))) cos t+

+(1 + e2π)(8e2π(−1 + 2π2) + 5e2π+t(6− π − 9π2 + 2π3 + t) + 5et(−2 + π2 − t−

−π(3 + 2t))) sin t),

G3[Φ(s); ν0(s)](t) = −5e−2π−t(1 + e2π)(et(1 + π)(−1 + e2π(−1 + 2π)) + (e2π(2− 4π2)−

−e2π+tt+ et(1 + 2π)t) cos t+ (e2π(2− 4π2) + et(−2− 3π + π2)+

+e2π+t(6− π − 9π2 + 2π3)) sin t).

Ó âèïàäêó âèðîäæåíîñòi:

PA∗(t) 6= 0

ëiíiéíî¨ iíòåãðàëüíî-äèôåðåíöiàëüíî¨ êðàéîâî¨ çàäà÷i (1), (2) äëÿ ¨¨ äîñëiäæåííÿ ìîæíà

âèêîðèñòîâóâàòè ñõåìó [6, 7, 8]. Ó âèïàäêó íåðîçâ'ÿçíîñòi ëiíiéíî¨ iíòåãðàëüíî-äèôåðåí-

öiàëüíî¨ êðàéîâî¨ çàäà÷i (1), (2) ¨¨ ìîæíà ðåãóëÿðèçîâàòè àíàëîãi÷íî [9, 10, 11, 12].

Çàçíà÷èìî òàêîæ, ùî çàïðîïîíîâàíà ó ñòàòòi ñõåìà äîñëiäæåííÿ ëiíiéíî¨ íåâèðîäæåíî¨

iíòåãðàëüíî-äèôåðåíöiàëüíî¨ êðàéîâî¨ çàäà÷i (1), (2) ìîæå áóòè ïåðåíåñåíà íà íåâèðîä-

æåíi iíòåãðàëüíî-äèôåðåíöiàëüíi êðàéîâi çàäà÷i ç çàïiçíåííÿì [1, 13, 14]. I, íàðåøòi,

äîâåäåíà òåîðåìà óçàãàëüíþ¹ ðåçóëüòàòè äîñëiäæåííÿ ëiíiéíî¨ iíòåãðàëüíî-äèôåðåí-

öiàëüíî¨ êðàéîâî¨ çàäà÷i [2, 3, 15] íà âèïàäîê ëiíiéíî¨ êðàéîâî¨ çàäà÷i (1) ç ïðÿìîêóòíîþ

ìàòðèöåþ ïðè ïîõiäíié [4, 5, 6, 7, 8].
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The study of the di�erential-algebraic boundary value problems was established in the
papers of K. Weierstrass, M.M. Lusin and F.R. Gantmacher. Works of S. Campbell, Yu.E.
Boyarintsev, V.F. Chistyakov, A.M. Samoilenko, M.O. Perestyuk, V.P. Yakovets, O.A. Boi-
chuk, A. Ilchmann and T. Reis are devoted to the systematic study of di�erential-algebraic
boundary value problems. At the same time, the study of di�erential-algebraic boundary-value
problems is closely related to the study of linear boundary-value problems for ordinary di-
�erential equations, initiated in the works of A. Poincare, A.M. Lyapunov, M.M. Krylov, N.N.
Bogolyubov, I.G. Malkin, A.D. Myshkis, E.A. Grebenikov, Yu.A. Ryabov, Yu.A. Mitropolsky,
I.T. Kiguradze, A.M. Samoilenko, M.O. Perestyuk and O.A. Boichuk.
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The study of the linear di�erential-algebraic boundary value problems is connected with
numerous applications of corresponding mathematical models in the theory of nonlinear osci-
llations, mechanics, biology, radio engineering, the theory of the motion stability. Thus, the
actual problem is the transfer of the results obtained in the articles and monographs of S.
Campbell, A.M. Samoilenko and O.A. Boichuk on the linear boundary value problems for the
integro-di�erential boundary value problem not solved with respect to the derivative, in parti-
cular, �nding the necessary and su�cient conditions of the existence of the desired solutions of
the linear integro-di�erential boundary value problem not solved with respect to the derivative.

In this article we found the conditions of the existence and constructive scheme for �nding
the solutions of the linear Noetherian integro-di�erential boundary value problem not solved
with respect to the derivative. The proposed scheme of the research of the nonlinear Noetherian
integro-di�erential boundary value problem not solved with respect to the derivative in the
critical case in this article can be transferred to the seminonlinear integro-di�erential boundary
value problem not solved with respect to the derivative.


