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ÙIËÜÍIÑÒÜ ÌÍÎÆÈÍ ÇÀÄÀ× ÊÎØI ÁÅÇ ÐÎÇÂ'ßÇÊIÂ I Ç

ÍÅ�ÄÈÍÈÌÈ ÐÎÇÂ'ßÇÊÀÌÈ Ó ÌÍÎÆÈÍI ÂÑIÕ ÇÀÄÀ× ÊÎØI

Ïðè çíàõîäæåííi ðîçâ'ÿçêiâ äèôåðåíöiàëüíèõ ðiâíÿíü ïîòðiáíî âðàõîâóâàòè òåîðåìè

ïðî iñíóâàííÿ òà ¹äèíiñòü ðîçâ'ÿçêiâ ðiâíÿíü. Ó âèïàäêó íåâèêîíàííÿ óìîâ öèõ òåîðåì

ìåòîäè çíàõîäæåííÿ ðîçâ'ÿçêiâ äîñëiäæóâàíèõ ðiâíÿíü, ùî âèêîðèñòîâóþòüñÿ â îá÷èñëþ-

âàëüíié ìàòåìàòèöi, ìîæóòü äàâàòè õèáíi ðåçóëüòàòè. Òàêîæ ïîòðiáíî âðàõîâóâàòè òå, ùî

çàäà÷à Êîøi äëÿ äèôåðåíöiàëüíèõ ðiâíÿíü ìîæå íå ìàòè ðîçâ'ÿçêiâ àáî ìàòè íåñêií÷åííó

ìíîæèíó ðîçâ'ÿçêiâ.

Ó ñòàòòi íàâåäåíî îòðèìàíi àâòîðîì äâà òâåðäæåííÿ ïðî ùiëüíiñòü ìíîæèí çàäà÷i

Êîøi áåç ðîçâ'ÿçêiâ (ó âèïàäêó íåñêií÷åííîâèìiðíîãî áàíàõîâîãî ïðîñòîðó) i ç áàãàòüìà

ðîçâ'ÿçêàìè (ó âèïàäêó äîâiëüíîãî áàíàõîâîãî ïðîñòîðó) ó ìíîæèíi âñiõ çàäà÷ Êîøi.

Çà äîïîìîãîþ äâîõ ïðèêëàäiâ çàäà÷i Êîøi äëÿ äèôåðåíöiàëüíèõ ðiâíÿíü ïîêàçàíî íå-

äîñêîíàëiñòü äåÿêèõ ìåòîäiâ îá÷èñëþâàëüíî¨ ìàòåìàòèêè äëÿ çíàõîäæåííÿ ðîçâ'ÿçêiâ äî-

ñëiäæóâàíèõ ðiâíÿíü.

Êëþ÷îâi ñëîâà i ôðàçè: òåîðåìè ïðî iñíóâàííÿ ðîçâ'ÿçêiâ çàäà÷i Êîøi, òåîðåìè ïðî ¹äè-

íiñòü ðîçâ'ÿçêiâ çàäà÷i Êîøi, çàäà÷i Êîøi áåç ðîçâ'ÿçêiâ, çàäà÷i Êîøi ç áàãàòüìà ðîçâ'ÿçêàìè.
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Ñòàòòÿ ïðèñâÿ÷åíà ïðîáëåìi ùiëüíîñòi ìíîæèí çàäà÷ Êîøi áåç ðîçâ'ÿçêiâ i ç áà-

ãàòüìà ðîçâ'ÿçêàìè ó ìíîæèíi âñiõ çàäà÷ Êîøi òà çíà÷åííþ öi¹¨ âëàñòèâîñòi ìíîæèí
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1 Ùiëüíiñòü ìíîæèíè çàäà÷ Êîøi áåç ðîçâ'ÿçêiâ ó ìíîæèíi âñiõ

çàäà÷ Êîøi

Íåõàé E � äîâiëüíèé áàíàõiâ ïðîñòið iç íîðìîþ ‖·‖, R � ìíîæèíà âñiõ äiéñíèõ ÷èñåë,

G � îáëàñòü ó ïðîñòîði R× E i f : G→ E � íåïåðåðâíå âiäîáðàæåííÿ.

Çàôiêñó¹ìî äîâiëüíó òî÷êó (t0, x0) ∈ G i ðîçãëÿíåìî çàäà÷ó Êîøi

dx(t)

dt
= f(t, x(t)), x(t0) = x0. (1)

Äëÿ öi¹¨ çàäà÷i âàæëèâèì ¹ íàñòóïíå òâåðäæåííÿ (òåîðåìà Ïåàíî).

Òåîðåìà 1. Ïðè âèêîíàííi íàâåäåíèõ âèìîã ó âèïàäêó ñêií÷åííîâèìiðíîãî ïðîñòîðó

E çàäà÷à Êîøi (1) ìà¹ õî÷à á îäèí ðîçâ'ÿçîê.

Äîâåäåííÿ öi¹¨ òåîðåìè àáî ¨¨ îêðåìèõ âèïàäêiâ ìiñòÿòüñÿ â áàãàòüîõ êíèãàõ iç òåîði¨

çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü (äèâ., íàïðèêëàä, [2], [3], [4], [5]).

Çàçíà÷èìî, ùî â òåîðåìi Ïåàíî âèìîãà ñêií÷åííî¨ ðîçìiðíîñòi ïðîñòîðó E ¹ ñóòò¹-

âîþ, ùî ïiäòâåðäæó¹òüñÿ íàñòóïíèì òâåðäæåííÿì (òåîðåìîþ Ãîäóíîâà [6]).

Òåîðåìà 2. Êîæíèé áàíàõiâ ïðîñòið, â ÿêîìó ñïðàâåäëèâà òåîðåìà Ïåàíî, ñêií÷åííî-

âèìiðíèé.

Çãiäíî ç öi¹þ òåîðåìîþ äëÿ êîæíîãî íåñêií÷åííîâèìiðíîãî áàíàõîâîãî ïðîñòîðó E

iñíóþòü íåïåðåðâíå âiäîáðàæåííÿ f : G → E i òî÷êà (t0, x0) ∈ G, äëÿ ÿêèõ çàäà÷à

Êîøi (1) íå ìà¹ æîäíîãî ðîçâ'ÿçêó (òàêå âiäîáðàæåííÿ íàâåäåíî â [6]). Òå, ùî iñíóþòü

áàíàõîâi ïðîñòîðè, â ÿêèõ òåîðåìà Ïåàíî õèáíà, ïîêàçàíî â 1950 ðîöi Æ. Äü¹äîííå [7]

(òàêó âëàñòèâiñòü ìà¹ ïðîñòið c0).

Àíàëîã òåîðåìè Ãîäóíîâà ñïðàâäæó¹òüñÿ i äëÿ äîâiëüíîãî íåíîðìîâàíîãî ïðîñòîðó

Ôðåøå, ùî ïîêàçàíî Ñ. Ã. Ëîáàíîâèì [8] i Ñ. À. Øêàðiíèì [9]. Ñèëüíiøèé ðåçóëüòàò

âñòàíîâëåíî â ñòàòòi Ñ. Ã. Ëîáàíîâà i Î. Ã. Ñìîëÿíîâà [10], äå ïîêàçàíî, ùî äëÿ äîâiëü-

íîãî íåíîðìîâàíîãî ïðîñòîðó Ôðåøå E iñíó¹ òàêå íåïåðåðâíå âiäîáðàæåííÿ f : E → E,

ùî ðiâíÿííÿ
dx

dt
= f(x) íå ìà¹ íiÿêèõ ðîçâ'ÿçêiâ.

Òàêèì ÷èíîì, ïðèêëàäiâ çàäà÷ Êîøi áåç ðîçâ'ÿçêiâ ¹ äîñòàòíüî áàãàòî.

Ìíîþ áóëî ïîêàçàíî, ùî ó âèïàäêó íåñêií÷åííîâèìiðíîãî áàíàõîâîãî ïðîñòîðó E

ìíîæèíà çàäà÷ Êîøi (1) iç ïîðîæíüîþ ìíîæèíîþ ðîçâ'ÿçêiâ ¹ ùiëüíîþ ó ìíîæèíi

âñiõ çàäà÷ Êîøi [11].

Ïðàâèëüíèì ¹ âñòàíîâëåíå â [11] òàêå òâåðäæåííÿ.

Òåîðåìà 3. Íåõàé E i f : R× E → E � äîâiëüíi íåñêií÷åííîâèìiðíèé áàíàõiâ ïðîñòið

i íåïåðåðâíå âiäîáðàæåííÿ âiäïîâiäíî.

Òîäi äëÿ äîâiëüíèõ òî÷êè (t0, x0) ∈ R × E i ÷èñëà ε > 0 iñíó¹ òàêå íåïåðåðâíå

âiäîáðàæåííÿ g : R× E → E, ùî

sup
(t,x)∈R×E

‖g(t, x)− f(t, x)‖ 6 ε
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çàäà÷à
dz(t)

dt
= g(t, z(t)), t ∈ (t0 − δ, t0 + δ), z(t0) = z0

íå ìà¹ æîäíîãî ðîçâ'ÿçêó äëÿ êîæíîãî δ > 0.

2 Ùiëüíiñòü ìíîæèíè çàäà÷ Êîøi ç íå¹äèíèìè ðîçâ'ÿçêàìè ó

ìíîæèíi âñiõ çàäà÷ Êîøi

Ó âèïàäêó âèêîíàííÿ óìîâ òåîðåìè Ïåàíî çàäà÷à Êîøi ìîæå ìàòè íå¹äèíèé ðîç-

â'ÿçîê. ßêùî öÿ Êîøi ìà¹ áiëüøå îäíîãî ðîçâ'ÿçêó, òî ó âèïàäêó ñêií÷åííîâèìiðíîãî

ïðîñòîðó E âîíà ìà¹ íåçëi÷åííó ìíîæèíó ðîçâ'ÿçêiâ (äèâ. òåîðåìó Êíåçåðà [4, ñ. 28�30],

[12]).

Çàäà÷ Êîøi ç íå¹äèíèìè ðîçâ'ÿçêàìè ¹ äîñòàòíüî áàãàòî. Òàêi çàäà÷i óòâîðþþòü

ìíîæèíó, ùî ¹ ùiëüíîþ ó ìíîæèíi âñiõ çàäà÷ Êîøi.

Ïðàâèëüíèì ¹ âñòàíîâëåíå â [13], [14] òàêå òâåðäæåííÿ.

Òåîðåìà 4. Íåõàé G � îáëàñòü ó ïðîñòîði R × E i f : G → E � äîâiëüíå íåïåðåðâíå

âiäîáðàæåííÿ (áàíàõiâ ïðîñòið E ìîæå ìàòè äîâiëüíó ðîçìiðíiñòü).

Òîäi äëÿ äîâiëüíèõ òî÷êè (t0, x0) ∈ G i ÷èñëà ε > 0 iñíó¹ òàêå íåïåðåðâíå âiäîáðà-

æåííÿ g : G→ E, ùî

sup
(t,x)∈G

‖g(t, x)− f(t, x)‖ 6 ε

i çàäà÷à Êîøi
dx(t)

dt
= g(t, x(t)), x(t0) = x0

ìà¹ áiëüøå îäíîãî ðîçâ'ÿçêó.

3 Âàæëèâi ïðèêëàäè, ïîâ'ÿçàíi ç òåîðåìàìè 3 i 4

Íå çàâæäè âäà¹òüñÿ çíàéòè ðîçâ'ÿçîê çàäà÷i Êîøi òî÷íî. Òîìó çíàõîäÿòü öåé ðîç-

â'ÿçîê íàáëèæåíî, âèêîðèñòîâóþ÷è ìåòîäè îá÷èñëþâàëüíî¨ ìàòåìàòèêè. Íàéïðîñòiøèé

iç öèõ ìåòîäiâ � ìåòîä Åéëåðà [15].

Ïîêàæåìî, ùî âèêîðèñòàííÿ öüîãî ìåòîäó ìîæå äàâàòè õèáíó iíôîðìàöiþ ïðî ðîç-

â'ÿçêè äèôåðåíöiàëüíèõ ðiâíÿíü.

Ïðèêëàä 1. Áóäåìî çíàõîäèòè ðîçâ'ÿçîê çàäà÷i Êîøi

dx(t)

dt
= f(t, x(t)), x(t0) = x0, (2)

çà äîïîìîãîþ ìåòîäó Åéëåðà.

Ìè îòðèìà¹ìî ôóíêöiþ x∗(t), ïîðîäæåíó ëîìàíîþ Åéëåðà, ââàæàþ÷è, ùî öÿ ôóíê-

öiÿ ¹ ðîçâ'ÿçêîì çàäà÷i (2) ç ïåâíîþ ïîõèáêîþ. Òàêó ôóíêöiþ ìè áóäåìî îòðèìóâàòè

çàâæäè, ÿê ó âèïàäêó çàäà÷i (2) áåç ðîçâ'ÿçêiâ, òàê i ó âèïàäêó öi¹¨ çàäà÷i ç áàãàòüìà

ðîçâ'ÿçêàìè.
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Çàçíà÷èìî, ùî ôóíêöiÿ x∗(t), çíàéäåíà çà äîïîìîãîþ ìåòîäó Åéëåðà, ¹äèíà.

Â îáîõ âèïàäêàõ ìè îòðèìó¹ìî õèáíó iíôîðìàöiþ ïðî ðîçâ'ÿçêè ðîçãëÿíóòî¨ çàäà÷i.

Ïðèêëàä 2. Ðîçâ'ÿçêàìè çàäà÷i Êîøi

dx

dt
=
√
|x|, x(0) = 0 (3)

¹ ôóíêöi¨

x = 0, (4)

x =

{
−4−1(t− c1)2, ÿêùî t < c1,

0, ÿêùî t > c1,
(5)

x =

{
0, ÿêùî t < c2,

4−1(t− c2)2, ÿêùî t > c2,
(6)

i

x =


−4−1(t− c1)2, ÿêùî t < c1,

0, ÿêùî c1 6 t 6 c2,

4−1(t− c2)2, ÿêùî t > c2,

(7)

äå c1 i c2 � äîâiëüíi ÷èñëà iç ïðîìiæêiâ (−∞, 0] i [0,+∞) âiäïîâiäíî.

Ïðè çàñòîñóâàííi ìåòîäó Åéëåðà äî çàäà÷i (3) ìè îòðèìà¹ìî ëèøå ðîçâ'ÿçîê (4) i

íå îòðèìó¹ìî ðîçâ'ÿçêè (5), (6) òà (7). Îòæå, çàñòîñóâàííÿ ìåòîäó Åéëåðà äî çàäà÷i (3)

ïðèâîäèòü äî âòðàòè iíôîðìàöi¨ ïðî ðîçâ'ÿçêè öi¹¨ çàäà÷i.

Çàçíà÷èìî, ùî çàñòîñóâàííÿ äî çíàõîäæåííÿ ðîçâ'ÿçêiâ çàäà÷ Êîøi â ïðèêëàäàõ 1

i 2 ìåòîäó ïîñëiäîâíèõ íàáëèæåíü, ùî âèêîðèñòîâó¹òüñÿ â äîâåäåííi òåîðåìè Ïiêàðà

(äèâ. [5, ñ. 392]), òàêîæ ïðèâîäèòü äî àíàëîãi÷íèõ ðåçóëüòàòiâ.

Î÷åâèäíî, ùî ïðè çíàõîäæåííi ðîçâ'ÿçêiâ çàäà÷i Êîøi, ïîòðiáíî ïåðåâiðÿòè âèêîíà-

ííÿ óìîâ òåîðåì Ïiêàðà [5], Ïåàíî, Îñãóäà [3] ÷è iíøèõ òåîðåì. ßêùî óìîâè öèõ òåîðåì

íå âèêîíóþòüñÿ, òî ïîòðiáíî ç'ÿñîâóâàòè, ÷è íå ìà¹ ìiñöå îäèí iç âèïàäêiâ, îïèñàíèõ ó

òåîðåìàõ 3 i 4.
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When �nding solutions of di�erential equations it is necessary to take into account the

theorems on innovation and unity of solutions of equations. In case of non-ful�llment of the

conditions of these theorems, the methods of �nding solutions of the studied equations used in

computational mathematics may give erroneous results. It should also be borne in mind that

the Cauchy problem for di�erential equations may have no solutions or have an in�nite number

of solutions.

The author presents two statements obtained by the author about the denseness of sets

of the Cauchy problem without solutions (in the case of in�nite-dimensional Banach space)

and with many solutions (in the case of an arbitrary Banach space) in the set of all Cauchy

problems.

Using two examples of the Cauchy problem for di�erential equations, the imperfection of

some methods of computational mathematics for �nding solutions of the studied equations is

shown.


