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1 Îáìåæåíi ïàðíî äîäàòíî âèçíà÷åíi ôóíêöi¨ íåñêií÷åííîãî ÷èñëà

çìiííèõ

Ó ñòàòòi îäåðæàíî ìîäèôiêàöiÿ ïðàöi [1] íà âèïàäîê ïàðíî äîäàòíî âèçíà÷åíèõ
(ï.ä.â.) ôóíêöié íåñêií÷åííî¨ êiëüêîñòi çìiííèõ.

Íåõàé R∞ = R1 ×R1 × . . . � ïðîñòið ç ç åëåìåíòàìè x = (xj)
∞
j=1, xj ∈ R1. Ââåäåìî â

öüîìó ïðîñòîði ãàóññiâñüêi ìiðè dω1(x) = (p(x1)dx1)⊗(p(x2)dx2)×. . . , äå p(t) = π− 1
2 e−t2dt,

t ∈ R1 i dω 1
2
(x) = (p0(x1)dx1)⊗ (p0(x2)dx2)× . . . , äå p0(t) = 1√

2π
e−

t2

2 dt, t ∈ R1. Òîäi, ÿêùî
f(x) � âèìiðíà i ñóìîâíà âiäíîñíî dω 1

2
(x), òî [f(x+ y) + f(x− y)] áóäå âèìiðíîþ òà

ñóìîâíîþ âiäíîñíî dω1(x), ïðè÷îìó∫
R∞

∫
R∞

1

2
[f(x+ y) + f(x− y)] dω1(x)dω1(y) =

∫
R∞

f(x) dω1(x). (1)

Îçíà÷åííÿ 1. Äiéñíîçíà÷íó ôóíêöiþ k(x) (x ∈ R∞), ïàðíó ïî êîæíié çìiííié,
âèìiðíó i ìàéæå âñþäè îáìåæåíó ùîäî ìiðè dω 1

2
(x), áóäåìî íàçèâàòè ï.ä.â., ÿêùî äëÿ
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áóäü-ÿêî¨ öèëiíäðè÷íî¨ ôóíêöi¨ u(x) = uö(x1, x2, . . . , xm) (uö ∈ Cm
0 (Rm)) âèêîíó¹òüñÿ

íåðiâíiñòü ∫
R∞

∫
R∞

1

2
[k(x+ y) + k(x− y)]u(x)u(y) dω1(x)dω1(y) ≥ 0.

l2,+ =

{
λ = (λj)

∞
j=1

∣∣∣∣∣λj ≥ 0;
∞∑
j=1

λ2
j < ∞

}
.

Òåîðåìà 1. Äëÿ òîãî, ùîá ôóíêöiÿ k(x) (x ∈ R∞) äîïóñêàëà çîáðàæåííÿ

k(x) =

∫
l2,+

∞∏
j=1

Cosλjxj dσ(λ), (2)

äå dσ(λ) � íåâiä'¹ìíà ñêií÷åííà ìiðà íà σ-àëãåáði öèëiíäðè÷íèõ ìíîæèí iç l2,+, íåîá-

õiäíî i äîñòàòíüî, ùîá ôóíêöiÿ k(x) áóëà ï.ä.â. i îáìåæåíîþ. Ðiâíiñòü (2) ðîçóìi¹ìî
ÿê ðiâíiñòü ìàéæå äëÿ âñiõ x ∈ R∞ ùîäî ìiðè dω 1

2
(x).

Äîâåäåííÿ. Äîñòàòíiñòü. Äîáðå âiäîìî, ùî äëÿ ï.ä.â. ôóíêöi¨ íà R1 ìà¹ ìiñöå iíòåãðàëü-
íå çîáðàæåííÿ

k(x1) =

∫
R1

Cos
√

λ1x1 dχ(λ1) =

0∫
−∞

Cos
√

λ1x1 dχ(λ1) +

∞∫
0

Cos
√
λ1x1 dχ(λ1) =

=

∫
R1
+

Cosλ1x1 dσ1(λ1).

Íå âàæêî ïîêàçàòè, ùî ÿêùî k(x1) îáìåæåíà, òî ï.ä.â. ôóíêöiÿ ìà¹ íàñòóïíå çîáðà-
æåííÿ

k(x1) =

∫
R1
+

Cosλ1x1 dσ1(λ1).

Äîâåäåìî òåïåð, ùî äëÿ îáìåæåíèõ ï.ä.â. ôóíêöié k(x1, . . . , xn) íà Rn áóäå ìàòè
ìiñöå òàêå iíòåãðàëüíå çîáðàæåííÿ

k(x1, . . . , xn) =

∫
Rn
+

n∏
j=1

Cosλjxj dσn(λ1, . . . , λn). (3)

Äîâåäåííÿ ïðîâåäåìî ìåòîäîì ìàòåìàòè÷íî¨ iíäóêöi¨ ïî n

Íåõàé

k(x1, . . . , xn−1) =

∫
Rn−1
+

n−1∏
j=1

Cosλjxj dσn−1(λ1, . . . , λn−1),

à

k(x1, . . . , xn) =

∫
Rn
+

n∏
j=1

Cosλjxj dχn(λ1, . . . , λn)
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âiäïîâiäíî äî (3) çîáðàæåííÿ. Òîäi, òàê ÿê
∫
R1

dχn(λ1, . . . , λn) � ìiðà, çîñåðåäæåíà íà

Rn−1
+ , òî

k(x1, . . . , xn) =

∫
Rn−1
+

n−1∏
j=1

Cosλjxj

∫
R1
+

Chλnxn dνn(λ1, . . . , λn)+

+

∫
Rn−1
+

n−1∏
j=1

Cosλjxj

∫
R1
+

Cosλnxn dσn(λ1, . . . , λn).

Ïîêëàâøè â êîæíié ôîðìóëi x1 = · · · = xn−1 = 0, îäåðæèìî

k(0, . . . , 0, xn) =

∫
R1
+

Chλnxn

∫
Rn−1
+

dνn(λ1, . . . , λn)+

+

∫
R1
+

Cosλnxn

∫
Rn−1
+

dσn(λ1, . . . , λn). (4)

Àëå, îñêiëüêè k(x1, . . . , xn) � îáìåæåíà, òî ïåðøèé äîäàíîê â (4) ïîâèíåí äîðiâíþâàòè
íóëþ. Òîáòî îäåðæèìî çîáðàæåííÿ (3).

Òåïåð ïîêàæåìî, ùî ìiðè {σn(·)} � óçãîäæåíi. Äëÿ öüîãî ðîçãëÿíåìî çîáðàæåííÿ

k(x1, . . . , xn−1) =

∫
Rn−1
+

n−1∏
j=1

Cosλjxj dσn−1(λ1, . . . , λn−1) (5)

i

k(x1, . . . , xn−1, xn) =

∫
Rn
+

n∏
j=1

Cosλjxj dσn(λ1, . . . , λn−1, λn). (6)

Ïîêëàâøè â (6) xn = 0, îäåðæèìî

k(x1, . . . , xn−1, 0) =

∫
Rn
+

n−1∏
j=1

Cosλjxj dσn(λ1, . . . , λn−1, λn). (7)

Çâiäñè âèïëèâà¹ ¹äèíiñòü ìið dσn−1(λ1, . . . , λn−1) i dσn(λ1, . . . , λn−1, λn), òàê ÿê
|k(x1, . . . , xn)| ≤ C. Òîäi iç (5), (7) îäåðæèìî óìîâó óçãîäæåíîñòi ìið {dσn(·)}:∫

A×R1
+

dσn(λ1, . . . , λn−1, λn) =

=

∫
A

dσn−1(λ1, . . . , λn−1),

äå A ⊂ Rn−1
+ , A � áîðåëiâñüêà. Àëå, ÿêùî ñèñòåìà ìið {σ(·)} � óçãîäæåíà, òî çà òåîðå-

ìîþ Êîëìîãîðîâà ìîæíà ïîáóäóâàòè ¹äèíó ìiðó σ(·) íà R∞
+ òàêó, ùî σ(B × R1 × . . . )

äëÿ âñiõ B ⊂ Rn, B � áîðåëiâñüêà. Òîáòî ìà¹ìî iíòåãðàëüíå çîáðàæåííÿ



96 Ëîïîòêî Î. Â.

k(x) =

∫
R∞
+

∞∏
j=1

Cosλjxj dσ(λ) (x ∈ R∞) .

Òåïåð ïåðåéäåìî âiä ìiðè σ(·) íà R∞
+ äî ïàðíî¨ ïî êîæíié çìiííié ìiðè ρ(·) íà R∞,

ïåðåõîäÿ÷è âiä ìið σn(·) íà Rn
+ äî ïàðíèõ ìið ρn(·) íà Rn (n = 1, 2, . . . ). Â îäíîâèìiðíîìó

âèïàäêó ïîêëàäåìî

ρ1(∆+) = ρ1(∆−) =
1

2
σ1(∆+);

ρ1({0}) = σ1({0}),

äå ∆+ = (a, b), ∆− = (−b,−a) (a > 0, b > 0) � ïðîìiæêè íà îñi R1.
Ó âèïàäêó n çìiííèõ ôîðìóëè ïåðåõîäó âiä ìið σn(·) íà Rn

+ äî ïàðíî¨ ìiðè ρn(·) íà
Rn ìàþòü òàêèé âèãëÿä:

ρn ({0} × · · · × {0}) = σn ({0} × · · · × {0}) ,

ρn

(
{0} × · · · × {0} ×∆

(κ)
+ × {0} × · · · × {0}

)
=

= ρn

(
{0} × · · · × {0} ×∆

(κ)
− × {0} × · · · × {0}

)
=

=
1

2
σn

(
{0} × · · · × {0} ×∆

(κ)
+ × {0} × · · · × {0}

)
,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ,

ρm

(
{0} × · · · × {0} ×∆

(κ1)
± × {0} × · · · × {0} ×∆

(κ2)
± × {0} × · · · × {0} × · · · ×

×∆
(κm)
± × {0} × · · · × {0}

)
=

=
1

2m
σm

(
{0} × · · · × {0} ×∆

(κ1)
+ × {0} × · · · × {0} ×∆

(κ2)
+ × {0} × · · · × {0} × · · · ×

×∆
(κm)
+ × {0} × · · · × {0}

)
,

äå ∆± îçíà÷à¹ àáî ∆+, àáî ∆−.

ρn

(
∆

(1)
± ×∆

(2)
± × · · · ×∆

(n)
±

)
=

1

2n
σn

(
∆

(1)
+ ×∆

(2)
+ × · · · ×∆

(n)
+

)
.

Îñêiëüêè ìiðè ρn(·) íà Rn óçãîäæåíi ïî n = 1, 2, . . . , òî çà òåîðåìîþ Êîëìîãîðîâà
iñíó¹ ¹äèíà ìiðà ρ íà R∞ òàêà, ùî ρ (B × R1 × R1 × . . . ) = ρn(B) äëÿ âñiõ áîðåëiâñüêèõ
B ∈ Rn. Iç âèùåñêàçàíîãî âèïëèâà¹, ùî

k(x1, . . . , xn) =

∫
Rn
+

n∏
j=1

Cosλjxj dσn(λ) =

∫
Rn
+

n∏
j=1

Cosλjxj dρn(λ)

i

k(x) =

∫
R∞
+

∞∏
j=1

Cosλjxj dσ(λ) =

∫
R∞

∞∏
j=1

Cosλjxj dρ(λ) =

∫
R∞

e
i

(
∞∑
j=1

λjxj

)
dρ(λ).
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Òîäi ç òåîðåìè 1 âèïëèâà¹, ùî ρ(l2) = 1. Òîìó i σ(l2,+) = 1. Òîáòî ìà¹ìî çîáðàæåííÿ

k(x) =

∫
l2,+

∞∏
j=1

Cosλjxj dσ(λ) (x ∈ R∞) . (8)

Òàê ÿê ïðè λ ∈ l2,+ ∥∥∥∥∥
∞∏
j=1

Cosλjxj

∥∥∥∥∥
L2

(
R∞;dω 1

2
(x)

) < ∞,

òî iíòåãðàë (8) çáiãà¹òüñÿ ñèëüíî. Äîñòàòíiñòü äîâåäåíà.
Íåîáõiäíiñòü. Iç òîãî, ùî∥∥∥∥∥

∞∏
j=1

Cosλjxj ××Cosλjyj

∥∥∥∥∥
L2(R∞×R∞;dω1(x)⊗dω1(y))

< ∞,

ÿêùî λ ∈ l2,+, òî iç (8) îäåðæèìî çîáðàæåííÿ

1

2
[k(x+ y) + k(x− y)] =

∫
l2,+

∞∏
j=1

CosλjxjCosλjyj dσ(λ) (x ∈ R∞) (9)

Çà äîïîìîãîþ (9) ïåðåâiðÿ¹ìî íåðiâíiñòü (1).
Äîâåäåìî òåïåð äâà îñòàííi òâåðäæåííÿ òåîðåìè. Íåõàé

u(x) = uö (x1, . . . , xm) (uö ∈ C∞
o (Rm)) ,

òîäi çà äîïîìîãîþ (8), (9), (1) îäåðæèìî∫
R∞

∫
l2,+

∞∏
j=1

Cosλjxj dσ(λ)

u(x) dω 1
2
(x) =

= lim
n→∞

∫
l2,+

∫
R∞

(
n∏

j=1

Cosλjxj

)
u(x) dω 1

2
(x)

 dσ(λ) =

= lim
n→∞

∫
l2,+

∫
R∞

∫
R∞

1

2

[
n∏

j=1

Cosλj(xj + yj)u(xj + yj)+

+Cosλj(xj − yj)u(xj − yj)

]
dω1(x) dω1(y)

)
dσ(λ) =

=

∫
R∞

∫
R∞

1

2

[
k(x+ y)u(x+ y) + k(x− y)u(x− y)

]
dω1(x) dω1(y) =

=

∫
R∞

k(x)u(x) dω 1
2
(x).

iç äîâiëüíîñòi u(x) âèïëèâà¹ ðiâíiñòü (2) dµ 1
2
(x) � ìàéæå äëÿ âñiõ x ∈ R∞.

Îäíîçíà÷íiñòü ìiðè dσ(λ) iç (2) âèïëèâà¹ ç îáìåæåíîñòi k(x). Òåîðåìó 1 äîâåäåíî.
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2 Îáìåæåíi ïàðíî äîäàòíî âèçíà÷åíi ôóíêöi¨ â ãiëüáåðòîâîìó

ïðîñòîði

ÍåõàéH-äiéñíèé ñåïàðàáåëüíèé ãiëüáåðòîâèé ïðîñòið, e1 � äåÿêèé îðò âH iH ′ � îð-
òîãîíàëüíå äîïîâíåííÿ â H äî {λe1 |λ ∈ R1;x = (x1, x

′) (x1 ∈ R1, x′ ∈ H ′)} îçíà÷à¹
âåêòîð x1e1 + x′. Øàðîì Hl ⊆ H(0 < l ≤ ∞) ïðîñòîðó H áóäåìî íàçèâàòè ìíî-
æèíó {(x1, x

′) |(x1 ∈ (−l, l), x ∈ H ′);H∞ = H }. Äiéñíîçíà÷íó îïóêëó îáìåæåíó ïàðíó
ôóíêöiþ k(x) (x ∈ H) áóäåìî íàçèâàòè äîäàòíî âèçíà÷åíîþ (ï.ä.â.), ÿêùî äëÿ áóäü-
ÿêèõ x(1), . . . , x(j) ∈ H, ξ1, . . . , ξn ∈ C1(n ∈ N) âèêîíó¹òüñÿ íåðiâíiñòü

N∑
j,k=1

1

2

[
k(x(j) + x(k)) + k(x(j) − x(k))

]
ξjξk ≥ 0. (10)

j-òîïîëîãi¹þ â H íàçèâà¹ìî òîïîëîãiþ, ÿêà çàäàíà îêîëàìè íóëÿ âèäó
{x ∈ H |(Ax, x)H < 1}, äå A � íåâiä'¹ìíi ÿäåðíi îïåðàòîðè. Áóäåìî ãîâîðèòè, ùî
ôóíêöiÿ k(x) (x ∈ H) íåïåðåðâíà â O â j-òîïîëîãi¨, ÿêùî âîíà íåïåðåðâíà â O â òîïî-
ëîãi¨, iíäóêîâàíié j-òîïîëîãi¹þ íà H.
Òåîðåìà 2. Êîæíà îáìåæåíà ï.ä.â. ôóíêöiÿ k(x) (x ∈ H), íåïåðåðâíà â O â j-

òîïîëîãi¨, äîïóñêà¹ çîáðàæåííÿ

k(x) =

∫
H

cos(λ, x) dρ(λ) (x ∈ H), (11)

äå dρ(λ) � ïàðíà, íåâiä'¹ìíà ñêií÷åííà ìiðà, îçíà÷åíà íà äåÿêié σ-àëãåáði B(H)

áîðåëiâñüêèõ ìíîæèí ç H. Íàâïàêè, âñÿêèé iíòåãðàë âèäó (11) ¹ îáìåæåíîþ ï.ä.â.

ôóíêöi¹þ â H íåïåðåðâíîþ â O â j-òîïîëîãi¨. Ìiðà dρ(λ) ùîäî k(x) âèçíà÷à¹òüñÿ îäíî-

çíà÷íî.
Iç (10) âèïëèâàþòü íàñòóïíi íåðiâíîñòi:

1) ßêùî |k(x)| ≤ C i sup |k(x)| = C, òî |k(x)| ≤ k(0). Äiéñíî, íåõàé â (10) N = 2; ξ1 =

−1; ξ2 = 1; x(1) = x;x(2) = 0, òîäi

3k(0) + k(2x)− 4k(x) ≥ 0.

Çâiäêè âèïëèâà¹ ùî k(2x)+3k(0) ≥ 4k(x) i k(x) ≤ k(2x)+3k(0)
4

. Òîìó, ÿêùî |k(x)| ≤ C,
òî |k(x)| ≤ 3k(0)+C

4
i sup |k(x)| ≤ sup 3k(0)+C

4
, à çíà÷èòü C ≤ 3k(0)+C

4
. Òîìó C ≤ k(0),

à çíà÷èòü
|k(x)| ≤ k(0) (12)

2) Äëÿ äîâiëüíî¨ îïóêëî¨ îáìåæåíî¨ ï.ä.â. ôóíêöi¨ âèêîíó¹òüñÿ íåðiâíiñòü∣∣k (x(1)
)
− k

(
x(2)
)∣∣2 ≤ 2k(0)

{
k(0)− k(x(1) − x(2))

}
.

Äiéñíî, îñêiëüêè äëÿ äîâiëüíîãî äîäàòíî âèçíà÷åíîãî ÿäðà k(x, y) ñïðàâäæó¹òüñÿ
íåðiâíiñòü [[6], ëåìà 4.1, ñò. 469]

|k(x, z)− k(y, z)|2 ≤ k(z, z)(k(x, x)− 2Re k(x, y) + k(y, y)),
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òî ïîêëàäàþ÷è k(x, y) = 1
2
[k(x(1) − x(2)) + k(x(1) + x(2))] i z = 0 îäåðæèìî

|k(x(1))− k(x(2))|2 ≤

≤ k(0)(k(0) +
1

2
k(2x(1)) +

1

2
k(2x(2))− k(x(1) − x(2))− k(x(1) + x(2))).

Àëå 1
2
(k(2x(1)) + k(2x(2))) − k(x(1) + x(2)) ≤ 0, òàê ÿê k(x) � öå îïóêëà ôóíêöiÿ,

òîìó ïîïåðåäíÿ íåðiâíiñòü, âðàõîâóþ÷è(12), áóäå ìàòè âèãëÿä

|k(x(1))− k(x(2))|2 ≤ k(0)
{
k(0)− k(x(1) − x(2))

}
(13)

Äîâåäåííÿ. Iñíó¹ íåâiä'¹ìíèé ÿäåðíèé îïåðàòîð A â H òàêèé, ùî k(x)(x ∈ H) ðiâ-
íîìiðíî íåïåðåðâíà â òàêîìó ñåíñi: äëÿ áóäü-ÿêîãî ε > 0 çíàéäåòüñÿ òàêå δ > 0,
ùî ïðè x(1), x(2) ∈ H

∣∣k(x(1))− k(x(2))
∣∣ < ε ÿê òiëüêè (A(x(1) − x(2)), x(1) − x(2)) < δ i

x(1) − x(2) ∈ H. Äiéñíî, çàâäÿêè íåïåðåðâíîñòi k(x) â O â j-òîïîëîãi¨ çíàéäåòüñÿ ïîñëi-
äîâíiñòü íåâiä'¹ìíèõ ÿäåðíèõ îïåðàòîðiâ (Aα)

∞
α=1 òàêà, ùî ïðè x ∈ H |k(0)− k(x)| < 1

α
,

ÿê òiëüêè (Aαx, x)H < 1. Ïîêëàäåìî A =
∑∞

α=1 CαAα + C, äå Cα > 0 íàñòiëüêè øâèäêî
ñïàäà¹ ïðè α → ∞, ùî

∑
α CαTr(Aα) < ∞, C � äåÿêèé íåâiä'¹ìíèé ÿäåðíèé îïåðà-

òîð ç íóëüîâèì ÿäðîì. Îñêiëüêè, ∥Aα∥ ≤ Tr(Aα), òî ðÿä äëÿ A çáiãà¹òüñÿ ïî íîðìi
îïåðàòîðiâ i âèçíà÷à¹ îïåðàòîð ïîòðiáíîãî òèïó. Íåõàé ε > 0. Çíàéäåìî òàêå α0 ùî
1
α0

< ε i ïîêëàäåìî δ = Cα0 . ßêùî x(1), x(2) ∈ H òàêi ùî x(1) − x(2) ∈ H i âèêîíó¹òüñÿ
íåðiâíiñòü δ = Cα0 > (A(x(1) − x(2)), x(1) − x(2))H ≥ Cα0(Aα0(x

(1) − x(2)), x(1) − x(2)), òî
(Aα0(x

(1) − x(2)), x(1) − x(2)) < 1, à çíà÷èòü |k(0)− k(x(1) − x(2))| < 1
α0

< ε.
Àëå äëÿ k(x), ÿê âçàãàëi äëÿ áóäü-ÿêî¨ îáìåæåíî¨ ï.ä.â. ôóíêöi¨ íà äåÿêié

êîìóòàòèâíié ãðóïi ñïðàâäæó¹òüñÿ íåðiâíiñòü (13), çâiäêè äëÿ ðîçãëÿíóòèõ âèùå x(1),

x(2) îäåðæèìî |k(x(1))−k(x(2))| <
√

k(0)ε. òîáòî, íåïåðåðâíiñòü îáìåæåíî¨ ï.ä.â. ôóíêöi¨
â O òÿãíå ¨¨ ðiâíîìiðíó íåïåðåðâíiñòü.

Çàïðîâàäèìî â H ñêàëÿðíèé äîáóòîê, ïîêëàäàþ÷è (x, y)A = (Ax, y)H (x, y ∈ H);
íåõàé HA � ïîïîâíåííÿ H ùîäî (·, ·)A. Îïèøåìî HA êîîðäèíàòíî. Äëÿ öüîãî âèáå-
ðåìî â H îðòîíîðìîâàíèé áàçèñ, ùî ñêëàäà¹òüñÿ ç âëàñíèõ âåêòîðiâ îïåðàòîðà A, i
ðåàëiçó¹ìî H ÿê ïðîñòið l2 ïðè ðîçêëàäi çà öèì áàçèñîì. Òîäi ïðîñòið HA áóäå ðåàëi-

çîâàíèé ÿê ëiíiéíèé ïðîñòið l2;A =
{
x ∈ R∞

∣∣∣∑∞
µ=1 aµx

2
µ < ∞

}
çi ñêàëÿðíèì äîáóòêîì

(x, y)A =
∑∞

µ=1 aµxµyµ (x, y,∈ l2;A) (òóò (aµδµ,ν)
∞
µν=1 � ìàòðèöÿ îïåðàòîðà A â áàçèñi,

ÿêèé
ðîçãëÿäà¹òüñÿ; aµ > 0). Iñòîòíî, ùî ãàóñiâñüêà ìiðà γκ(l2)(A) = 1, κ = (κ,κ, . . . ) òàê ÿê∑∞

α=1 aα = TrA < ∞ [4].

Òàê ÿê k(x) (x ∈ H) ðiâíîìiðíî íåïåðåðâíà ùîäî íîðìè ||·||A = (·, ·)
1
2
A, òî çà íåïåðåðâ-

íiñòþ ìîæå áóòè ïîøèðåíà äî ðiâíîìiðíî íåïåðåðâíî¨ ôóíêöi¨ k1(x) íà âñüîìóHA. Ïåðå-
õîäÿ÷è äî êîîðäèíàòíîãî çàïèñóHA, îäåðæèìî, ùî k1(x) îçíà÷åíà íà ìíîæèíi l2;A ⊂ R∞

ïîâíî¨ ãàóñiâñüêî¨ ìiðè γ2 =
√

1
2Π
e−

x2

2 . Ç íåïåðåðâíîñòi k1(x) â òîïîëîãi¨ l2(A) ñëiäó¹ âè-

ìiðíiñòü k1(x) (x ∈ l2(A)) âiäíîñíî σ-àëãåáðè Cα(l2(A)) = {α ∈ Cσ(R∞)|α ⊂ l2(A)}.
Äîîçíà÷èìî íóëåì k1(x) íà R∞\l2(A) â ðåçóëüòàòi îäåðæèìî âèìiðíó i ìàéæå âñþäè
îáìåæåíó ùîäî γ2 ôóíêöiþ k2(x) (x ∈ R∞).
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Ôóíêöi¨ k2(x) ä.â. â ðîçóìiííi [1] ç ω1 = γ1, ω 1
2
= γ2. Äiéñíî, íåõàé, íàïðèêëàä, l < ∞.

Ïåðåõîäÿ÷è â íåðiâíîñòi (10) äî ãðàíèöi, âèÿâèìî, ùî âîíà ñïðàâåäëèâà i äëÿ k1(x);
çàðàç x(j) ∈ l2;2l,A. Ðîçãëÿíåìî äåÿêó öèëiíäðè÷íó ôóíêöiþ u(x) = uφ(x1, ..., xm) (uφ ∈
C∞

0 ((−l, l)Rm−1) i ïîêëàäåìî â öié íåðiâíîñòi ξj = u(x(j)). Îäåðæèìî

N∑
j,k=1

1

2

[
k1
(
x(j) + x(k)

)
+ k1

(
x(j) − x(k)

)]
u(x(j))u(x(k)) ≥ 0(x(j) ∈ l2;l,A). (14)

Ïðîiíòåãðó¹ìî (14) âiäíîñíî êîæíî¨ ç òî÷îê x(1), . . . , x(N) ∈ l2;l,A çà ìiðîþ γ1. Îñêiëüêè
γ1(R∞

l \l2;l,A) = 0, òî, ÿêùî çàìiíèòè k1(x) íà k2(x) çiáðàòè îäíàêîâi äîäàòêè i ñêîðîòèòè
íà γ1(R∞

l ) > 0, çíàéäåìî

N

∫
R∞
l

1

2
[k2(2x) + k2(0)] |u(x)|2 dγ1(x) +N(N − 1)

∫
R∞
l

∫
R∞
l

1

2
[k2(x+ y)+

+k2(x− y)]u(y)u(x)dγ1(x)dγ1(y)) ≥ 0.

Ïîäiëèìî öþ íåðiâíiñòü íà N2 i çäiéñíèìî ãðàíè÷íèé ïåðåõiä ïðè N → ∞ Â ðåçóëü-
òàòi îäåðæèìî

∫
R∞
l

∫
R∞
l

1
2
[k2(x + y) + k2(x − y)]u(y)u(x)dγ1(x)dγ1(y)) ≥ 0 òîäi çãiäíî (12)

îäåðæèìî, ùî äëÿ γ2(x) � ìàéæå âñiõ x ∈ R∞
2l çîáðàæåííÿ

k2(x) =
∫

l2,+

∏∞
µ=1 cosλµxµdσ(λ). Ïåðåéäåìî òåïåð âiä ìiðè σ(·) íà R∞

+ = R1
+×R1

+× . . . äî

ïàðíî¨ ïî êîæíié çìiííié ìiðè ρ(·) íà R∞ = R1 × R1 × . . . . Òîäi çîáðàæåííÿ k2(x) áóäå
ìàòè òàêèé âèãëÿä:

k2(x) =

∫
l+2

∞∏
µ=1

cosλµxµdσ(λ) =

∫
l2

∞∏
µ=1

cosλµxµdρ(λ) =

=

∫
l2

cos

(
∞∑
µ=1

λµxµ

)
dρ(λ), (15)

äå dρ(λ) � íåâiä'¹ìíà ñêií÷åííà ïàðíà ìiðà íà σ-àëãåáði Cσ(l2) = {α ∩ l2|
α ⊂ Cσ(R∞)}. Ðiâíiñòü ðîçóìi¹ìî ÿê ðiâíiñòü ìàéæå äëÿ âñiõ x ∈ R∞

2l âiäíîñíî γ2.
Îñòàííÿ ðiâíiñòü â (15) âiðíà. Äiéñíî, ó äâîâèìiðíîìó âèïàäêó ìà¹ìî

k2(x1, x2) =

∫
R2
+

Cosλ1x1Cosλ2x2 dσ2(λ1, λ2) =

=

∫
R2

Cosλ1x1Cosλ2x2 dρ2(λ1, λ2) =

∫
R2

(Cosλ1x1Cosλ2x2 − Sinλ1x1Sinλ2x2) dρ2(λ1, λ2) =

=

∫
R2

Cos (λ1x1 + λ2x2) dρ2(λ1, λ2) =

∫
R2

Cos (λ, x) dρ2(λ1, λ2).
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Íåõàé k2(x1, . . . , xn−1) =
∫

Rn−1

Cos

(
n−1∑
j=1

λjxj

)
dρn−1(λ1, . . . , λn−1), òîäi

k2(x1, . . . , xn−1, xn) =

∫
Rn

CosλnxnCos

(
n−1∑
j=1

λjxj

)
dρn(λ1, . . . , λn) =

=

∫
Rn

[
CosλnxnCos

(
n−1∑
j=1

λjxj

)
− SinλnxnSin

(
n−1∑
j=1

λjxj

)]
dρn(λ1, . . . , λn) =

=

∫
Rn

Cos

(
n∑

j=1

λjxj

)
dρn(λ1, . . . , λn) =

∫
Rn

Cos (λ, x) dρn(λ1, . . . , λn)

Ñïðÿìîâóþ÷è n → ∞, îäåðæèìî îñòàííþ ðiâíiñòü â (15).
Äëÿ äîâåäåííÿ òåîðåìè íåîáõiäíî âèâåñòè, ùî

k2(z) =

∫
l2

cos(λ, z) dρ(λ) (z ∈ l2) (16)

(òðèâiàëüíî (16) ç (15) íå âèïëèâà¹, òîìó ùî γ2(l2) = 0).
Äëÿ öüîãî ìîæíà âèêîðèñòàòè [[6], ëåìà 4.2, ñò. 471-472], ïîêëàâøè f(x) = cos(λ, x) i

δN(x) =

(
∞∏
µ=1

(1 + 2Naµ)

) 1
2

e−N ||x||2A (17)

(x ∈ R∞; N = 1, 2, . . . ;

∫
R∞

δN(x) dγ2(x) = 1)

¹ δ-ïîäiáíîþ, ùî ñòÿãó¹òüñÿ äî O ùîäî ìiðè dγ2(x) i òîïîëîãi¨ l2;A.
Äîâåäåìî (16). Íåõàé z ∈ l2 ôiêñîâàíå, ç (15) âèïëèâà¹, ùî äëÿ dω 1

2
(x) � ìàéæå âñiõ

x ∈ R∞

1

2
[k2(x+ z) + k2(x− z)] =

1

2

∫
l2

[cos(λ, x+ z)+

+ cos(λ, x− z)] dρ(λ) =

=

∫
l2

cos(λ, x) cos(λ, z)l2 dρ(λ) (18)

Òóò ìè ñêîðèñòàëèñÿ òèì, ùî ïðè z ∈ l2 ìiðè γ2(∆) i γ2(∆+z) àáñîëþòíî íåïåðåðâíi îäíà
âiäíîñíî iíøî¨ [4] i ñïðàâåäëèâîþ dγ2(x) � ìàéæå äëÿ âñiõ x ∈ R∞ ðiâíiñòþ 1

2
[cos(λ, x+

z) + cos(λ, x− z)] = cos(λ, x) cos(λ, z)l2 λ, z ∈ l2 Iç (18) îäåðæó¹ìî
∫
R∞

[k2(x+ z) + k2(x−

z)]δN(x)dγ2(x) =
∫
l2

cos(λ, x)δN(x)dγ2(x) cos(λ, x)l2 dρ(λ).

Ñïðÿìóâàâøè òóò N → ∞ i ñêîðèñòàâøèñü (17), îäåðæèìî (16).
Çóïèíèìîñÿ íà äâîõ îñòàííiõ òâåðäæåííÿõ òåîðåìè. Áåçïîñåðåäíüî ïiäñòàíîâêîþ

(11) â (10) âïåâíþ¹ìîñÿ, ùî iíòåãðàë (11)-îáìåæåíà ï.ä.â. ôóíêöiÿ íà H. Éîãî
íåïåðåðâíiñòü â j-òîïîëîãi¨ i îäíîçíà÷íiñòü âèçíà÷åííÿ ìiðè dρ(λ) òàêîæ âiäîìi [5].
Òåîðåìó 2 äîâåäåíî.
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Lopotko O. V. Integral representation of even positive de�nite bounded functions of an in�nite

number of variables, Bukovinian Math. Journal. 8, 2 (2020), 93�102.

In this article the integral representation for bounded even positive functions k(x)

(x ∈ R∞ = R× R× . . . ) is proved. We understand the positive the positive de�nite in the

integral sense with integration respects to measure dθ(x) = p(x1)dx1 ⊗ p(x2)dx2 ⊗ . . .(
p(x) =

√
1
π e

−x2
)
. This integral representation has the form

k(x) =

∫
l+2

Cosλixidρ(λ) (∗)

Equality stands to reason for almost all x ∈ R∞. l+2 space consists of those vectors λ ∈ R∞
+ =

R1
+×R1

+× . . .

∣∣∣∣ ∞∑
i=1

λ2
i < ∞ . Conversely, every integral of form (*) is bounded by even positively

de�nite function k(x) x ∈ R∞.

As a result, from this theorem we shall get generalization of theorem of R. A. Minlos�

V. V. Sazonov [2, 3] in case of bounded even positively de�nite functions k(x) (x ∈ H), which

are continuous in O in j"=topology.


