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1 Âñòóï

Ó òåîði¨ çàäà÷i Êîøi äëÿ ðiâíîìiðíî ïàðàáîëi÷íèõ ðiâíÿíü òà ñèñòåì ðiâíÿíü íà

äàíèé ÷àñ îäåðæàíî äîñèòü ïîâíi ðåçóëüòàòè ç ïèòàíü êîðåêòíî¨ ðîçâ'ÿçíîñòi, iíòå-

ãðàëüíîãî çîáðàæåííÿ ðîçâ'ÿçêiâ òà äîñëiäæåííÿ ¨õ âëàñòèâîòåé. Ïðè öüîìó ÷àñòî ïî-

÷àòêîâi óìîâè � ïî÷àòêîâi ôóíêöi¨ � ìàþòü îñîáëèâîñòi â îäíié àáî êiëüêîõ òî÷êàõ i

äîïóñêàþòü ðåãóëÿðèçàöiþ ó ïåâíèõ ïðîñòîðàõ óçàãàëüíåíèõ ôóíêöié òèïó ðîçïîäiëiâ

Ñîáîë¹âà-Øâàðöà, óëüòðàðîçïîäiëiâ, ãiïåðôóíêöié òà ií. Îòæå, çàäà÷à Êîøi äëÿ âêàçà-

íèõ ðiâíÿíü ìà¹ ïðèðîäíó ïîñòàíîâêó i â êëàñàõ ïî÷àòêîâèõ óìîâ, ÿêi ¹ óçàãàëüíåíèìè

ôóíêöiÿìè ñêií÷åííîãî àáî íåñêií÷åííîãî ïîðÿäêiâ.

Ïðè äîñëiäæåííi ïðîáëåìè ïðî êëàñè ¹äèíîñòi òà êëàñè êîðåêòíîñòi çàäà÷i Êîøi äëÿ

ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè çi ñòàëèìè àáî çàëåæíèìè ëèøå âiä ÷àñîâî¨ çìiííî¨

êîåôiöi¹íòàìè ÷àñòî âèêîðèñòîâóþòüñÿ ïðîñòîðè òèïó S, ââåäåíi I.Ì. Ãåëüôàíäîì òà

Ã.�. Øèëîâèì â [1]. Ôóíêöi¨ ç òàêèõ ïðîñòîðiâ íà äiéñíié îñi ðàçîì ç óñiìà ñâî¨ìè ïî-

õiäíèìè ïðè |x| → ∞ ñïàäàþòü øâèäøå, íiæ exp{−a|x|1/α}, α > 0, a > 0, x ∈ R. Ó
ïðàöÿõ [2, 3, 4, 5, 6] âñòàíîâëåíî, ùî ïðîñòîðè òèïó S òà S ′, òîïîëîãi÷íî ñïðÿæåíi äî

ïðîñòîðiâ òèïó S, ¹ ïðèðîäíèìè ìíîæèíàìè ïî÷àòêîâèõ äàíèõ çàäà÷i Êîøi äëÿ øè-

ðîêèõ êëàñiâ ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè ñêií÷åííîãî òà íåñêií÷åííîãî ïîðÿäêiâ,

ïðè ÿêèõ ðîçâ'ÿçêè ¹ öiëèìè ôóíêöiÿìè çà ïðîñòîðîâèìè çìiííèìè.

ÓÄÊ 517.98
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Óçàãàëüíåííÿì çàäà÷i Êîøi äëÿ òàêèõ ðiâíÿíü ¹ íåëîêàëüíà áàãàòîòî÷êîâà çà ÷àñîì

çàäà÷à ç óìîâîþ
m∑
k=0

αku(t, ·)|t=tk = f , äå t0 = 0, {t1, . . . , tm} ⊂ (0, T ], {α0, α1, . . . , αm} ⊂

R, m ∈ N, � ôiêñîâàíi ÷èñëà (ÿêùî α0 = 1, α1 = α2 = · · · = αm = 0, òî ìà¹ìî, î÷åâèäíî,

çàäà÷ó Êîøi), ïðè öüîìó òàêà óìîâà òðàêòó¹òüñÿ ó êëàñè÷íîìó àáî ñëàáêîìó ñåíñi, ÿêùî

f � óçàãàëüíåíà ôóíêöiÿ. Íåëîêàëüíi çà ÷àñîì çàäà÷i âiäíîñÿòüñÿ äî íåëîêàëüíèõ êðàéî-

âèõ çàäà÷ äëÿ ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè. Òàêi çàäà÷i âèíèêàþòü ïðè ìîäåëþâàí-

íi áàãàòüîõ ïðîöåñiâ òà çàäà÷ ïðàêòèêè êðàéîâèìè çàäà÷àìè äëÿ ðiâíÿíü ç ÷àñòèííèìè

ïîõiäíèìè ç íåëîêàëüíèìè óìîâàìè (äèâ., íàïðèêëàä, [7, 8, 9, 10, 11, 12, 13, 14]).

Ó äàíié ñòàòòi äîñëiäæó¹òüñÿ íåëîêàëüíà áàãàòîòî÷êîâà çà ÷àñîì çàäà÷à äëÿ ðiâ-

íÿíü ç ÷àñòèííèìè ïîõiäíèìè ïàðàáîëi÷íîãî òèïó â ïðîñòîðàõ òèïó S òà S ′, ïðè öüîìó

îäåðæàíî ðåçóëüòàòè, áëèçüêi äî âiäîìèõ ó òåîði¨ çàäà÷i Êîøi äëÿ òàêèõ ðiâíÿíü ç

ïî÷àòêîâèìè óìîâàìè â ïðîñòîðàõ óçàãàëüíåíèõ ôóíêöié òèïó óëüòðàðîçïîäiëiâ [4, 5].

Äîñëiäæåíî âëàñòèâîñòi ôóíäàìåíòàëüíîãî ðîçâ'ÿçêó íåëîêàëüíî¨ áàãàòîòî÷êîâî¨ çà ÷à-

ñîì çàäà÷i, äîâåäåíî êîðåêòíó ðîçâ'ÿçíiñòü çàäà÷i, çíàéäåíî çîáðàæåííÿ ðîçâ'ÿçêó ó

âèãëÿäi çãîðòêè ôóíäàìåíòàëüíîãî ðîçâ'ÿçêó ç ïî÷àòêîâîþ ôóíêöi¹þ, ÿêà ¹ åëåìåíòîì

ïðîñòîðó óçàãàëüíåíèõ ôóíêöié òèïó S ′.

1. Ïðîñòîðè òèïó S òà S ′. I.Ì. Ãåëüôàíä òà Ã.�. Øèëîâ ó ìîíîãðàôi¨ [1] ââåëè

ïðîñòîðè íåñêií÷åííî äèôåðåíöiéîâíèõ íà R ôóíêöié, ÿêi ¹ ïiäïðîñòîðàìè ïðîñòîðó

S ≡ S(R) Ë. Øâàðöà øâèäêî ñïàäíèõ íà íåñêií÷åííîñòi ôóíêöié. Îçíà÷èìî äåÿêi ç

íèõ.

Äëÿ äîâiëüíèõ α, β > 0 ïîêëàäåìî

Sβ
α := {φ ∈ S

∣∣∣∃c > 0 A > 0 B > 0∀{k,m} ⊂ Z+

∀x ∈ R : |xkφ(m)(x)| ≤ cAkBmkkαmmβ}.

Ïðîñòið Sβ
α ìîæíà îõàðàêòåðèçóâàòè ùå é òàê [1, ñ. 210]: Sβ

α ñêëàäà¹òüñÿ ç òèõ i ëèøå

òèõ íåñêií÷åííî äèôåðåíöiéîâíèõ íà R ôóíêöié, ÿêi çàäîâîëüíÿþòü íåðiâíîñòi

|φ(m)(x)| ≤ c1B
m
1 m

mβ exp{−c2|x|1/α}, m ∈ Z+, x ∈ R,

ç äåÿêèìè äîäàòíèìè ñòàëèìè c1, B1, c2, çàëåæíèìè âiä ôóíêöi¨ φ.

ßêùî 0 < β < 1 i α ≥ 1 − β, òî Sβ
α ñêëàäà¹òüñÿ ç òèõ i ëèøå òèõ ôóíêöié φ, ÿêi

äîïóñêàþòü àíàëiòè÷íå ïðîäîâæåííÿ â êîìïëåêñíó ïëîùèíó i çàäîâîëüíÿþòü íåðiâíiñòü

|φ(x+ iy)| ≤ c3 exp{−a|x|1/α + b|y|1/(1−β)}, c3, a, b > 0, {x, y} ⊂ R.

Ïðîñòîðè Sβ
α íåòðèâiàëüíi, ÿêùî α + β ≥ 1, α > 0, β > 0, äëÿ äîâiëüíèõ α, β > 0

ïðàâèëüíîþ ¹ ðiâíiñòü Sβ
α = Sα ∩ Sβ [2, ñ. 143�145].

Òîïîëîãi÷íà ñòðóêòóðà ó ïðîñòîðàõ Sβ
α âèçíà÷à¹òüñÿ òàê. Ñèìâîëîì Sβ,B

α,A ïîçíà÷èìî

ñóêóïíiñòü ôóíêöié φ ∈ Sβ
α, ÿêi çàäîâîëüíÿþòü óìîâó

∀A > A ∀B > B : |xkφ(m)(x)| ≤ cA
k
B

m
kkαmmβ, x ∈ R, {k,m} ⊂ Z+.
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Öÿ ìíîæèíà ïåðåòâîðþ¹òüñÿ â ïîâíèé çëi÷åííî-íîðìîâàíèé ïðîñòið, ÿêùî íîðìè â íié

ââåñòè çà äîïîìîãîþ ñïiââiäíîøåíü

∥φ∥δρ = sup
x,k,m

|xkφ(m)(x)|
(A+ δ)k(B + ρ)mkkαmmβ

, {δ, ρ} ⊂
{
1,

1

2
, . . .

}
.

ßêùî A1 < A2, B1 < B2, òî S
β,B1

α,A1
íåïåðåðâíî âêëàäà¹òüñÿ â Sβ,B2

α,A2
i Sβ

α =
∪

Sβ,B
α,A .

Ìóëüòèïëiêàòîðîì ó ïðîñòîði Sβ
α íàçèâà¹òüñÿ ôóíêöiÿ g ∈ C∞(R), ÿêùî gψ ∈ Sβ

α äëÿ

äîâiëüíî¨ ôóíêöi¨ ψ ∈ Sβ
α i âiäîáðàæåííÿ ψ → gψ ¹ ëiíiéíèì i íåïåðåðâíèì îïåðàòîðîì

ç Sβ
α â Sβ

α.

Ó ïðîñòîðàõ Sβ
α âèçíà÷åíà i ¹ íåïåðåðâíîþ îïåðàöiÿ çñóâó àðãóìåíòà Tx: φ(ξ) → φ(ξ+

x). Öÿ îïåðàöiÿ ¹ òàêîæ äèôåðåíöiéîâíîþ (íàâiòü íåñêií÷åííî äèôåðåíöiéîâíîþ [1, c.

171, 172]) ó òîìó ðîçóìiííi, ùî ãðàíè÷íi ñïiââiäíîøåííÿ âèãëÿäó (φ(x+h)−φ(x))h−1 →
φ′(x), h→ 0, ñïðàâäæóþòüñÿ äëÿ êîæíî¨ ôóíêöi¨ φ ∈ Sβ

α â ñåíñi çáiæíîñòi çà òîïîëîãi¹þ

ïðîñòîðó Sβ
α. Ó Sβ

α âèçíà÷åíà i íåïåðåðâíà îïåðàöiÿ äèôåðåíöiþâàííÿ. Ïðîñòîðè òèïó

S ¹ äîñêîíàëèìè [1] (òîáòî ïðîñòîðàìè, âñi îáìåæåíi ìíîæèíè ÿêèõ êîìïàêòíi); âîíè

ïîâ'ÿçàíi ìiæ ñîáîþ ïåðåòâîðåííÿì Ôóð'¹, à ñàìå, ïðàâèëüíîþ ¹ ôîðìóëà F [Sβ
α] = Sα

β ,

äå

F [Sβ
α] :=

{
ψ : ψ(σ) =

∫
R

φ(x)eiσxdx, φ ∈ Sβ
α

}
,

ïðè öüîìó îïåðàòîð F : Sβ
α → Sα

β ý íåïåðåðâíèì.

Ñèìâîëîì (Sβ
α)

′ ïîçíà÷èìî ïðîñòið óñiõ ëiíiéíèõ íåïåðåðâíèõ ôóíêöiîíàëiâ íà âiäïî-

âiäíîìó ïðîñòîði îñíîâíèõ ôóíêöié çi ñëàáêîþ çáiæíiñòþ, à éîãî åëåìåíòè íàçèâàòèìå-

ìî óçàãàëüíåíèìè ôóíêöiÿìè. ßêùî f ∈ (Sβ
α)

′, òî äî öüîãî æ ïðîñòîðó íàëåæàòü òàêîæ

êîæíà ïîõiäíà f (p), p ∈ N, çñóâ f(ay + b), a ̸= 0, äîáóòîê αf , äå α � ìóëüòèïëiêàòîð ó

ïðîñòîði îñíîâíèõ ôóíêöié.

Îñêiëüêè â îñíîâíîìó ïðîñòîði Sβ
α âèçíà÷åíà îïåðàöiÿ çñóâó àðãóìåíòà Tx, òî çãîðòêó

óçàãàëüíåíî¨ ôóíêöi¨ f ∈ (Sβ
α)

′ ç îñíîâíîþ ôóíêöi¹þ φ çàäàìî ôîðìóëîþ

(f ∗ φ)(x) = ⟨fξ, T−xφ̌(ξ)⟩ ≡ ⟨fξ, φ(x− ξ)⟩, φ̌(ξ) = φ(−ξ)

(òóò ⟨fξ, T−xφ̌(ξ) ïîçíà÷à¹ äiþ ôóíêöiîíàëà f íà îñíîâíó ôóíêöiþ T−xφ̌(ξ) ÿê ôóíêöiþ

àðãóìåíòà ξ). Iç âëàñòèâîñòi íåñêií÷åííî¨ äèôåðåíöiéîâíîñòi îïåðàöi¨ çñóâó àðãóìåíòà

â ïðîñòîði Sβ
α âèïëèâà¹, ùî çãîðòêà f ∗φ ¹ çâè÷àéíîþ íåñêií÷åííî äèôåðåíöiéîâíîþ íà

R ôóíêöi¹þ.

Íåõàé f ∈ (Sβ
α)

′. ßêùî f ∗ φ ∈ Sβ
α, ∀φ ∈ Sβ

α i iç ñïiââiäíîøåííÿ φν → 0 ïðè ν → +∞
çà òîïîëîãi¹þ ïðîñòîðó Sβ

α âèïëèâà¹, ùî f ∗φν → 0 ïðè ν → +∞ çà òîïîëîãi¹þ ïðîñòîðó

Sβ
α, òî ôóíêöiîíàë f íàçèâà¹òüñÿ çãîðòóâà÷åì ó ïðîñòîði Sβ

α.

Ïåðåòâîðåííÿ Ôóð'¹ óçàãàëüíåíî¨ ôóíêöi¨ f ∈ (Sβ
α)

′ âèçíà÷à¹òüñÿ çà äîïîìîãîþ ñïiâ-

âiäíîøåííÿ ⟨F [f ], φ⟩ = ⟨f, F [φ]⟩, ∀φ ∈ Sβ
α. Çâiäñè âèïëèâà¹, ùî F [f ] ∈ (Sα

β )
′, ÿêùî

f ∈ (Sβ
α)

′, ïðè öüîìó îïåðàòîð F : (Sβ
α)

′ → (Sα
β )

′ ¹ ëiíiéíèì i íåïåðåðâíèì. ßêùî óçà-

ãàëüíåíà ôóíêöiÿ f ∈ (Sβ
α)

′ � çãîðòóâà÷ ó ïðîñòîði Sβ
α, òî äëÿ äîâiëüíî¨ ôóíêöi¨ φ ∈ Sβ

α

ïðàâèëüíîþ ¹ ôîðìóëà F [f∗φ] = F [f ]·F [φ], ïðè öüîìó F [f ] � ìóëüòèïëiêàòîð ó ïðîñòîði
Sα
β .
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2 Îñíîâíi ðåçóëüòàòè

Ðîçãëÿíåìî ðiâíÿííÿ

∂u(t, x)/∂t = P
(
− i

∂

∂x

)
u(t, x), (t, x) ∈ (0, T ]× R ≡ Ω, (1)

äå P (σ), σ ∈ R, � ïîëiíîì ñòåïåíÿ 2b, b ∈ N, íàä ïîëåì êîìëïåêñíèõ ÷èñåë, ÿêèé

çàäîâîëüíÿ¹ óìîâó �ïàðàáîëi÷íîñòi� [4]

∃c > 0 ∀x ∈ R : ReP (x) ≤ −c|x|2b.

Çàóâàæèìî, ùî |eP (x)| = eReP (x) ≤ e−c|x|2b ,

∃c1 > 0 ∀z = σ + iτ ∈ C : |eP (z)| ≤ e|P (z)| ≤ ec1|z|
2b

.

Òîäi ç îãëÿäó íà òåîðåìè 1�3 ç [1, c. 252�260], ÿêi ¹ óçàãàëüíåííÿìè òåîðåìè Ôðàãìåíà-

Ëiíäåëüîôà, äiñòàíåìî, ùî öiëà ôóíêöiÿ eP (z), z ∈ C, ó êîìïëåêñíié ïëîùèíi çàäîâîëü-

íÿ¹ íåðiâíiñòü

|eP (z)| ≤ c0e
−c2|σ|2b+c3|τ |2b , c0, c2, c3 > 0. (2)

Ç îñòàííüî¨ íåðiâíîñòi òà õàðàêòåðèñòèêè ïðîñòîðiâ Sβ
α âèïëèâà¹, ùî eP (σ) ¹ åëåìåíòîì

ïðîñòîðó Sβ
α, äå 1/α = 2b, òîáòî α = 1/(2b) i 1/(1−β) = 2b, òîáòî β = 1−1/(2b). Ââåäåìî

ïîçíà÷åííÿ p = 2b, 1/q = 1− 1/p (òîáòî q = p(p− 1) ≡ 2b/(2b− 1)), 1/p+1/q = 1. Îòæå,

ïðè âêàçàíèõ îáìåæåííÿì íà ïîëiíîì P (σ) ìà¹ìî, ùî eP (σ) ∈ S
1/q
1/p .

Íàïðèêëàä, ÿêùî P (−i∂/∂x) = −i(−i∂/∂x)2 = ∂2/∂x2, òîáòî P (σ) = −σ2, òî ðiâ-

íÿííÿ (1) ïåðåòâîðþ¹òüñÿ â ðiâíÿííÿ òåïëîïðîâîiäíîñòi ∂u/∂t = ∂2u/∂x2, ïðè öüîìó

ôóíêöiÿ e−σ2
¹ åëåìåíòîì ïðîñòîðó S

1/2
1/2 . Ñïðàâäi,

|e−z2 | = |e−(σ+iτ)2 | = e−σ2+τ2 , z ∈ C,

çâiäêè é âèïëèâà¹, ùî e−σ2 ∈ S
1/2
1/2 .

Ïîñòàâèìî çàäà÷ó: çíàéòè ðîçâ'ÿçîê ðiâíÿííÿ (1), ÿêèé çàäîâîëüíÿ¹ íåëîêàëüíó áà-

øàòîòî÷êîâó çà ÷àñîì óìîâó

µu(0, x)− µ1u(t1, x)− · · · − µmu(tm, x) = f(x), f ∈ S
1/p
1/q , (3)

ó êîæíié òî÷öi x ∈ R, äå u(0, x) := lim
t→+0

u(t, x), {µ, µ1, . . . , µm} ⊂ (0,∞), {t1, . . . , tm} ⊂

(0, T ], m ∈ N, � ôiêñîâàíi ÷èñëà, ïðè÷îìó 0 < t1 < · · · < tm ≤ T , µ > m

m∑
k=1

µk.

Ðîçâ'ÿçîê çàäà÷i (1), (3) øóêà¹ìî çà äîïîìîãîþ ïåðåòâîðåííÿ Ôóð'¹ ó âèãëÿäi u(t, x) =

F−1
σ→x[v(t, σ)]. Çàñòîñóâàâøè ôîðìàëüíî äî (1) ïåðåòâîðåííÿ Ôóð'¹, çíàéäåìî, ùî ðîçâ'ÿçîê

çàäà÷i (1), (3) äà¹òüñÿ ôîðìóëîþ

u(t, x) = (2π)−1

∫
R

v(t, σ)e−iσxdσ,
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äå v(t, σ) = c exp{tP (σ)}, c = c(σ) = F [f ]
(
µ −

m∑
k=1

µk exp{tkP (σ)}
)−1

. Ââåäåìî ïîçíà÷å-

ííÿ: G(t, x) = F−1[Q(t, σ)], Q(t, σ) = Q1(t, σ)Q2(σ),

Q1(t, σ) = exp{tP (σ)}, Q2(σ) =
(
µ−

m∑
k=1

µk exp{tkP (σ)}
)−1

≡
(
µ−

m∑
k=1

µkQ1(tk, σ)
)−1

.

Òîäi

u(t, x) = (2π)−1

∫
R

Q(t, σ)
(∫

R

f(ξ)eiσξdξ
)
e−iσxdσ =

=

∫
R

(
(2π)−1

∫
R

Q(t, σ)e−iσ(x−ξ)dσ
)
f(ξ)dξ =

=

∫
R

G(t, x− ξ)f(ξ)dξ = G(t, x) ∗ f(x), (t, x) ∈ Ω.

Êîðåêòíiñòü ïðîâåäåíèõ òóò ïåðåòâîðåíü âèïëèâà¹ ç âëàñòèâîñòåé ôóíêöi¨ G, ÿêi

íàâåäåìî íèæ÷å. Âëàñòèâîñòi ôóíêöi¨ G ïîâ'ÿçàíi ç âëàñòèâîñòÿìè ôóíêöi¨ Q, îñêiëü-

êè G = F−1[Q]. Îòæå, íàñàìïåðåä äîñëiäèìî âëàñòèâîñòi ôóíêöi¨ Q(t, σ) ÿê ôóíêöi¨

àðãóìåíòó σ.

Iç (2) âèïëèâà¹ îöiíêà

|etP (z)| = |eP (z)|t ≤ c̃e−a1tσ2b+b1tτ2b , a1 = c2, b1 = c3, (4)

c̃ = 1, ÿêùî c0 ∈ (0, 1] i c̃ = cT0 , ÿêùî c0 > 1.

Ëåìà 1. Äëÿ ôóíêöi¨ Q1(t, σ) = exp{tP (σ)}, t ∈ (0, T ], σ ∈ R, òà ¨¨ ïîõiäíèõ (çà çìiííîþ
σ) ïðàâèëüíèìè ¹ îöiíêè

|Ds
σQ1(t, σ)| ≤ c1A

s
1t

s/pss/q exp{−a2tσp}, s ∈ Z+, p = 2b, q = p/(p− 1), (5)

äå ñòàëi c1, A1, a2 > 0 íå çàëåæàòü âiä t.

Äîâåäåííÿ. Âíàñëiäîê iíòåãðàëüíî¨ ôîðìóëè Êîøi

Ds
σQ1(t, σ) =

s!

2πi

∫
ΓR

Q1(t, z)

(z − σ)s+1
dz, s ∈ Z+,

äå ΓR � êîëî ðàäióñà R ç öåíòðîì ó òî÷öi σ ∈ R. Âèêîðèñòîâóþ÷è (4), îòðèìó¹ìî

íåðiâíîñòi

|Ds
σQ1(t, σ)| ≤

s!

Rs
max
z∈ΓR

|Q1(t, z)| ≤ c̃
s!

Rs
exp{−a1tσp

0 + b1tR
p},

äå σ0 � òî÷êà ìàêñèìóìà ôóíêöi¨ exp{−a1tξp}, ξ ∈ [σ −R, σ +R]. Çàóâàæèìî, ùî

σ0 =


0, ÿêùî |σ| ≤ R,

σ +R, ÿêùî σ ≤ −R,
σ −R, ÿêùî σ ≥ R.
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Äàëi ñêîðèñòà¹ìîñÿ òâåðäæåííÿì ç [15, ñ. 144]: äëÿ äîâiëüíèõ α > 0 i γ > 0 iñíó¹ ñòàëà

β > 0 òàêà, ùî äëÿ âñiõ x i ξ ñïðàâäæó¹òüñÿ íåðiâíiñòü −α(ξ−x)p ≤ γxp−βξp. Ïîêëàâøè
òóò ξ = σ, x = R, ïðèéäåìî äî íåðiâíîñòi −α(σ −R)p ≤ γRp − βσp. Îòæå,

exp{−a1tσp
0} ≤ exp{−a2tσp + a3tR

p}, a2, a3 > 0.

Òîäi

|Ds
σQ1(t, σ)| ≤ c̃

s!

Rs
exp{−a2tσp + b2tR

p}, b2 = b1 + a3.

Äëÿ êîæíîãî s ∈ Z+ ôóíêöiÿ gt,s(R) = R−s exp{b2tRp} ¹ äèôåðåíöiéîâíîþ íà (0,+∞),

äî òîãî æ

lim
R→+∞

gt,s(R) = +∞, s ∈ Z+; lim
R→+0

gt,s(R) =

{
+∞, s ∈ N,
1, s = 0.

Îñêiëüêè gt,s(R) > 0, R ∈ (0,+∞), òî öÿ ôóíêöiÿ äîñÿãà¹ ñâîãî iíôiìóìó, ÿêèé çíàéäåìî

çà äîïîìîãîþ ìåòîäiâ äèôåðåíöiàëüíîãî ÷èñëåííÿ:

inf
R>0

gt,s(R) = ωsts/ps−s/p, ω = (pb2e)
1/p, p = 2b.

Òàêèì ÷èíîì,

|Ds
σQ1(t, σ)| ≤ c̃s! inf

R
gt,s(R) exp{−a2tσp} = c̃s!ωsts/ps−s/p exp{−a2tsp}, s ∈ Z+.

Âðàõóâàâøè ôîðìóëó Ñòiðëiíãà, çíàéäåìî, ùî ïðè ôiêñîâàíîìó s ∈ Z+ âèêîíó¹òüñÿ

íåðiâíiñòü

|Ds
σQ1(t, σ)| ≤ c1A

s
1t

s/pss/q exp{−a2tsp}, (t, σ) ∈ Ω,

äå ñòàëi c1A1, a2 > 0 íå çàëåæàòü âiä t. Ëåìà äîâåäåíà.

Ëåìà 2. Ôóíêöiÿ Q2 � ìóëüòèïëiêàòîð ó ïðîñòîði S
1/q
1/p .

Äîâåäåííÿ. Ç óðàõóâàííÿì (4) âèêîíóþòüñÿ íåðiâíîñòi

Q1(tk, σ) ≤ c̃ exp{−a1tkσp} ≤ 1, k ∈ {1, . . . ,m}, σ ∈ R.

Îñêiëüêè µ >
m∑
k=1

µk, òî

1

µ

m∑
k=1

µkQ1(tk, σ) ≤
1

µ

m∑
k=1

µk < 1.

Äàëi, âèêîðèñòîâóþ÷è ïîëiíîìiàëüíó ôîðìóëó, çíàõîäèìî, ùî

Q2(σ) =
1

µ

(
1− 1

µ

m∑
k=1

µkQ1(tk, σ)

)−1

=
1

µ

∞∑
r=0

µ−r

(
m∑
k=1

µke
−tkP (σ)

)r

=

=
∞∑
r=0

µ−(r+1)
∑

r1+···+rm=r

r!

r1! . . . rm!

(
µ1e

t1P (σ)
)r1

. . .
(
µme

tmP (σ)
)rm

=
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=
∞∑
r=0

µ−(r+1)
∑

r1+···+rm=r

r!

r1! . . . rm!
µr1
1 . . . µ

rm
m Q1(λ, σ),

äå λ := t1r1 + . . .+ tmrm, Q1(λ, σ) = eλP (σ). Çâiäñè òà ç (5) âèïëèâàþòü íåðiâíîñòi

|Ds
σQ2(σ)| ≤ c1A

s
1s

s/q

∞∑
r=0

µ−(r+1)
∑

r1+···+rm=r

r!µr
0λ

s/p

r1! . . . rm!
exp{−λa1σp} ≤

≤ c1A
s
1s

s/qts/pm

∞∑
r=0

µ−(r+1)rs/p
∑

r1+···+rm=r

r!

r1! . . . rm!
, s ∈ N,

äå µ0 = max{µ1, . . . µm}. Äàëi ñêîðèñòà¹ìîñÿ òèì, ùî∑
r1+···+rm=r

r!

r1! . . . rm!
= mr.

Òîäi

|Ds
σQ1(t, σ)| ≤ c′As

1s
s/q

∞∑
r=0

µ̃rrs/p = c̃1A
s
2s

s/q, s ∈ N, (6)

äå µ̃ = µ−1µ0m < 1 (áî µ > m
m∑
k=1

µk), c
′ = c1µ

−1, c̃1 = c′
∞∑
r=0

µ̃rrs/p, A2 = A1t
1/p
m . Ç îñòàííüî¨

íåðiâíîñòi òà îáìåæåíîñòi ôóíêöi¨ Q2 íà R âèïëèâà¹, ùî Q2 � ìóëüòèïëiêàòîð ó ïðîñòîði

S
1/q
1/p . Ëåìà äîâåäåíà.

Íà ïiäñòàâi ëåì 1, 2 ðîáèìî âèñíîâîê, ùî ôóíêöiÿ Q1(t, σ), ÿê ôóíêöiÿ σ, ¹ åëå-

ìåíòîì ïðîñòîðó S
1/q
1/p (ïðè êîæíîìó t > 0). Óðàõóâàâøè (5), (6) òà ôîðìóëó Ëåéáíiöà

äèôåðåíöiþâàííÿ äîáóòêó äâîõ ôóíêöié, çíàéäåìî, ùî

|Ds
σQ(t, σ) =

∣∣∣∣∣
s∑

l=0

C l
sD

l
σQ1(t, σ)D

s−l
σ Q2(σ)

∣∣∣∣∣ ≤
≤ c1c̃1

s∑
l=0

C l
sA

l
1t

l/pll/qAs−l
2 (s− l)(s−l)/q exp{−a2tσp} ≤

≤ b̃B̃stνs/pss/q exp{−a2tσp}, σ ∈ R, s ∈ Z+, (7)

äå b̃ = c1c̃1, B̃ = 2max{A1, A2}, ν = 0, ÿêùî 0 < t ≤ 1 i ν = 1, ÿêùî t > 1.

Çâiäñè âèïëèâà¹, ùîG(t, ·) = F−1[Q(t, ·)] ¹ åëåìåíòîì ïðîñòîðó S
1/p
1/q , îñêiëüêè F

−1[S
1/q
1/p ] =

S
1/p
1/q . Âèäiëèìî â îöiíêàõ ïîõiäíèõ ôóíêöi¨ G òà ¨¨ ïîõiäíèõ (çà çìiííîþ x) çàëåæíiñòü

âiä ïàðàìåòðà t. Äëÿ öüîãî ñêîðèñòà¹ìîñÿ ñïââiäíîøåííÿì

xkDs
xF [g](x) = ik+sF [(σsg(σ))(k)] = ik+s

∫
R

(σsg(σ))(k)ieixσdσ, {k, s} ⊂ Z+, g ∈ S
1/q
1/p .

Îòæå,

xkDs
xG(t, x) = (2π)−1ik+s(−1)s

∫
R

(σsQ(t,−σ))(k)eixσdσ.
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Iç ðåçóëüòàòiâ, íàâåäåíèõ â [1, ñ. 243] âèïëèâà¹, ùî ïîñëiäîâíiñòü mks = kk/qss/p çàäî-

âîëüíÿ¹ íåðiâíiñòü

ks
mk−1,s−1

mks

≤ γ(k + s), γ > 0.

Çàñòîñóâàâøè ôîðìóëó Ëåéáíiöà äèôåðåíöiþâàííÿ äîáóòêó äâîõ ôóíêöié, îöiíêè (7)

òà îñòàííþ íåðiâíiñòü, çíàéäåìî, ùî

|(σsQ(t,−σ))(k)| =

∣∣∣∣∣
k∑

p=0

Cp
k(σ

s)(p)Q(k−p)(t,−σ)

∣∣∣∣∣ ≤
≤ |σsQ(k)(t,−σ)|+ ks|σs−1Q(k−1)(t,−σ)|+ k(k − 1)

2!
s(s− 1)|σs−2Q(k−2)(t,−σ)|+ · · · ≤

≤ b̃
(
B̃kBs

1t
−s/ptνk/pmks + B̃k−1Bs−1

1 t−(s−1)/ptν(k−1)/pksmk−1,s−1+

+B̃k−2Bs−2
1 t−(s−2)/ptν(k−2)/pk(k − 1)

2!
mk−2,s−2 + . . .

)
exp

{
− a2

2
tσp
}
=

= b̃B̃kBs
1t

−s/ptνk/pmks

(
1 +

t1/p

B̃B1tν/p
ks
mk−1,s−1

mks

+

+
t2/p

2!(B̃B1)2t2ν/p
ks
mk−1,s−1

mks

mk−2,s−2

mk−1,s−1

(k − 1)(s− 1) + . . .
)
exp

{
− a2

2
tσp
}
≤

≤ b̃B̃kBs
1t

−s/ptνk/pmks

(
1 +

T (1−ν)/pγ

B̃B1

(k + s) +
T 2(1−ν)/pγ2

2!(B̃B1)2
(k + s)2 + . . .

)
exp

{
− a2

2
tσp
}
≤

≤ b̃Lk
1L

s
2t

−s/ptνk/pkk/qss/p exp
{
− a2

2
tσp
}
,

äå

L1 = B̃ exp
{γT (1−ν)/p

B̃B1

}
, L2 = B1 exp

{γT (1−ν)/p

B̃B1

}
, B1 =

( 2

a2pe

)1/p
,

ν = 0, ÿêùî 0 < t ≤ 1, òà ν = 1, ÿêùî t > 1.

Òîäi

|xkDs
xG(t, x)| ≤ b̃1L

k
1L

s
2t

−s/ptνk/pkk/qss/p
∫
R

exp
{
− a2

2
tσp
}
dσ =

= b̃2L
k
1L

s
2t

−(s+1)/ptνk/pkk/qss/p, {k, s} ⊂ Z+.

Îòæå,

|Ds
xG(t, x)| ≤ b̃2L

s
2t

−(s+1)/pss/p inf
k

Lk
1k

k/q

(t−ν/p|x|)k
≤

≤ c̃Ls
2t

−(s+1)/pss/p exp{−d0(t−ν/p|x|)q}, s ∈ Z+,

ñòàëi c̃, L2, d0 > 0 íå çàëåæàòü âiä t. Òóò ìè ñêîðèñòàëèñÿ âiäîìîþ íåðiâíiñòþ ç [1, ñ.

204]

inf
k

Lkkkω

|x|k
≤ L0 exp{−l|x|1/ω}, L0, l > 0.

Òàêèì ÷èíîì, ïðàâèëüíèì ¹ òàêå òâåðäæåííÿ.
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Ëåìà 3. Äëÿ ôóíêöi¨ G(t, x), (t, x) ∈ Ω, òà ¨¨ ïîõiäíèõ (çà çìiííîþ x) ïðàâèëüíèìè ¹

íåðiâíîñòi

|Ds
xG(t, x)| ≤ c̃Ls

2t
−(s+1)/pss/q exp{−d0(t−ν/p|x|)q}, s ∈ Z+, (8)

äå ñòàëi c̃, L2, d0 > 0 íå çàëåæàòü âiä t, p = 2b, q = p/(p − 1), ν = 0, ÿêùî 0 < t ≤ 1;

ν = 1, ÿêùî t > 1.

Ñêîðèñòàâøèñü çîáðàæåííÿì ôóíêöi¨ Q2, çíàéäåìî, ùî

G(t, x) = (2π)−1

∫
R

Q1(t, σ)Q2(σ)e
−ixσdσ =

= (2π)−1

∫
R

etP (σ)

(
µ−

m∑
k=1

µke
tkP (σ)

)
e−ixσdσ =

= (2π)−1

∫
R

etP (σ)

∞∑
r=0

µ−(r+1)
∑

r1+···+rm=r

r!µr1
1 . . . µ

rm
m

r1! . . . rm!
e(t1r1+···+tmrm)P (σ)e−ixσdσ =

=
∞∑
r=0

1

µr+1

∑
r1+···+rm=r

r!µr1
1 . . . µ

rm
m

r1! . . . rm!
G̃(t1r1 + · · ·+ tmrm + t, x),

äå

G̃(t1r1 + · · ·+ tmrm + t, x) = (2π)−1

∫
R

e(t1r1+···+tmrm)P (σ)e−ixσdσ,

G̃(t, x) � ôóíäàìåíòàëüíèé ðîçâ'ÿçîê çàäà÷i Êîøi äëÿ ðiâíÿííÿ (1), òîáòî G̃(t, x) =

F−1[Q1(t, σ)].

Íàïðèêëàä, ó âèïàäêó äâîòî÷êîâî¨ çàäà÷i äëÿ ðiâíÿííÿ òåïëîïðîâiäíîñòi (m = 1, µ >

µ1, P
(
− i

∂

∂x

)2
= −

(
− i

∂

∂x

)2
=

∂2

∂x2
) ìà¹ìî, ùî G̃(t, x) =

1

2
√
πt

exp
{
− x2

4t

}
,

G(t, x) =
∞∑
r=0

µ−(r+1)µr
1G̃(t+ t1r, x) =

=
1

2µ

∞∑
r=0

(µ1

µ

)r 1√
π(t+ rt1)

exp
{
− x2

4(t+ rt1)

}
, µ > µ1, 0 < t1 ≤ T.

Ëåìà 4. Ïðàâèëüíîþ ¹ ôîðìóëà

∂

∂t
(f ∗G(t, x)) = f ∗ ∂G(t, x)

∂t
,∀f ∈ (S

1/p
1/q )

′.

Äîâåäåííÿ. Çà îçíà÷åííÿì çãîðòêè óçàãàëüíåíî¨ ôóíêöi¨ ç îñíîâîþ ìà¹ìî

f ∗G(t, x) = ⟨fξ, T−xǦ(t, ξ)⟩, Ǧ(t, ξ) = G(t,−ξ).

Òîäi
∂

∂t
(f ∗G(t, ·)) = lim

∆t→0

1

∆t
[(f ∗G(t+∆t, ·))− (f ∗G(t, ·))] =
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= lim
∆t→0

⟨fξ,
1

∆t
[T−xǦ(t+∆t, ξ)− T−xǦ(t, ξ)]⟩.

Îñêiëüêè G(t, ·) ÿê àáñðàêòíà ôóíêöiÿ ïàðàìåòðà t iç çíà÷åííÿìè â ïðîñòîði S
1/p
1/q ,

äèôåðåíöiéîâíà ïî t (îçí. àáñòðàêòíî¨ ôóíêöi¨ äèâ â [1]), òî ãðàíè÷íå ñïiââiäíîøåííÿ

1

∆t
[T−xǦ(t+∆t, ·)− T−xǦ(t, ·)] −→

∆t→0

∂

∂t
T−xǦ(t, ξ),

âèêîíó¹òüñÿ â ñåíñi çáiæíîñòi çà òîïîëîãi¹þ ïðîñòîðó S
1/q
1/p . Çâiäñè, ç óðàõóâàííÿì íåïå-

ðåðâíîñòi ôóíêöiîíàëà f , ìà¹ìî

∂

∂t
(f ∗G(t, ·)) = ⟨fξ, lim

∆t→0

1

∆t
[T−xǦ(t+∆t, ξ)− T−xǦ(t, ξ)]⟩ =

= ⟨fξ,
∂

∂t
T−xǦ(t, ξ)⟩ = ⟨fξ, T−x

∂

∂t
Ǧ(t, ξ)⟩ = f ∗ ∂G(t, x)

∂t
,

ùî é ïîòðiáíî áóëî äîâåñòè.

Ëåìà 5. Ó ïðîñòîði (S
1/q
1/p)

′ ñïðàâäæó¹òüñÿ ñïiââiäíîøåííÿ:

1) G(t, ·) → F−1[Q2], t→ +0;

2) µG(t, ·)−
m∑
k=1

µkG(tk, ·) → δ, t→ +0

(òóò δ � äåëüòà-ôóíêöiÿ Äiðàêà).

Äîâåäåííÿ. 1. Óðàõóâàâøè âëàñòèâiñòü íåïåðåðâíîñòi ïåðåòâîðåííÿ Ôóð'¹ (ïðÿìîãî òà

îáåðíåíîãî) ó ïðîñòîðàõ òèïó S ′, äëÿ äîâåäåííÿ òâåðäæåííÿ äîñèòü âñòàíîâèòè, ùî

F [G(t, ·)] = Q1(t, ·)Q2(·) −→ Q2(·), t→ +0,

ó ïðîñòîði (S
1/q
1/p)

′. Äëÿ öüîãî âiçüìåìî äîâiëüíó ôóíêöiþ φ ∈ S
1/q
1/p i, ñêîðèñòàâøèñü

òèì, ùî Q2 � ìóëüòèïëiêàòîð ó ïðîñòîði S
1/q
1/p , à òàêîæ òåîðåìîþ Ëåáåãà ïðî ãðàíè÷íèé

ïåðåõiä ïiä çíàêîì iíòåãðàëà Ëåáåãà, çíàéäåìî, ùî

⟨Q1(t, ·)Q2(·), φ⟩ = ⟨Q1(t, ·), Q2(·)φ(·)⟩ =
∫
R

Q1(t, σ)Q2(σ)φ(σ)dσ −→
t→+0

−→
t→+0

∫
R

Q2(σ)φ(σ)dσ = ⟨1, Q2(·)φ(·)⟩ = ⟨Q2, φ⟩.

Çâiäñè âæå âèïëèâà¹ òâåðäæåííÿ 1 ëåìè 5.

2. Óðàõóâàâøè òâåðäæåííÿ 1, çíàéäåìî, ùî â ïðîñòîði (S
1/p
1/q )

′ ñïðàâäæó¹òüñÿ ãðàíè-

÷íå ñïiââiäíîøåííÿ

µG(t, ·)−
m∑
k=1

µkG(tk, ·) −→
t→+0

µF−1[Q2]−
m∑
k=1

µkG(tk, ·) =

= µF−1[Q2]−
m∑
k=1

µkF
−1[Q1(t, ·)Q2(·)] = F−1

[
µQ2(σ)−

m∑
k=1

µkQl(tk, σ)Q2(σ)
]
=
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= F−1[Q2(σ)(µ−
m∑
k=1

µkQ1(tk, σ))] =

= F−1
[(
µ−

m∑
k=1

µkQ1(tk, σ)
)−1(

µ−
m∑
k=1

µkQ1(tk, σ)
)]

= F−1[1] = δ.

Òâåðäæåííÿ 2 äîâåäåíî.

Çàóâàæåííÿ 1. ßêùî µ = 1, µ1 = · · · = µm = 0, òî çàäà÷à (1), (3) âèðîäæó¹òüñÿ

â çàäà÷ó Êîøi äëÿ ðiâíÿííÿ (1), ïðè öüîìó Q2(σ) = 1, σ ∈ R, F−1[1] = δ. Îòæå, ó

âèïàäêó çàäà÷i Êîøi äëÿ ðiâíÿííÿ (1) ôóíêöiÿG(t, x) = F−1[etP (σ)] âîëîäi¹ âëàñòèâiñòþ:

G(t, ·) → δ ïðè t→ +0 ó ïðîñòîðiâ (S
1/p
1/q )

′ (âiäîìèé ôàêò, äèâ. [4]).

Ñèìâîëîì (S
1/p
1/q,∗)

′ ïîçíà÷èìî êëàñ çãîðòóâà÷iâ ó ïðîñòîði (S
1/p
1/q )

′.

Íàñëiäîê 1. Íåõàé

ω(t, x) = f ∗G(t, x), (t, x) ∈ Ω, f ∈ (S
1/p
1/q,∗)

′.

Òîäi â ïðîñòîði (S
1/p
1/q )

′ âèêîíó¹òüñÿ ãðàíè÷íå ñïiââiäíîøåííÿ

µω(t, ·)−
m∑
k=1

µkω(tk, ·) → f, t→ +0. (9)

Äîâåäåííÿ. Îñêiëüêè f ∈ (S
1/p
1/q,∗)

′, òî

F [ω(t, ·)] = F [f ∗G(t, ·)] = F [f ] · F [G(t, ·)] = F [f ]Q(t, ·).

Òîäi

F [µω(t, ·)]−
m∑
k=1

µkω(tk, ·) = µF [f ]Q(t, ·)−
m∑
k=1

µkF [f ]Q(tk, ·) =

= F [f ]
(
µQ(t, ·)−

m∑
k=1

µkQ1(tk, ·)Q2(·)
)
.

Ïðè äîâåäåííi òâåðäæåííÿ 1 ëåìè 5 âñòàíîâëåíî, ùî Q(t, ·) → Q2(·) ïðè t → +0 ó

ïðîñòîði (S
1/q
1/p)

′. Òîäi â öüîìó ïðîñòîði ñïðàâäæó¹òüñÿ ãðàíè÷íå ñïiââiäíîøåííÿ

F [µω(t, ·)−
m∑
k=1

µkω(tk, ·)] −→
t→+0

F [f ]
(
µQ2(·)−

m∑
k=1

µkQ1(tk, ·)Q2(·)
)
=

= F [f ]
(
µQ2(·)−

m∑
k=1

µkQ1(tk, ·)Q2(·)
)
= F [f ]

(
Q2(·)

(
µ−

m∑
k=1

µkQ1(tk, ·)
))

= F [f ].

Çâiäñè òà ç âëàñòèâîñòi íåïåðåðâíîñòi ïåðåòâîðåííÿ Ôóð'¹ (ïðÿìîãî òà îáåðíåíîãî) â

ïðîñòîðàõ òèïó S ′ âèïëèâà¹ ñïiââiäíîøåííÿ (9).

Òâåðäæåííÿ äîâåäåíî.
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Ôóíêöiÿ G(t, x), (t, x) ∈ Ω, çàäîâîëüíÿ¹ ðiâíÿííÿ (1). Ñïðàâäi,

∂

∂t
G(t, x) =

∂

∂t
F−1[Q(t, σ)] = F−1

[ ∂
∂t
Q(t, σ)

]
= F−1[P (σ)Q(t, σ)],

P
(
− i

∂

∂x

)
G(t, x) = F−1[P (σ)F [G(t, x)]] = F−1[P (σ)Q(t, σ)].

Îòæå,
∂G(t, x)

∂t
= P

(
− i

∂

∂x

)
G(t, x), (t, x) ∈ Ω,

ùî é ïîòðiáíî áóëî äîâåñòè.

Íàäàëi ôóíêöiþ G íàçèâàòèìåìî ôóíäàìåíòàëüíèì ðîçâ'ÿçêîì íåëîêàëüíî¨ áàãàòî-

òî÷êîâî¨ çà ÷àñîì çàäà÷i äëÿ ðiâíÿííÿ (1).

Ç íàñëiäêó 1 âèïëèâà¹, ùî äëÿ ðiâíÿííÿ (1) íåëîêàëüíó áàãàòîòî÷êîâó çà ÷àñîì

çàäà÷ó ìîæíà ñôîðìóëþâàòè òàê: çíàéòè ôóíêöiþ u(t, x), (t, x) ∈ Ω, ÿêà çàäîâîëüíÿ¹

ðiâíÿííÿ (1) òà óìîâó

µ lim
t→+0

u(t, ·)−
m∑
k=1

µku(tk, ·) = f, f ∈ (S
1/p
1/q,∗)

′, (10)

äå ãðàíè÷íå ñïiââiäíîøåííÿ (10) ðîçãëÿäà¹òüñÿ â ïðîñòîði (S
1/p
1/q )

′ (îáìåæåííÿ íà ïàðà-

ìåòðè µ, µ1, . . . , µm, t1, . . . , tm òàêi æ, ÿê ó âèïàäêó çàäà÷i (1), (3)).

Îñíîâíèé ðåçóëüòàò ìiñòèòü íàñòóïíå òâåðäæåííÿ.

Òåîðåìà. Íåëîêàëüíà áàãàòîòî÷êîâà çà ÷àñîì çàäà÷à (1), (10) êîðåêòíî ðîçâ'ÿçíà,

ðîçâ'ÿçîê äà¹òüñÿ ôîðìóëîþ

u(t, x) = f ∗G(t, x), (t, x) ∈ Ω.

äå G � ôóíäàìåíòàëüíèé ðîçâ'ÿçîê áàãàòîòî÷êîâî¨ çàäà÷i äëÿ ðiâíÿííÿ (1).

Äîâåäåííÿ. Íàñàìïåðåä ïåðåêîíà¹ìîñÿ â òîìó, ùî ôóíêöiÿ u(t, x) ¹ ðîçâ'ÿçêîì ðiâíÿííÿ

(1). Ñïðàâäi (äèâ. ëåìó 4)

∂u(t, x)

∂t
=

∂

∂t
(f ∗G(t, x)) = f ∗ ∂G(t, x)

∂t
.

Îñêiëüêè f � çãîðòóâà÷ ó ïðîñòîði S
1/q
1/p , òî

P
(
− i

∂

∂x

)
u(t, x) = F−1[P (σ)F [f ∗G(t, ·)]] = F−1[P (σ)F [f ]F [G(t, ·)]] =

= F−1[P (σ)F [f ]Q(t, σ)] = F−1
[ ∂
∂t
Q(t, ·)F [f ]

]
=

= F−1
[
F
[ ∂
∂t
G(t, ·)

]
· F [f ]

]
= F−1

[
F
[
f ∗ ∂G

∂t

]]
= f ∗ ∂G(t, x)

∂t
.

Çâiäñè äiñòà¹ìî, ùî ôóíêöiÿ u(t, x), (t, x) ∈ Ω, çàäîâîëüíÿ¹ ðiâíÿííÿ (1).
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Ç íàñëiäêó 1 âèïëèâà¹, ùî u(t, x) çàäîâîëüíÿ¹ óìîâó (10) ó âêàçàíîìó ñåíñi.

Iç âëàñòèâîñòi íåïåðåðâíîñòi çãîðòêè âèïëèâà¹, ùî u íåïåðåðâíî çàëåæèòü âiä ôóí-

êöi¨ f ∈ (S
1/p
1/q,∗)

′.

Äîâåäåìî, ùî çàäà÷à (1), (10) ìà¹ ¹äèíèé ðîçâ'ÿçîê. Äëÿ öüîãî ðîçãëÿíåìî çàäà÷ó

Êîøi
∂v(t, x)

∂t
+ P ∗

(
− i

∂

∂x

)
v(t, x) = 0, (t, x) ∈ [0, t0)× R ≡ Ω′, 0 ≤ t < t0, (11)

v(t, ·)|t=t0 = ψ, ψ ∈ (S
1/p
1/q,∗)

′, (12)

äå P ∗ - çâóæåííÿ ñïðÿæåíîãî îïåðàòîðà äî îïåðàòîðà P íà ïðîñòið S
1/p
1/q ⊂ (S

1/p
1/q )

′.

Óìîâó (12) ðîçóìi¹ìî â ñëàáêîìó ñåíñi. Çàäà÷à Êîøi (11), (12) ¹ ðîçâ'ÿçíîþ (äèâ. [4]),

ïðè öüîìó v(t, ·) ∈ S
1/p
1/q ïðè êîæíîìó t ∈ [0, t0).

Íåõàé Qt
t0

: (S
1/p
1/q,∗)

′ → S
1/p
1/q � îïåðàòîð, ÿêèé çiñòàâëÿ¹ ôóíêöiîíàëó ψ ∈ (S

1/p
1/q,∗)

′

ðîçâ'ÿçîê çàäà÷i (11), (12). Îïåðàòîð Qt
t0
¹ ëiíiéíèì i íåïåðåðâíèì, âií âèçíà÷åíèé äëÿ

äîâiëüíèõ t i t0 òàêèõ, ùî 0 ≤ t < t0 ≤ T i ìà¹ âëàñòèâîñòi

∀ψ ∈ (S
1/p
1/q,∗)

′ :
dQt

t0
ψ

dt
+ P ∗Qt

t0
ψ = 0, lim

t→t0
Qt

t0
ψ = ψ

(ãðàíèöÿ ðîçãëÿäà¹òüñÿ â ïðîñòîði (S
1/p
1/q )

′).

Ðîçãëÿíåìî ðîçâ'ÿçîê u(t, x), (t, x) ∈ Ω, çàäà÷i (1), (10), ÿêèé ðîçóìiòèìåìî ÿê ðåãó-

ëÿðíèé ôóíêöiîíàë ç ïðîñòîðó (S
1/p
1/q,∗)

′. Äîâåäåìî, ùî çàäà÷à (1), (10) ìîæå ìàòè ëèøå

¹äèíèé ðîçâ'ÿçîê ó ïðîñòîði (S
1/p
1/q,∗)

′. Äëÿ öüîãî äîñèòü äîâåñòè, ùî ¹äèíèì ðîçâ'ÿçêîì

ðiâíÿííÿ (1) ïðè íóëüîâié ãðàíè÷íié óìîâi ìîæå áóòè ëèøå ôóíêöiîíàë u(t, x) ≡ 0 ïðè

êîæíîìó t ∈ (0, T ]. Çàñòîñó¹ìî ôóíêöiîíàë u äî ôóíêöi¨ Qt
t0
ψ ∈ S

1/p
1/q , äå ψ � äîâiëüíî

ôiêñîâàíèé åëåìåíò ç ïðîñòîðó S
1/p
1/q ⊂ (S

1/p
1/q,∗)

′. Äèôåðåíöiþþ÷è ïî t i âèêîðèñòîâóþ÷è

ðiâíÿííÿ (1), (10), îòðèìó¹ìî

∂

∂t
⟨u(t, ·), Qt

t0
ψ⟩ =

⟨∂u
∂t
,Qt

t0
ψ
⟩
+
⟨
u,
∂Qt

t0
ψ

∂t

⟩
= ⟨Pu,Qt

t0
ψ⟩ − ⟨u, P ∗Qt

t0
ψ⟩ =

= ⟨Pu,Qt
t0
ψ⟩ − ⟨Pu,Qt

t0
ψ⟩ = 0, t ∈ [0, t0).

Çâiäñè âèïëèâà¹, ùî ⟨u(t, ·), Qt
t0
ψ⟩ ¹ ñòàëîþ âåëè÷èíîþ. Iç âëàñòèâîñòåé àáñòðàêòíèõ

ôóíêöié âèïëèâà¹ ñïiââiäíîøåííÿ

lim
t→t0

⟨u(t, ·), Qt
t0
ψ⟩ = ⟨u(t0, ·), ψ⟩ = const ≡ c

ó äîâiëüíié òî÷öi t0 ∈ (0, T ]. Îòæå, ÿêùî â (1) f = 0, òî

µ lim
t→+0

⟨u(t, ·), ψ⟩ −
m∑
k=1

µk⟨u(tk, ·), ψ⟩ = µc0 −
m∑
k=1

µkck = 0.

Çâiäñè âèïëèâà¹, ùî c0 = c1 = · · · = cm = 0. Ïðèïóñòèìî, ùî öå íå òàê. Íàïðèêëàä,

c0 ̸= 0. Òîäi ìà¹ìî ñïiââiäíîøåííÿ µ −
m∑
k=1

µkαk = 0, äå αk = ck/c0, òîáòî µ =
m∑
k=1

µkαk.
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Îñêiëüêè αk � äîâiëüíi ñòàëi, à çà óìîâîþ µ, µ1, . . . , µm � ôiêñîâàíi ïàðàìåòðè, ïðè÷îìó

µ >
m∑
k=1

µk, òî îäåðæàíå ïðîòèði÷÷ÿ äîâîäèòü, ùî c0 = 0. Àíàëîãi÷íî äîâîäèìî, ùî

c1 = c1 = · · · = cm = 0. Òàêèì ÷èíîì, ⟨u(t0, ·), ψ⟩ = 0 äëÿ äîâiëüíîãî ψ ∈ S
1/p
1/q , òîáòî

u(t0, ·) � íóëüîâèé ôóíêöiîíàë ç ïðîñòîðó (S
1/p
1/q,∗)

′. Îñêiëüêè t0 ∈ (0, T ] i t0 âèáðàíå

äîâiëüíèì ÷èíîì, òî u(t, ·) = 0 äëÿ âñiõ t ∈ (0, T ]. Òåîðåìà äîâåäåíà.
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Gorodetskiy V.V., Kolisnyk R.S., Martynyuk O.V. On a nonlocal problem for partial di�erential

equations of parabolic type, Bukovinian Math. Journal. 8, 2 (2020), 24�39.

Spaces of S type, introduced by I.Gelfand and G.Shilov, as well as spaces of type S′,

topologically conjugate with them, are natural sets of the initial data of the Cauchy problem

for broad classes of equations with partial derivatives of �nite and in�nite orders, in which the

solutions are integer functions over spatial variables. Functions from spaces of S type on the

real axis together with all their derivatives at |x| → ∞ decrease faster than exp{−a|x|1/α},
α > 0, a > 0, x ∈ R.
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The paper investigates a nonlocal multipoint by time problem for equations with parti-

al derivatives of parabolic type in the case when the initial condition is given in a certain

space of generalized functions of the ultradistribution type (S′ type). Moreover, results close

to the Cauchy problem known in theory for such equations with an initial condition in the

corresponding spaces of generalized functions of S′ type were obtained. The properties of the

fundamental solution of a nonlocal multipoint by time problem are investigated, the correct

solvability of the problem is proved, the image of the solution in the form of a convolution of

the fundamental solution with the initial generalized function, which is an element of the space

of generalized functions of S′ type.


