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CENTER CONDITIONS FOR A CUBIC DIFFERENTIAL SYSTEM

HAVING AN INTEGRATING FACTOR

We �nd conditions for a singular point O(0, 0) of a center or a focus type to be a center,

in a cubic di�erential system with one irreducible invariant cubic. The presence of a center at

O(0, 0) is proved by constructing integrating factors.
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Introduction

We consider the cubic system of di�erential equations

ẋ = y + p2(x, y) + p3(x, y) ≡ P (x, y), ẏ = −x+ q2(x, y) + q3(x, y) ≡ Q(x, y), (1)

where pj(x, y) and qj(x, y) are homogeneous polynomials of degree j and P (x, y), Q(x, y) ∈
R[x, y] are coprime polynomials. The origin O(0, 0) is a singular point for (1) with purely

imaginary eigenvalues, i.e. a focus or a center. The purpose of this paper is to �nd veri�able

conditions under which O(0, 0) is a center.

Although the problem of the center dates from the end of the 19th century, it is completely

solved only for: quadratic systems ẋ = y + p2(x, y), ẏ = −x + q2(x, y); cubic symmetric

systems ẋ = y+p3(x, y), ẏ = −x+q3(x, y); Kukles system ẋ = y, ẏ = −x+q2(x, y)+q3(x, y)

and a few particular cases in families of polynomial systems of higher degree.

If the cubic system (1) contains both quadratic and cubic nonlinearities, then the problem

of �nding a �nite number of necessary and su�cient conditions for the center is still open.

It was possible to �nd a �nite number of conditions for the center only in some particular

cases (see, for example, [2], [3], [7], [9], [11], [10], [12]).
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1 Invariant algebraic curves and integrating factors

It is known from Poincar�e and Lyapunov that a singular point O(0, 0) is a center for (1)

if and only if the system has a nonconstant analytic �rst integral [8]

x2 + y2 +
∞∑
k=3

Fk(x, y) = C

in the neighborhood of O(0, 0) or an analytic integrating factor of the form [1]

µ(x, y) = 1 +
∞∑
k=1

µk(x, y), (2)

where Fk and µk are homogeneous polynomials of degree k.

We study the problem of the center for a cubic system (1) assuming that the system has

an irreducible invariant algebraic curve.

De�nition 1. An algebraic curve Φ(x, y) = 0 in C2 with Φ ∈ C[x, y] is said to be an

invariant algebraic curve of system (1) if

∂Φ

∂x
P (x, y) +

∂Φ

∂y
Q(x, y) = Φ(x, y)K(x, y), (3)

for some polynomial K(x, y) ∈ C[x, y] called the cofactor of the invariant algebraic curve

Φ(x, y) = 0.

The conditions for a singular point O(0, 0) of a center or a focus type to be a center, in

a cubic di�erential system (1) with two distinct invariant straight lines were obtained in [4].

In [3] the problem of the center was solved for system (1) with: at least three invariant

straight lines; two invariant straight lines and one irreducible invariant conic. The center

conditions for system (1) with two invariant straight lines and one irreducible invariant cubic

x2 + y2 + a30x
3 + a21x

2y + a12xy
2 + a03y

3 = 0 (4)

where found in [5]. The presence of a center in these papers was proved by using the method

of Darboux integrability and the rational reversibility.

The goal of this paper is to obtain the center conditions for a cubic di�erential system (1)

with an irreducible invariant cubic curve of the form (4) by constructing integrating factors.

2 Cubic systems with one invariant cubic

Let us write the cubic system (1) in the form

ẋ = y + ax2 + cxy + fy2 + kx3 +mx2y + pxy2 + ry3 ≡ P (x, y),

ẏ = −(x+ gx2 + dxy + by2 + sx3 + qx2y + nxy2 + ly3) ≡ Q(x, y),
(5)

where P (x, y), Q(x, y) are coprime polynomials in R[x, y]. The origin O(0, 0) is a singular

point which is a center or a focus (a �ne focus) for (5).
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Assume that the cubic system (5) has a real invariant cubic curve of the form (4). By

rotating the system of coordinates (x → x cosφ−y sinφ, y → x sinφ+y cosφ) and rescaling

the axes of coordinates (x → αx, y → αy), we can make the curve to pass through a point

(0, 1). In this case the invariant cubic curve looks as

Φ ≡ a30x
3 + a21x

2y + a12xy
2 − y3 + x2 + y2 = 0. (6)

In this Section we determinate the condition under which the cubic system (5) has an

irreducible invariant cubic curve of the form (6).

Theorem 1. The cubic di�erential system (5) has an invariant cubic curve of the form (6)

if and only if one of the following three sets of conditions holds

(c1) d = 2(a − 4f − 3r − 6), l = −[(f + r + 1)a12 + b], k = [(54 − 6a + 36f + 24r)a12 +

6ac− 12bf − 8br − 18b− 30cf − 20cr − 45c+ 12fg + 8gr + 18g]/6, m = 4af + 2ar +

6a − a212 + a12c − 12f 2 − 14fr − 36f − 4r2 − 21r − 27, n = [−8af − 8ar − 12a −
2a212 + (2b+ c)a12 + 24f 2 + 40fr + 72f + 16r2 + 60r + 54]/2, p = [(2f + 6)a12 − 3c]/2,

q = 2ab+2ac+(6f +3r+9−3a)a12−4bf −2br−6b−4cf −2cr−6c−2fg−2gr−3g,

s = [−12a212 + (14b+ 17c− 8g)a12 − 4b2 − 10bc+ 4bg − 6c2 + 6cg]/6;

(c2) d = (3− 2a+ 2f − a212)/2, g = (a312 − 27a12 + 18b+ 18c)/18, k = [a512 + (6a+ 54)a312 −
27ca212+(162a−972f−324r−2187)a12+729c+486p]/162, l = −(b+fa12+ra12+a12),

m = (a412+(6a−162f−48r−486)a212−162a+216ca12+72pa12+486f+324r+729)/108,

n = [(10f + 4r + 19)a212 + 6(b − c − p)a12 − 18f − 12r + 6a − 27]/6, q = [−a512 +

(6f + 54 − 6a)a312 − 36(b + c)a212 + (891 − 54a + 378f + 108r)a12 − 324c − 216p]/108,

s = [a12((2b+ 3c)a212 − 5a312 + (36f + 12r − 6a+ 81)a12 − 27c− 18p)]/54;

(c3) d = (2f − 2a+3− a212 +81t2)/2, g = (a312 − 243a12t
2 − 27a12 +18b+18c+1458t3)/18,

k = [2a512 + 3a312(4a− 216t2 + 27) + 27a212(9t− 2c + 108t3) + 81a12(2a− 36at2 − 6f −
4r + 486t4 − 81t2 − 9) + 729t(24at2 + 2a + 6ct − 6f − 4r − 324t4 − 27t2 − 9)]/324,

l = −[(f +r+1)a12+ b], m = [−a412+18ta312−6a212(a+9f +4r+36)+54a12(2at+2c−
6ft− 4rt− 27t3− 9t)+81(6f − 6at2− 2a+90ft2+48rt2+4r+81t4+162t2+9)]/108,

n = [a412−9ta312+3a212(2a+2f+4r−27t2−7)+9a12(4b+2c−6at+18ft+12rt+81t3+

27t)+18(2a−108ft2−6f −108rt2−4r−189t2−9)]/36, p = [−a312+9a212t+3a12(45−
2a+18f +4r+27t2) + 27(2at− 2c− 6ft− 4rt− 27t3 − 9t)]/36, q = [−a512 +6a312(10−
a+f+54t2)−18a212(2b+2c+81t3+3t)+9a12(162at

2−2a−162ft2+6f+4r−2187t4−
702t2 +9)+ 162t(9− 54at2 − 2a+18bt+18ct+54ft2 +6f +4r+729t4 +108t2)]/108,

s = [−9a412+ a312(4b+6c− 9t)+ 3a212(9− 2a+6f +4r+729t2)+ 27ta12(9− 2a− 36bt−
54ct+ 6f + 4r − 405t2) + 486t2(2a+ 12bt+ 18ct− 6f − 4r − 27t2 − 9)]/108.

Proof. By De�nition 1, the cubic curve (6) is an invariant cubic curve for system (5) if there

exist numbers c20, c11, c02, c10, c01 ∈ R such that

P (x, y)
∂Φ

∂x
+Q(x, y)

∂Φ

∂y
≡ Φ(x, y)(c20x

2 + c11xy + c02y
2 + c10x+ c01y). (7)
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Identifying the coe�cients of the monomials xiyj in (7), we reduce this identity to a

system of �fteen equations

{Uij = 0, i+ j = 3, 4, 5} (8)

for the unknowns a30, a21, a12, c20, c11, c02, c10, c01.

When i + j = 3, we �nd that c10 = 2a − a21, c01 = 2c − 2g − 2a12 + 3a30, d = (2f −
2a+3a21 +3)/2, g = (3a30 − 3a12 +2b+2c)/2. Then we express c02, c11, c20 and s from the

equations {U05, U14, U23, U32} of (8)

c02 = −a12r − 3l, c11 = −a212r − a12l − a12p − 2a21r − 3n, c20 = −a312r − a212l − pa212 −
3ra12a21 −ma12 − na12 − 2la21 − 2pa21 − 3ra30 − 3q, s = [−ra412 − (l+ p)a312 − (4ra21 +m+

n)a212 − (3la21 + 3pa21 + 4ra30 + k + q)a12 − 2ra221 − 2(m+ n)a21 − 3(l + p)a30]/3

and calculate the resultant of the equation U50 and U41 with respect to q. We obtain

Res(U50, U41, q) = f1f2,

where f1 = ra212+(l+p)a12+ra21+m+n, f2 = 4a312a30−a212a
2
21+18a12a21a30−4a321+27a230.

Let f1 = 0, then n = −(ra212 + (l + p)a12 + ra21 +m). In this case we have

U41 ≡ g1g2 = 0, U50 ≡ g1h1 = 0,

where g1 = (ra12 + l + p)a21 + ra30 + k + q, g2 = a212 + 3a21, h1 = a12a21 + 9a30.

Assume that g1 = 0, then q = −(ra30 + (l+ p)a21 + ra12a21 + k). In this case we express

l,m, k and p from the equations of (8), and we obtain the set of conditions (c1) for the

existence of the invariant cubic

(3a12 − 2b− 2c+ 2g)x3 + 3(2a− 6f − 4r − 9)x2y + 3a12xy
2 − 3y3 + 3(x2 + y2) = 0.

Assume that g1 ̸= 0, then the equations U50 = 0 and U41 = 0 of (8) yield

a30 = (−a12a21)/9, a21 = (−a212)/3.

In this case f2 ≡ 0 and we obtain the set of conditions which is contained in (c2) (p =

(−6aa212 + 54a− a412 + 90fa212 + 12ra212 + 252a212 − 108ca12 − 162f − 108r − 243)/(72a12)).

Assume that f2 = 0 and let f1 ̸= 0. The equation f2 = 0 admits the following

parametrization

a30 = (a312 − 243a12t
2 + 1458t3)/27, a21 = (81t2 − a212)/3.

In this case we have U41 ≡ e1e2 = 0, U50 ≡ e1e2(a12 − 9t) = 0, where

e1 = t2, e2 = 4ra312 + 9(l + p + 6rt)a212 + 9(9lt + 2m + 2n + 9pt + 108rt2)a12 + 27(k +

27lt2 + 3mt+ 3nt+ 27pt2 + q + 135rt3).

Suppose that e1 = 0, then t = 0. In this case we express l, n, q, k and m from the

equations {Uij = 0, i+ j = 4} of (8). We get the set of conditions (c2) for the existence of

the invariant cubic

(a12x− 3y)3 + 27(x2 + y2) = 0.

Suppose that e2 = 0 and let e1 ̸= 0. In this case we express q = 0 from the equation

e2 = 0 and l, n, k from the equations {U04 = 0, U13 = 0, U22 = 0} of (8).

We calculate the resultant of the equation U40 and U31 with respect to m. We obtain

Res(U40, U31,m) = i1i2i3,

where i1 = (a12 − 9t)2 + 9 ̸= 0, i2 = (a12 + 18t)2 + 9 ̸= 0, i3 = a312 − 9ta212 + 3a12(2a− 18f −
4r − 27t2 − 45) + 9(4p− 6at+ 6c+ 18ft+ 12rt+ 81t3 + 27t).
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Let i3 = 0. We express p from the equation i3 = 0. Then the equations F40 = 0 and

F31 = 0 yield m = [−a412 + 18ta312 − 6a212(a + 9f + 4r + 36) + 54a12(2at + 2c − 6ft − 4rt −
27t3 − 9t) + 81(9− 6at2 − 2a+ 90ft2 + 6f + 48rt2 + 4r + 81t4 + 162t2)]/108.

In this case we obtain the set of conditions (c3) for the existence of the invariant cubic

(a12x+ 18tx− 3y)(a12x− 9tx− 3y)2 + 27(x2 + y2) = 0.

3 Cubic systems with an integrating factor

Let the cubic system (5) have an irreducible invariant cubic curve, i.e. at least one of

the conditions of Theorem 1 holds. In this section we �nd the center conditions for cubic

system (5) with one invariant cubic curve by constructing an integrating factor of the form

µ =
1

(a30x3 + a21x2y + a12xy2 − y3 + x2 + y2)h
, (9)

where h is a real parameter.

According to [3] the function (9) is an integrating factor for system (1) if and only if the

following identity holds

P (x, y)
∂µ

∂x
+Q(x, y)

∂µ

∂y
+ µ

(
∂P

∂x
+

∂Q

∂y

)
= 0. (10)

The identity (10) can be used to �nd integrating factors of the cubic system (5) with

invariant algebraic curves (5).

Theorem 2. The cubic system (5) has an integrating factor of the form (9) if and only if

one of the following three conditions holds

(i) d = 2a, f = (−3)/2, k = a(c−2l−2b), m = 2(c−2b−2l)(b+ l), n = (c−2b−4l)(b+ l),

p = [3(2b+2l− c)]/2, q = 2a(c− 3l− 2b), r = 0, s = [(3c− 6b− 8l)(2b− c+ g+3l)]/3,

h = (c− 2b)/(2l);

(ii) d = 2(a − 4f − 3r − 6), k = [6(4r + 9 + 6f − a)(c − 2b) − h((5c − 2g − 10b)(4r +

9 + 6f) + 6a(2b − c))]/(6h), l = [(2b − c)(r + f + 1) − bh(2f + 2r + 3)]/h, m =

[h2(2b(c − 2b) − (r + 2f + 3)(4r + 6f − 2a + 9)) + (2b − c)(4bh − ch + c − 2b)]/h2,

n = [2h2((2r+2f+3)(4r+6f−2a+9)+b(c−2b))+(2b−c)(6bh−ch+2c−4b)]/(2h2),

p = [h(4bf+12b−3c)−2(2b−c)(f+3)]/(2h), q = −[(2r+3+2f)gh+(2b−c)(2h−3)a−
(r+3+2f)(2b− c)(2h− 3)]/h, s = [(4bh− 6b− 2ch+3c+2gh)(c− 2b)(3h− 4)]/(6h2),

h = [2(4f + 3r + 6)]/(6f + 4r + 9);

(iii) d = −[60a+(4b+3c)2]/45, f = (d−2a−15)/10, g = [(4b+3c)3−450b+225c]/2250, k =

[((4b+3c)4+(150a+225)(4b+3c)2+4500b(4b+3c)+101250a−101250r)(4b+3c)]/506250,

q = [(15a+b(4b+3c)−15r)(4b+3c)−90k]/45, l = [(4b+3c)3+(150a−450r+225)(4b+

3c) − 2250b]/2250, p = (−6l − r(4b + 3c))/3, m = [(4b + 3c)4 + 75(2a − 4r + 3)(4b +

3c)2 − 9000b(4b+ 3c) + 101250(r− a)]/33750, n = [45m+ r(4b+ 3c)2 + 15b(4b+ 3c) +

225(a− r)]/45, s = [(4b+ 3c)2(15(r − a)− b(4b+ 3c))]/3375, h = 5/3.
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Proof. Let the cubic system (5) have and an invariant cubic Φ = 0 of the form (6). In this

case at least one set of the conditions (c1), (c2), (c3) from Theorem 1 holds. The system (5)

will have an integrating factor of the form (9) if and only if the identity (10) holds.

1. Let the set of conditions (c1) hold. Then identifying the coe�cients of the monomials

xiyj in (10), we obtain a system of �ve equations

{Fij = 0, i+ j = 1, 2} (11)

for the unknowns a12, h and the coe�cients of system (5).

The equation F01 = 0 of (11) yields c = a12h − 2bh + 2b and F10 = 0 becomes F10 ≡
(6f + 4r + 9)h− 2(4f + 3r + 6) = 0.

If f = −(4r + 9)/6, then r = 0 and h = (c − 2b)/(2l). In this case we obtain the set of

conditions (i) for the existence of the integrating factor (9) with h = (c− 2b)/(2l) and

Φ ≡ 2(2b− c+ g + 3l)x3 + 6ax2y + 6(b+ l)xy2 − 3y3 + 3(x2 + y2) = 0.

If f ̸= −(4r + 9)/6, then we obtain the set of conditions (ii) for the existence of the

integrating factor (9) with h = [2(4f + 3r + 6)]/(6f + 4r + 9) and

Φ ≡ (4bh− 6b− 2ch+ 3c+ 2gh)x3 + 3h(2a− 6f − 4r − 9)x2y+

+3xy2(2bh− 2b+ c)− 3hy3 + 3h(x2 + y2) = 0.

2. Let the set of conditions (c2) hold. Then identifying the coe�cients of the monomials

xiyj in (10), we obtain a system of �ve equations

{Gij = 0, i+ j = 1, 2} (12)

for the unknowns a12, h and the coe�cients of system (5).

The equation G01 = 0 yields c = a12h− 2bh+2b. We express f and p from the equations

G10 = 0 and G02 = 0 of (12). We obtain that G11 ≡ u1u2u3 = 0, where u1 = 6(3h − 4)a +

(3h− 4)a212 − 6r, u2 = (6h− 11)a212 + 9, u3 = 3h− 5.

The case u1 = 0 is contained in (i). Assume that u1 ̸= 0 and let u2 = 0. Then

h = (11a212 − 9)/(6a212) and F20 = a212 + 9 ̸= 0.

Assume that u1u2 ̸= 0 and let u3 = 0, then h = 5/3. In this case we determine the set of

conditions (iii) for the existence of the integrating factor (9) with h = 5/3 and

Φ ≡ ((4b+ 3c)x− 15y)3 + 3375(x2 + y2) = 0.

3. Let the set of conditions (c3) hold. Then identifying the coe�cients of the monomials

xiyj in (10), we obtain a system of �ve equations

{Hij = 0, i+ j = 1, 2} (13)

for the unknowns a12, h and the coe�cients of system (5).

The equations H01 = 0, H10 = 0 of (13) yield c = a12h−2bh+2b, f = [a212(3−2h)+3(6a−
4ah+54ht2−81t2−3)]/6, respectively. We obtain that H20 ≡ 2a12(5−3h)+9t(11−6h) = 0

and H02 ≡ 2a12(3h − 5) + 9t = 0. From the equations H20 = 0 and H02 = 0 we get

a12 = (−9t)/[2(3h− 5)] and h = 2. Then H11 ≡ 9(81t2 + 4) ̸= 0.

In the case (c3) we cannot construct an integrating factor of the form (9) using the

invariant cubic curve of the form (6). Theorem 2 is proved.

Remark 1. It is easy to verify that the center conditions obtained in Theorem 2 generalize

the center conditions obtained in Lemma 4.3 of [6].
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Êîçüìà Ä.Â., Ìàòåé À.I. Óìîâà öåíòðó äëÿ êóái÷íî¨ äèôåðåíöiàëüíî¨ ñèñòåìè, ÿêà ìà¹

iíòåãðóþ÷èé ìíîæíèê // Áóêîâèíñüêè�è ìàòåì. æóðíàë � 2020. � Ò.8, �2. � C. 6�13.

Ðîçãëÿíóòî äâîâèìiðíó êóái÷íó äèôåðåíöiàëüíó ñèñòåìó

ẋ = y + p2(x, y) + p3(x, y), ẏ = −x+ q2(x, y) + q3(x, y)

iç îñîáëèâîþ òî÷êîþ O(0; 0) i ç ÷èñòî óÿâíèìè êîðåíÿìè õàðàêòåðèñòè÷íîãî ðiâíÿííÿ

λ1,2 = ±i, äå pj(x, y) i qj(x, y) îäíîðiäíi ìíîãî÷ëåíè ñòåïåíÿ j. Äëÿ äàíî¨ ñèñòåìè âèâ÷åíî

ïðîáëåìó ðîçðiçíåííÿ öåíòðà i ôîêóñà çà íàÿâíîñòi îäíi¹¨ àëãåáðà¨÷íî¨ iíâàðiàíòíî¨ êðè-

âî¨ òðåòüîãî ïîðÿäêó. Ó ðîáîòi îòðèìàíi íåîáõiäíi i äîñòàòíi óìîâè iñíóâàííÿ íåçâiäíî¨

iíâàðiàíòíî¨ êðèâî¨ òðåòüîãî ïîðÿäêó a30x
3 + a21x

2y + a12xy
2 + a03y

3 + x2 + y2 = 0, äå

(a30, a21, a12, a03) ̸= 0.

Äîâåäåíî, ùî ÿêùî iíâàðiàíòíà êðèâà ìà¹ îäèí iç òàêèõ òðüîõ âèãëÿäiâ Φ1 ≡ 2(2b −
c+ g + 3l)x3 + 6ax2y + 6(b+ l)xy2 − 3y3 + 3(x2 + y2) = 0, Φ2 ≡ (24g − 4bf − 6b+ 2cf + 3c+
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16fg+12gr)x3+6(2a− 6f − 4r− 9)(4f +3r+6)x2y+3(4bf +4br+6b+6cf +4cr+9c)xy2+

6(4f + 3r + 6)(x2 + y2 − y3) = 0, Φ3 ≡ ((4b + 3c)x − 15y)3 + 3375(x2 + y2) = 0, òî êóái÷íà

äèôåðåíöiàëüíà ñèñòåìà ìà¹ iíòåãðóþ÷i ìíîæíèêè

µ = Φ
(2b−c)/(2l)
1 , µ = Φ

−2(4f+3r+6)/(6f+4r+9)
2 , µ = Φ

−5/3
3 ,

ÿêi âèçíà÷åíi â äåÿêîìó îêîëi ïî÷àòêó êîîðäèíàò.

Äëÿ êóái÷íî¨ äèôåðåíöiàëüíî¨ ñèñòåìè ç iíòåãðóþ÷èì ìíîæíèêîì îäåðæàíî òðè íîâi

óìîâè iñíóâàííÿ öåíòðà â îñîáëèâié òî÷öi O(0; 0).


