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ÂÑÒÓÏ

Ïèòàííÿì äîñëiäæåííÿ iíâàðiàíòíèõ ìíîãîâèäiâ äèíàìi÷íèõ ñèñòåì ïðèñâÿ÷åíî áà-

ãàòî ðîáiò [1, 2, 3]. Ââåäåíå â ðîáîòi [2] ïîíÿòòÿ ôóíêöi¨ Ãðiíà-Ñàìîéëåíêà çàäà÷i ïðî

iíâàðiàíòíi òîðè äîçâîëèëî ç ¹äèíî¨ òî÷êè çîðó âèêëàñòè òåîðiþ çáóðåííÿ ÿê äèôå-

ðåíöiéîâíèõ, òàê i íåïåðåðâíèõ iíâàðiàíòíèõ ìíîãîâèäiâ [6, 8, 10]. Öÿ ôóíêöiÿ äîçâîëÿ¹

çàïèñàòè iíâàðiàíòíi ìíîãîâèäè â ÿâíîìó iíòåãðàëüíîìó âèãëÿäi, ùî äà¹ ìîæëèâiñòü

äîñëiäæåííÿ ãëàäêîñòi iíâàðiàíòíèõ ìíîãîâèäiâ, à òàêîæ ¨õ íåïåðåðâíó çàëåæíiñòü âiä

ïàðàìåòðiâ. Ïèòàííÿ iñíóâàííÿ ôóíêöi¨ Ãðiíà òiñíî ïîâÿçàíå ç ïèòàííÿì iñíóâàííÿ óçà-

ãàëüíåíî¨ ôóíêöi¨ Ëÿïóíîâà, ÿêà ðîçãëÿäà¹òüñÿ ó âèãëÿäi êâàäðàòè÷íèõ ôîðì [1]. Òàêi

ôîðìè ìîæóòü çìiíþâàòè çíàê i âèðîäæóâàòèñü â äåÿêèõ òî÷êàõ, à ¨õ ïîõiäíà â ñèëó

ñèñòåìè ðiâíÿíü ¹ çíàêîâèçíà÷åíîþ. Çíàííÿ êîíêðåòíîãî âèãëÿäó ôóíêöi¨ Ëÿïó-íîâà

äîçâîëÿ¹ îöiíèòè âåëè÷èíó çáóðåííÿ äèíàìi÷íèõ ñèñòåì, ïðè ÿêèõ çáåðiãàþòüñÿ îáìå-

æåíi iíâàðiàíòíi ìíîãîâèäè, à òîìó ÷àñòî ñòàâèòüñÿ çàäà÷à ïîáóäîâè òàêèõ ôóíêöi¨

Ëÿïóíîâà [4, 5, 9]. Íå äèâëÿ÷èñü íà ãëèáîêi òåîðåòè÷íi ðåçóëüòàòè, ÿêi îòðèìàíi â öüî-

ìó íàïðÿìêó [7, 8, 9], ïèòàííÿ ïîáóäîâè ôóíêöi¨ Ãðiíà i ôóíêöi¨ Ëÿïóíîâà äëÿ ëiíiéíèõ

ðîçøèðåíü äèíàìi÷íèõ ñèñòåì íà òîði çàëèøà¹òüñÿ äîñi àêòóàëüíèìè. Àêòóàëüíiñòü
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öüîãî ïèòàííÿ çðîñòà¹ ùå é òîìó, ùî êîíöåïöiÿ "êîíñòðóêòèâíî¨ ìàòåìà-òèêè ÿêà áóëà

âiäîìà ùå ç ÷àñiâ Ãiëüáåðòà, íàáóëà ïåâíîãî ðîçïîâñþäæåííÿ îñòàííiì ÷àñîì ó çâ'ÿçêó

ç ðîçâèòêîì ìåòîäèêè ñèìâîëüíèõ îá÷èñëåíü òà ïîòðåáè ó âiäïîâiäíèõ àëãîðèòìàõ, íå

ïðèéìà¹ ÷èñòèõ òåîðåì iñíóâàííÿ â êëàñè÷íîìó âèãëÿäi i âèìàãà¹ çíàííÿ êîíêðåòíèõ

ïðîöåäóð, ÿêi á äîçâîëÿëè ïîáóäîâó âiäïîâiäíîãî îá'¹êòà.

1 ÏÎÑÒÀÍÎÂÊÀ ÇÀÄÀ×I I ÄÎÏÎÌIÆÍI ÂIÄÎÌÎÑÒI

Ðîçãëÿíåìî ñèñòåìó äèôåðåíöiàëüíèõ ðiâíÿíü

dϕ

dt
= a (ϕ) ,

dx

dt
= A (ϕ)x (1)

äå ϕ = (ϕ1, ϕ2, . . . , ϕm) , x = (x1, x2, . . . , xn), âåêòîð-ôóíêöiÿ a (ϕ) = {a1 (ϕ) , . . . , am (ϕ)},
m ≥ 1, ¹ íåïåðåðâíîþ i 2π-ïåðiîäè÷íîþ ïî êîæíié çìiííié ϕi, i = 1,m. Êâàäðàòíà

ìàòðèöÿ A (ϕ)¹ n×-âèìiðíîþ, åëåìåíòàìè ÿêî¨ ¹ íåïåðåðâíi äiéñíi ñêàëÿðíi ôóíêöi¨,

2π-ïåðiîäè÷íi ïî êîæíié çìiííié ϕi, i = 1,m, A (ϕ) ∈ C0 (Tm). Äîäàòêîâî ïðèïóñêà¹ìî,

ùî âåêòîð-ôóíêöiÿ a (ϕ) çàäîâîëüíÿ¹ óìîâi Ëiïøèöà, a (ϕ) ∈ CLip (Tm). Ðîçâ'ÿçîê çàäà÷i

Êîøi dϕ
dt

= a (ϕ) , ϕ|t=0 = ϕ0 ïîçíà÷èìî ÷åðåç ϕt (ϕ0). Ìàòðèöàíò ëiíiéíî¨ ñèñòåìè dx
dt

=

A (ϕt (ϕ0))x ç âåêòîðîì ïàðàìåòðiâ ϕ0, ïîçíà÷èìî Ωt
τ (ϕ0), íîðìîâàíèé â òî÷öi t = τ :

Ωt
τ (ϕ0)|t=τ = In äå In-îäèíè÷íà n-âèìiðíà ìàòðèöÿ. Íàäàëi áóäåìî âèêîðèñòîâóâàòè

íàñòóïíi ïîçíà÷åííÿ: 〈y, x〉 =
∑n

i=1 yixi - ñêàëÿðíèé äîáóòîê â Rn, ‖x‖ =
√∑n

i=1 x
2
i ,

‖A‖ = max‖x‖=1 ‖Ax‖ -íîðìà ìàòðèöi A, C1 (Tm)-ïðîñòið äiéñíèõ ôóíêöié f (ϕ) íåïå-

ðåðâíî äèôåðåíöiéîâíèõ i 2π-ïåðiîäè÷íèõ ïî êîæíié çìiííié ϕi, i = 1,m.

Îçíà÷åííÿ 1. [2] Ñèñòåìà (1) ìà¹ ôóíêöiþ Ãðiíà-Ñàìîéëåíêà G0 (τ, ϕ) çàäà÷i ïðî iíâà-

ðiàíòíi òîðè, ÿêùî iñíó¹ òàêà ìàòðèöÿ C (ϕ) ∈ C0 (Tm), ïðè ÿêié ôóíêöiÿ

G0 (τ, ϕ) =

{
Ω0
τ (ϕ) (ϕτ (ϕ)) , τ ≤ 0

Ω0
τ (ϕ) [ (ϕτ (ϕ))− In] , τ > 0

(2)

çàäîâîëüíÿ¹ íåðiâíiñòü

‖G0 (τ, ϕ)‖ ≤ Kexp {−γ |τ |} , (3)

äå K, γ − const > 0.

Îçíà÷åííÿ 2. [1] Ñèñòåìà (1) ¹ ðåãóëÿðíîþ, ÿêùî äëÿ íå¨ iñíó¹ ¹äèíà ôóíêöiÿ Ãðiíà-

Ñàìîéëåíêà (2). ßêùî æ iñíó¹ áåçëi÷ ðiçíèõ ôóíêöié Ãðiíà (2), òî ñèñòåìó (1) íàçè-

âàþòü ñëàáî ðåãóëÿðíîþ.

ßê áóëî çàóâàæåíî âèùå, ïèòàííÿ iñíóâàííÿ ôóíêöi¨ Ãðiíà òiñíî ïîâ'ÿçàíå ç ïè-

òàííÿì iñíóâàííÿ çíàêîçìiííèõ ôóíêöi¨ Ëÿïóíîâà, ÿêi ðîçãëÿäà¹òüñÿ ó âèãëÿäi êâàäðà-

òè÷íèõ ôîðì. Íàãàäà¹ìî îñíîâíå òâåðäæåííÿ.

Òåîðåìà 1. [1] Ñèñòåìà (1) áóäå ðåãóëÿðíîþ òîäi i òiëüêè òîäi, êîëè iñíó¹ íåâèðîäæåíà

êâàäðàòè÷íà ôîðìà V = 〈S (ϕ)x, x〉, detS (ϕ) 6= 0,S (ϕ) ∈ C1 (Tm), ïîõiäíà ÿêî¨ â ñèëó

ñèñòåìè (1) ¹ äîäàòíî âèçíà÷åíîþ, òîáòî âèêîíó¹òüñÿ íåðiâíiñòü:〈[
m∑
i=1

∂S (ϕ)

∂ϕi
ai (ϕ) + S (ϕ)A (ϕ) + AT (ϕ)S (ϕ)

]
x, x

〉
≥ ‖x‖2. (4)
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Ïàðàëåëüíî ç ñèñòåìîþ (1) ðîçãëÿíåìî íåîäíîðiäíó ñèñòåìó ëiíiéíèõ äèôåðåíöiàëü-

íèõ ðiâíÿíü
dx

dt
= A(ϕt(ϕ0))x+ f(t) (5)

Òîäi ôóíêöiÿ Ãðiíà çàäà÷i ïðî îáìåæåíi ðîçâ'ÿçêè, äëÿ òàêî¨ ñèñòåìè, ìà¹ âèãëÿä

Gt(τ, ϕ) =

{
Ωt
τ (ϕ)(ϕτ (ϕ)) , τ ≤ t

Ωt
τ (ϕ)[(ϕτ (ϕ))− In] , τ > t

(6)

Äàëi, âðàõîâóþ÷è, ùî ìà¹ ìiñöå òîòîæíiñòü G0(τ, ϕs(ϕ)) ≡ Gs(τ + s, ϕ), òî iç íåðiâíîñòi

(3) âèïëèâà¹ îöiíêà äëÿ ôóíêöi¨ (6) :

‖Gt (τ, ϕ)‖ ≤ Kexp {−γ |t− τ |} ,

ç òèìè æ äîäàòíèìè ïîñòiéíèìè K, γ.

Çâiäñè ñëiäó¹, ùî íåîäíîðiäíà ñèñòåìà äèôåðåíöiàëüíèõ ðiâíÿíü (5), ïðè êîæíié

íåïåðåðâíié i îáìåæåíié íà R âåêòîð-ôóíêöi¨ f (t), ìà¹ îáìåæåíèé íà R ðîçâ'ÿçîê, ÿêèé

ìîæíà çàïèñàòè â iíòåãðàëüíîìó âèãëÿäi:

x = x (t) =

∫ +∞

−∞
Gt (τ, ϕ0) · f (τ) dτ .

Òàêèì ÷èíîì, ÿêùî ïðè äåÿêîìó ôiêñîâàíîìó çíà÷åííi ϕ0 íåîäíîðiäíà ñèñòåìà (5)

íå ïðè êîæíié íåïåðåðâíié i îáìåæåíié íà R âåêòîð-ôóíêöi¨ f (t) ìà¹ îáìåæåíèé íà

R ðîçâ'ÿçîê, òî ôóíêöi¨ Ãðiíà (2) ñèñòåìà (1) íå ìà¹. Ïiäòâåðäæåííÿì öüîãî ¹ òàêèé

ïðèêëàä.

Ïðèêëàä 1. Ðîçãëÿíåìî ñèñòåìó

dϕ

dt
= ωsinϕ,

dx

dt
= xcos

(
n+ 1

n
ϕ

)
, (7)

äå ω = const > 0 , n ∈ N .

ßêùî n = 2m � ïàðíå, òî ïðè çíà÷åííi ϕ0 = πm îäíî÷àñíî âèêîíóþòüñÿ äâi ðiâ-

íîñòi ωsinϕ0 = 0, cos
(
n+1
n
ϕ0

)
= 0, à öå îçíà÷à¹, ùî ñèñòåìà (7) íå ¹ ðåãóëÿðíîþ. Íå-

õàé òåïåð ó ñèñòåìi (7) n = 2m + 1,m ∈ N . Ïîçíà÷èìî a (t;ϕ0) = cos
[
2m+2
2m+1

ϕt (ϕ0)
]
,

òîäi äëÿ ðîçâ'ÿçêiâ ϕt (ϕ0) ïåðøîãî ðiâíÿííÿ ñèñòåìè (7) ïðè ïî÷àòêîâèõ çíà÷åííÿõ

ϕ0 ∈ (2mπ, (2m+ 1) π) îòðèìó¹ìî ϕt (ϕ0)|t=−∞ = 2mπ, ϕt (ϕ0)|t=+∞ = (2m+ 1) π. Çâiäñè

ñëiäó¹

a (t;ϕ0)|t=−∞ = cos
(2m+ 2)× 2m

2m+ 1
π = cos

(
π − π

2m+ 1

)
< 0,

a (t;ϕ0)|t=+∞ = cos
(2m+ 2)× (2m+ 1)

(2m+ 1)
π = 1 > 0.

Öå îçíà÷à¹, ùî íåîäíîðiäíå ðiâíÿííÿ dx
dt

= a (t;ϕ0)x+ 1 ïðè çíà÷åííÿõ ïàðàìåòðà ϕ0 ∈
(2mπ, (2m+ 1) π) íå ìà¹ îáìåæåíîãî íà îñi R = (−∞,+∞) ðîçâ'ÿçêó. Çâiäñè ñëiäó¹, ùî

ñèñòåìà (7) íå ¹ ðåãóëÿðíîþ ïðè çíà÷åííÿõ n = 2m + 1,m ∈ N . ßêùî æ â ñèñòåìi (7)

ïîêëàñòè n = 1 , òî îòðèìàíà ñèñòåìà dϕ
dt

= ωsinϕ, dx
dt

= xcos (2ϕ) áóäå ðåãóëÿðíîþ,

îñêiëüêè ïîõiäíà ôóíêöi¨ V = x2exp
{
− 4
ω
cosϕ

}
â ñèëó äàíî¨ ñèñòåìè ¹ çíàêîâèçíà÷åíîþ:

V̇ ≥ 2x2exp
{
− 4
ω

}
.
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2 ÎÑÍÎÂÍÈÉ ÐÅÇÓËÜÒÀÒ

Ïðîäîâæóþ÷è äîñëiäæåííÿ â äàíîìó íàïðÿìêó íàãàäà¹ìî äåÿêi ðåçóëüòàòè, îòðè-

ìàíi ðîáîòàõ â [4, 5].

Òåîðåìà 2. [5] Íåõàé äëÿ ñèñòåìè (1) iñíóþòü n×n-âèìiðíi ñèìåòðè÷íi ìàòðèöi Sj (ϕ) ∈
C1 (Tm) , j = 1, k, äëÿ ÿêèõ âèêîíóþòüñÿ íåðiâíîñòi:〈[

m∑
i=1

∂Sj (ϕ)

∂ϕi
ai (ϕ) + Sj (ϕ)A (ϕ) + AT (ϕ)Sj (ϕ)

]
Mj (ϕ)x,Mj (ϕ)x

〉
≥

≥ ‖[Mj (ϕ)−Mj+1 (ϕ)]x‖2, j = 1, (k − 1) ,〈[
m∑
i=1

∂Sk (ϕ)

∂ϕi
ai (ϕ) + Sk (ϕ)A (ϕ) + AT (ϕ)Sk (ϕ)

]
Mk (ϕ)x,Mk (ϕ)x

〉
≥ ‖Mk (ϕ)x‖2

ç äåÿêèìè n×n-âèìiðíèìè ìàòðèöÿìèMj (ϕ) ∈ C0 (Tm), ïðè÷îìó ïåðøà ç öèõ ìàòðèöü

¹ íåâèðîäæåíîþ detM1 (ϕ) 6= 0. Òîäi ïîõiäíà â ñèëó ñèñòåìè (1) êâàäðàòè÷íî¨ ôîðìè

V = p1 〈S1 (ϕ)x, x〉+ · · ·+ pk−1 〈Sk−1 (ϕ)x, x〉+ 〈Sk (ϕ)x, x〉

ïðè äîñòàòíî âåëèêèõ çíà÷åííÿõ ïàðàìåòðiâ pj > 0, j = 1, (k − 1) áóäå äîäàòíî âèçíà-

÷åíîþ: V̇ ≥ ε‖x‖2, ε = const > 0. Ïðè÷îìó ïåðøèé ç ïàðàìåòðiâ p1 ìîæíà âèáèðàòè ÿê

çàâãîäíî âåëèêèì p1 > p2 > · · · > pk−1.

Çàóâàæåííÿ 1. Çàóâàæèìî, îñêiëüêèM1 (ϕ) � öå äåÿêà íåâèðîäæåíà êâàäðàòíà ìàòðè-

öÿ, òîìó â çàïèñàíèõ âèùå íåðiâíîñòÿõ, ÿê ÷àñòèííèé âèïàäîê, M1 (ϕ) ìîæíà çàìiíèòè

îäèíè÷íîþ ìàòðèöþ In.

ßê ïðèêëàä, ïðîïîíó¹ìî ðîçãëÿíóòè òàêó ñèñòåìó

dϕ1

dt
= α1sinϕ1,

dϕ2

dt
= α2cosϕ2,

dx1
dt

= (α3cos3ϕ1 − α4sinϕ2 − 1)x1 + (α3cos3ϕ1 − α4sinϕ2)x2,
dx2
dt

= (α4sinϕ2 + 1)x1 + (α4sinϕ2)x2,
dx3
dt

= (−α4sinϕ2 + 1)x1 + (−α3cos3ϕ1 + α4sinϕ2)x2 − (α3cos3ϕ1)x3,

äå αi-äåÿêi ôiêñîâàíi äiéñíi äîäàòíi ÷èñëà, i = 1, 4.

Ïîõiäíà êâàäðàòè÷íî¨ ôîðìè

V = p2 (x1x2 + x1x3 + x2x3) + px22sinϕ2 − x23 (cosϕ1) exp

{
2
α3

α1

cos2ϕ1

}
â ñèëó çàïèñàíî¨ âèùå ñèñòåìè áóäå äîäàòíî âèçíà÷åíîþ ïðè äîñòàòíî âåëèêèõ çíà-

÷åííÿõ ïàðàìåòðà p > 0. Çâiäñè âèïëèâà¹, ùî ïðèâåäåíà ñèñòåìà ¹ ðåãóëÿðíîþ.

Iç íåðiâíîñòi (3) âèïëèâà¹, ùî äëÿ îáåðíåíî¨ ìàòðèöi, âçÿòî¨ iç çíàêîì ìiíóñ:

S (ϕ) = −αS−1 (ϕ), α = [maxϕ ‖S (ϕ)‖ ]2, âèêîíó¹òüñÿ íàñòóïíà íåðiâíiñòü〈[
m∑
i=1

∂S (ϕ)

∂ϕi
ai (ϕ)− S (ϕ)AT (ϕ)− A (ϕ)S (ϕ)

]
x, x

〉
≥ ‖x‖2 (8)
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Íåðiâíiñòü (8) îçíà÷à¹, ùî ïîõiäíà êâàäðàòè÷íî¨ ôîðìèW =
〈
S (ϕ)x, x

〉
â ñèëó ñïðÿæå-

íî¨ ñèñòåìè
dϕ

dt
= a (ϕ) ,

dx

dt
= −AT (ϕ)x (9)

¹ äîäàòíî âèçíà÷åíîþ. Òàêèì ÷èíîì, ÿêùî ñèñòåìà (1) ¹ ðåãóëÿðíîþ, òî i ñïðÿæåíà

ñèñòåìà (9) òàêîæ áóäå ðåãóëÿðíîþ. Ïðè÷îìó ôóíêöiÿ Ãðiíà G0 (τ, ϕ)äëÿ ñèñòåìè (9)

çâ'ÿçàíà ç ôóíêöi¹þ Ãðiíà (2) íàñòóïíîþ òîòîæíiñòþ G0 (τ, ϕ) ≡ −[Gτ (0, ϕ)]T .

ßêùî ïðèïóñòèòè iñíóâàííÿ ñèìåòðè÷íî¨ ìàòðèöi S (ϕ) ∈ 1 (Tm), ÿêà çàäîâîëüíÿ¹

íåðiâíîñòi (8) òà detS (ϕ0) = 0äëÿ äåÿêîãî çíà÷åííÿ ϕ0 ∈ Tm, òî ñèñòåìà (1) áóäå ìàòè

áåçëi÷ ðiçíèõ ôóíêöié Ãðiíà (2), òîáòî áóäå ñëàáî ðåãóëÿðíîþ. Ïðè öüîìó ðîçøèðåíà

ñèñòåìà
dϕ

dt
= a (ϕ) ,

dx1
dt

= A (ϕ)x1,
dx2
dt

= x1 − AT (ϕ)x2

áóäå ðåãóëÿðíîþ.

Öå ìîæíà ïðîiëþñòðóâàòè íà íàñòóïíîìó ïðèêëàäi

dϕ

dt
= sinϕ,

dx1
dt

= x1cosϕ,
dx2
dt

= x1 − x2cosϕ.
(10)

Ïîõiäíà íåâèðîäæåíî¨ êâàäðàòè÷íî¨ ôîðìè V = λx1x2 − x22 cosϕ â ñèëó ñèñòåìè (10)

ïðè çíà÷åííÿõ ïàðàìåòðà λ > 1 ¹ äîäàòíî âèçíà÷åíîþ:V̇ ≥ (λ− 1)x21+x22. Òàêèì ÷èíîì,

ñèñòåìà (10) ìà¹ ¹äèíó ôóíêöiþ Ãðiíà. Ïiñëÿ äåÿêèõ îá÷èñëåíü, ìîæíà çàïèñàòè âèãëÿä

öi¹¨ ôóíêöi¨:

G0 (τ, ϕ) =



 sin2 ϕ
2
− 2cos2 ϕ

2
sin2 ϕ

2

cos2 ϕ
2
+e2τ sin2 ϕ

2

−1
2

cos2 ϕ
2

cos2 ϕ
2
+e2τ sin2 ϕ

2

 eτ , τ ≤ 0, −cos2 ϕ2 − 2cos2 ϕ
2
sin2 ϕ

2

e−2τ cos2 ϕ
2
+sin2 ϕ

2

−1
2

−sin2 ϕ
2

e−2τ cos2 ϕ
2
+sin2 ϕ

2

 e−τ , τ > 0

Ïîðÿä ç ñèñòåìîþ (10) ðîçãëÿíåìî íàñòóïíó ñèñòåìó

dϕ

dt
= sinϕ,

dx1
dt

= x1cosϕ,
dx2
dt

= b (ϕ)x1 − x2cosϕ
(11)

äå b (ϕ)-äåÿêà íåïåðåðâíà ôóíêöiÿ.

ßêùî öÿ ôóíêöiÿ çàäîâîëüíÿ¹ íåðiâíîñòi |b (ϕ)| ≥ β , β = const > 0, òî, î÷åâèäíî,

ñèñòåìà (11) ìàòèìå ¹äèíó ôóíêöiþ Ãðiíà. ßêùî æ ôóíêöiÿ b (ϕ) ïðèéìà¹ íóëüîâi

çíà÷åííÿ, òî ñèñòåìà (11) íå çàâæäè áóäå ðåãóëÿðíîþ. Âèÿâèëîñü, ùî ÿêùî â ñèñòåìi

(11) ïiäñòàâèòè b (ϕ) = sinϕ , òî öÿ ñèñòåìà ìàòèìå ¹äèíó ôóíêöiþ Ãðiíà. Ïðè÷îìó

îäíà ç íåâèðîäæåíèõ êâàäðàòè÷íèõ ôîðì, ïîõiäíà ÿêî¨ â ñèëó ñèñòåìè (11) ¹ äîäàòíî

âèçíà÷åíîþ i çàïèñó¹òüñÿ ó âèãëÿäi

V = x21 cosϕ+ 2x1x2sinϕ− x
2
2 cosϕ. (12)
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ßêùî çàôiêñóâàòè êâàäðàòè÷íó ôîðìó (12), à çìiíþâàòè ñèñòåìó (11), â ÿêié b (ϕ) =

sinϕ, òàê, ùîáè ïîõiäíà êâàäðàòè÷íî¨ ôîðìè (12) â ñèëó çìiíåíî¨ ñèñòåìè áóëà äîäàòíî

âèçíà÷åíîþ, òî îòðèìó¹ìî ìíîæèíó ñèñòåì:

dϕ

dt
= ã (ϕ) ,

dx

dt
= S−1 (ϕ)

[
D (ϕ) +M (ϕ)− 1

2

dS (ϕ)

dϕ
ã (ϕ)

]
x, (13)

äå ã (ϕ) - äîâiëüíà ñêàëÿðíà ôóíêöiÿ,ã (ϕ) ∈ CLip (T1), x = (x1, x2), D (ϕ) � äîâiëüíà

ñèìåòðè÷íà, äîäàòíî âèçíà÷åíà ìàòðèöÿ, M (ϕ)� äîâiëüíà êîñîñèìåòðè÷íà ìàòðèöÿ:

−M (ϕ) ≡ MT (ϕ),D (ϕ) ,M (ϕ) ∈ C0 (T1) , S (ϕ) � ñèìåòðè÷íà ìàòðèöÿ, ÿêà âiäïîâiäà¹

ôiêñîâàíié êâàäðàòè÷íié ôîðìi (12):

S (ϕ) =

(
cosϕ sinϕ

sinϕ −cosϕ

)
. (14)

Âèáèðàþ÷è â ñèñòåìi (13) ã (ϕ) = 2ω,D (ϕ) = dI2, , M (ϕ) = m

(
0 1

−1 0

)
, ω, d,m =

const > 0, îòðèìó¹ìî ðåãóëÿðíó ñèñòåìó

dϕ

dt
= 2ω,

d

dt

(
x1
x2

)
=

(
(dcosϕ−msinϕ) (mcosϕ+ dsinϕ− ω)

(mcosϕ+ dsinϕ+ ω) (−dcosϕ+msinϕ)

)(
x1
x2

)
.

Çàóâàæèìî, ùî âèçíà÷íèê âiäïîâiäíî¨ ìàòðèöi(
(dcosϕ−msinϕ) (mcosϕ+ dsinϕ− ω)

(mcosϕ+ dsinϕ+ ω) (−dcosϕ+msinϕ)

)
= A (ϕ)

¹ íåçàëåæíèì âiä ϕ: detA (ϕ) = −d2−m2+ω2. Òàêèì ÷èíîì, ïðèõîäèìî äî âèñíîâêó, ùî

iñíóþòü ñèñòåìè âèãëÿäó (1), â ÿêèõ detA (ϕ) ≡ 0 i ÿêi ìàþòü ¹äèíó ôóíêöiþ Ãðiíà (2).

Íàïðèêëàä, ëiíiéíà ñèñòåìà äèôåðåíöiàëüíèõ ðiâíÿíü ç ïåðiîäè÷íèìè êîåôiöi¹íòàìè

d

dt

(
x1
x2

)
=

(
(3cos5t− 4sin5t) (4cos5t+ 3sin5t− 5)

(4cos5t+ 3sin5t+ 5) (−3cos5t+ 4sin5t)

)(
x1
x2

)
¹ åêñïîíåíöiàëüíî äèõîòîìi÷íîþ íà îñi i âèçíà÷íèê ìàòðèöi êîåôiöi¹íòiâ òîòîæíî äîðiâ-

íþ¹ íóëþ.

Çâåðíåìî óâàãó íà òå, ùî çìiííà ñèìåòðè÷íà ìàòðèöÿ (14) ¹ îðòîãîíàëüíîþ, ïðè÷îìó

äîáóòîê S (ϕ) dS(ϕ)
dϕ

¹ ïîñòiéíîþ ìàòðèöåþ. Óçàãàëüíþþ÷è, ðîçâèâàþ÷è äàëi öi ñïîñòåðå-

æåííÿ, ïðèõîäèìî äî íàñòóïíîãî òâåðäæåííÿ.

Òåîðåìà 3. Íåõàé äåÿêà n× n-âèìiðíà ìàòðèöÿ S (ϕ) ∈ C1 (Tm) çàäîâîëüíÿ¹ óìîâàì

ST (ϕ) ≡ S (ϕ) , S2 (ϕ) ≡ L,L = const, detL 6= 0, (15)

S (ϕ)
∂S (ϕ)

∂ϕi
≡ Li, Li = const, i = 1,m (16)



90 Ãðîä I.Ì., Êóëèê Ã.Ì., Ñòåïàíåíêî Í.Â.

Òîäi ñèñòåìà ðiâíÿíü

dϕ

dt
= a (ϕ) ,

dx

dt
= L−1

[
S (ϕ)B (ϕ)− 1

2

m∑
i=1

Liai (ϕ)

]
x (17)

áóäå ðåãóëÿðíîþ ïðè áóäü-ÿêié âåêòîð-ôóíêöi¨ a (ϕ) = {a1 (ϕ) , . . . , am (ϕ)} ∈ CLip (Tm) i

êîæíié n×n-âèìiðíié ìàòðèöi B (ϕ) ∈ C0 (Tm), ÿêà çàäîâîëüíÿ¹ íåðiâíîñòi 〈B (ϕ)x, x〉 ≥
β‖x‖2, β = const > 0.

Äîâåäåííÿ. . Ðîçãëÿíåìî êâàäðàòè÷íó ôîðìó

V (ϕ, x) = 〈S (ϕ)x, x〉 (18)

i ïîêàæåìî, ùî ¨¨ ïîõiäíà â ñèëó ñèñòåìè (17) ¹ äîäàòíî âèçíà÷åíîþ.

Ïîçíà÷èìî

A (ϕ) = L−1

[
S (ϕ)B (ϕ)− 1

2

m∑
i=1

Liai (ϕ)

]
(19)

i çàïèøåìî ïîõiäíó êâàäðàòè÷íî¨ ôîðìè (18) â ñèëó ñèñòåìè (17)

V̇ =
〈
Ṡ (ϕ)x, x

〉
+ 〈S (ϕ) ẋ, x〉+ 〈S (ϕ)x, ẋ〉 =

=
m∑
i=1

〈
∂S (ϕ)

∂ϕi
x, x

〉
ai (ϕ) + 〈S (ϕ)A (ϕ)x, x〉+ 〈S (ϕ)x,A (ϕ)x〉 .

Âðàõîâóþ÷è âëàñòèâîñòi (15) i (16) ìàòðèöi S (ϕ), à òàêîæ ïîçíà÷åííÿ (19), îòðèìó¹ìî

S (ϕ)A (ϕ) = S−1 (ϕ)

[
S (ϕ)B (ϕ)− 1

2

m∑
i=1

Liai (ϕ)

]
= B (ϕ)− 1

2

m∑
i=1

∂S (ϕ)

∂ϕi
ai (ϕ)

Òàêèì ÷èíîì, îòðèìó¹ìî, ùî ïîõiäíà íåâèðîäæåíî¨ êâàäðàòè÷íî¨ ôîðìè (18) â ñèëó

ñèñòåìè (17) ¹ äîäàòíî âèçíà÷åíà: V̇ = 2 〈B (ϕ)x, x〉 ≥ 2β‖x‖2, à öå i îçíà÷à¹, ùî ñèñòåìà
(17) ¹ ðåãóëÿðíîþ.

Çàóâàæèìî, ùî êëàñ ìàòðèöü S (ϕ) íå ¹ ïîðîæíiì, çîêðåìà êîæíà ïîñòiéíà íåâèðîä-

æåíà ñèìåòðè÷íà ìàòðèöÿ S áóäå çàäîâîëüíÿòè óìîâàì (15), (16), äå âñi Li ¹ íóëüîâèìè

ìàòðèöÿìè.

Â çâ'ÿçêó ç öèì âèíèêëà çàäà÷à: çíàéòè çìiííi íåâèðîäæåíi ñèìåòðè÷íi ìàòðèöi

S (ϕ) ðîçìiðiâ 3× 3 i 4× 4, ÿêi á çàäîâîëüíÿëè óìîâàì (15), (16).

Äîñëiäæåííÿ â öüîìó íàïðÿìêó ïðèâåëè äî íàñòóïíîãî âèãëÿäó òàêèõ ìàòðèöü
(

1√
2

+ cosϕ
) (√

2sinϕ
) (

1√
2
− cosϕ

)
(√

2sinϕ
)

(−2cosϕ)
(
−
√

2sinϕ
)(

1√
2
− cosϕ

) (
−
√

2sinϕ
) (

1√
2

+ cosϕ
)
 = S (ϕ) .
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Áåçïîñåðåäíüî ïåðåâiðêà ïîêàçó¹, ùî

S2 (ϕ) =

 3 0 −1

0 4 0

−1 0 3

 = L, S (ϕ)
dS (ϕ)

dϕ
= 2
√

2

 0 1 0

−1 0 1

0 −1 0



L−1 =
1

8

 3 0 1

0 2 0

1 0 3

 .

Äàëi çíàéäåíî ìàòðèöi íàñòóïíîãî âèãëÿäó:

S (ϕ1, ϕ2) = Sω1 (ϕ1) + Sω2 (ϕ2) , (20)

äå

Sω1 (ϕ1) =


(cosϕ1) (ω1sinϕ1)

(ω1sinϕ1) (−ω2
1cosϕ1)

(ω1cosϕ1) (sinϕ1)

(ω2
1sinϕ1) (−ω1cosϕ1)

(ω1cosϕ1) (ω2
1sinϕ1)

(sinϕ1) (−ω1cosϕ1)

(ω2
1cosϕ1) (ω1sinϕ1)

(ω1sinϕ1) (−cosϕ1)



Sω2 (ϕ2) =


(cosϕ2) (ω2sinϕ2)

(ω2sinϕ2) (−ω2
2cosϕ2)

(−ω2cosϕ2) (−sinϕ2)

(−ω2
2sinϕ2) (ω2cosϕ2)

(−ω2cosϕ2) (−ω2
2sinϕ2)

(−sinϕ2) (ω2cosϕ2)

(ω2
2cosϕ2) (ω2sinϕ2)

(ω2sinϕ2) (−cosϕ2)


Äiéñíi äîäàòíi ïàðàìåòðè ω1 i ω2 òàêi, ùî ¨õ äîáóòîê ω1ω2 = 1. Ïðè öüîìó ëåãêî ïåðå-

êîíàòèñü, ùî íàñòóïíi äîáóòêè ¹ íóëüîâèìè ìàòðèöÿìè

Sω1 (ϕ1) · Sω2 (ϕ2) ≡ Sω2 (ϕ2) · Sω1 (ϕ1) ≡ 0.

Öå äà¹ ìîæëèâiñòü îá÷èñëèòè êâàäðàò ìàòðèöi:

S2 (ϕ1, ϕ2) = S2
ω1

(ϕ1) + S2
ω2

(ϕ2) = L,

äå L− ïîñòiéíà íåâèðîäæåíà ìàòðèöÿ äiàãîíàëüíîãî âèãëÿäó:

diag
{(
ω2
1 + ω2

2 + 2
)
,
(
ω4
1 + ω4

2 + ω2
1 + ω2

2

)
,
(
ω4
1 + ω4

2 + ω2
1 + ω2

2

)
,
(
ω2
1 + ω2

2 + 2
)}
.

Çâiäñè ñëiäó¹, ùî îáåðíåíà ìàòðèöÿ S−1 (ϕ1, ϕ2) çàïèñó¹òüñÿ ó âèãëÿäi äîáóòêó

S−1 (ϕ1, ϕ2) = L−1S (ϕ1, ϕ2) .

Òåïåð ïåðåêîíà¹ìîñü, ùî äîáóòêè çìiííèõ ìàòðèöü S (ϕ1, ϕ2)
∂S(ϕ1,ϕ2)

∂ϕi
, i = 1, 2 ¹ ìàòðè-

öÿìè ïîñòiéíèìè.

Âðàõîâóþ÷è, ùî äîáóòêè Sω2 (ϕ2)
dSω1 (ϕ1)

dϕ1
i Sω1 (ϕ1)

dSω2 (ϕ2)

dϕ2
¹ íóëüîâèìè ìàòðè-öÿìè,

îòðèìó¹ìî íàñòóïíi ðiâíîñòi

S (ϕ1, ϕ2)
∂S (ϕ1, ϕ2)

∂ϕ1

= [Sω1 (ϕ1) + Sω2 (ϕ2)]
dSω1 (ϕ1)

dϕ1

= Sω1 (ϕ1)
dSω1 (ϕ1)

dϕ1

=
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=


0 (ω3

1 + ω1)

− (ω3
1 + ω1) 0

0 (ω2
1 + 1)

− (ω4
1 + ω2

1) 0

0 (ω4
1 + ω2

1)

− (ω2
1 + 1) 0

0 (ω3
1 + ω1)

− (ω3
1 + ω1) 0

 = L1,

S (ϕ1, ϕ2)
∂S (ϕ1, ϕ2)

∂ϕ2

= [Sω1 (ϕ1) + Sω2 (ϕ2)]
dSω2 (ϕ2)

dϕ2

= Sω2 (ϕ2)
dSω2 (ϕ2)

dϕ2

=

=


0 (ω3

2 + ω2)

− (ω3
2 + ω2) 0

0 − (ω2
2 + 1)

(ω4
2 + ω2

2) 0

0 − (ω4
2 + ω2

2)

(ω2
2 + 1) 0

0 (ω3
2 + ω2)

− (ω3
2 + ω2) 0

 = L2.

Òàêèì ÷èíîì, äëÿ ìàòðèöi (20) âèêîíóþòüñÿ óñi óìîâè (15) i (16).
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Grod I.M., Kulyk G.M., Stepanenko N.V. LINEARIZED DIFFERENTIAL EQUATIONS

AROUND A MULTIDIMENSIONAL TOR, Bukovinian Math. Journal. 8, 1 (2020), 84�93.

The method of application of quadratic forms to the study of the regularity of linear

extensions of dynamical systems on a torus is analyzed. A method for constructing a set of

regular systems with a �xed Lyapunov function is proposed. The research of the invariant

manifolds of dynamical systems is the subject of many studies Samoilenko, Kulik, Perestyuk

and Slyusarchuk. The concept of Green-Samoilenko function of the problem on invariant tori,

introduced in the work by Samoilenko, allowed to set out the perturbation theory of di�erenti-

able as well as continuous invariant manifolds from a single point of view. We study the problem

of the existence of a Green-Samoilenko function for some linear extensions of dynamical systems

dϕ

dt
= a (ϕ) ,

dx

dt
= A (ϕ)x (1)

The question of the existence of the Green-Samoilenko function is closely connected with the

question of the existence of the extended Lyapunov function that is considered in quadratic

forms. Such functions can change their sign and degenerate in some points, and their derivative

with respect to the system of equations is negative de�nite. Let us recall that the existence îf

non-degenerate quadratic form V = 〈S (ϕ)x, x〉, detS (ϕ) 6= 0, S (ϕ) ∈ C1 (Tm), the derivative

of which with respect to system (1) is negative de�nite
〈[∑m

i=1
∂S(ϕ)
∂ϕi

ai (ϕ) + S (ϕ)A (ϕ) +AT (ϕ)S (ϕ)
]
x, x

〉
≥

‖x‖2 provides the regularity of this system, which means that this system has a unique Green

function. In case when detS (ϕ0) = 0, the system (1) has no Green function for the problem of

an invariant bounded manifolds.

The method of application of quadratic forms to the study of the regularity of linear extensi-

ons of dynamical systems on a torus is analyzed. A method for constructing a set of regular

systems with a �xed Lyapunov function is proposed. We obtain certain classes of regular systems

dϕ

dt
= a (ϕ) ,

dx

dt
= L−1

[
S (ϕ)B (ϕ)− 1

2

m∑
i=1

Liai (ϕ)

]
x,

for any vector function a (ϕ) = {a1 (ϕ) , . . . , am (ϕ)} ∈ CLip (Tm), where S (ϕ) ∈ C1 (Tm)

matrices n×n-dimensional and they satisfy the following condition

ST (ϕ) ≡ S (ϕ) , S2 (ϕ) ≡ L,L = const, detL 6= 0,

S (ϕ)
∂S (ϕ)

∂ϕi
≡ Li, Li = const, i = 1,m,

B (ϕ) ∈ C0 (Tm) matrices n×n-dimensional, which satisfy inequality 〈B (ϕ)x, x〉 ≥ β‖x‖2, β =

const > 0.


