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Äëÿ íàáëèæåíîãî çíàõîäæåííÿ íåàñèìïòîòè÷íèõ êîðåíiâ êâàçiïîëiíîìiâ ëiíiéíèõ äè-

ôåðåíöiàëüíî-ðiçíèöåâèõ ðiâíÿíü íåéòðàëüíîãî òèïó ðîçãëÿäàþòüñÿ îá÷èñëþâàëüíi àë-

ãîðèòìè, ùî áàçóþòüñÿ íà àïðîêñèìàöi¨ äèôåðåíöiàëüíî-ðiçíèöåâèõ ðiâíÿíü çà ñõåìîþ

Êðàñîâñüêîãî-Ð¹ïiíà òà ñõåìîþ àïðîêñèìàöi¨ ïiäâèùåíî¨ òî÷íîñòi. Çäiéñíåíî ïîðiâíÿííÿ
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Âñòóï

Ñõåìó àïðîêñèìàöi¨ ëiíiéíèõ äèôåðåíöiàëüíî-ðiçíèöåâèõ ðiâíÿíü (ÄÐÐ) ïîñëiäîâíi-

ñòþ ñèñòåì çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü, ÿêà çàïðîïîíîâàíà Ì.Ì.Êðàñîâñüêèì

[1] i ðîçâèíåíà Þ.Ì.Ð¹ïiíèì [2], íàçèâàòèìåìî ñõåìîþ Êðàñîâñüêîãî-Ð¹ïiíà. Ïîäàëüøå

ïîøèðåííÿ öi¹¨ ñõåìè àïðîêñèìàöi¨ íà ðiçíi êëàñè ëiíiéíèõ äèôåðåíöiàëüíî-ðiçíèöåâèõ

ðiâíÿíü ðîçãëÿíóòî â ðîáîòàõ [3, 4]. Ïîáóäîâà òà îáãðóíòóâàííÿ ñõåìè àïðîêñèìàöi¨

ëiíiéíèõ äèôåðåíöiàëüíî-ôóíêöiîíàëüíèõ ðiâíÿíü çäiéñíåíà â [5, 6].

Ïðè äîñëiäæåííi çàäà÷ ñòiéêîñòi ëiíiéíèõ ÄÐÐ âàæëèâó ðîëü âiäiãðà¹ ðîçìiùåííÿ

êîðåíiâ âiäïîâiäíèõ êâàçiïîëiíîìiâ. Àíàëiç ðîçìiùåííÿ êîðåíiâ êâàçiïîëiíîìiâ äîñëi-

äæóâàâñÿ â ðîáîòàõ [7, 8]. Îñíîâíi ìåòîäè, ùî òóò ðîçâèâàþòüñÿ, ñòîñóþòüñÿ ïîáóäîâè

ñïåöiàëüíèõ ìíîãî÷ëåíiâ, íóëi ÿêèõ íàáëèæàòü íóëi êâàçiïîëiíîìiâ.

Ïðè äîñëiäæåííi àïðîêñèìàöi¨ ëiíiéíèõ ÄÐÐ âèÿâèëîñü, ùî íàáëèæåííÿ íåàñèì-

ïòîòè÷íèõ êîðåíiâ ¨õ êâàçiïîëiíîìiâ ìîæíà çíàõîäèòè çà äîïîìîãîþ õàðàêòåðèñòè÷íèõ

ìíîãî÷ëåíiâ âiäïîâiäíèõ àïðîêñèìóþ÷èõ ñèñòåì çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü

[3, 4, 5, 9]. Íà ïðàêòèöi çàñòîñóâàííÿ öèõ ðåçóëüòàòiâ âèÿâèëîñü çàòðóäíåíèì, îñêiëüêè

çàäîâiëüíà òî÷íiñòü íàáëèæåííÿ íåàñèìïòîòè÷íèõ êîðåíiâ êâàçiïîëiíîìiâ äîñÿãàëàñü

ïðè âèñîêié ðîçìiðíîñòi àïðîêñèìóþ÷î¨ ñèñòåìè.
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1 Ñõåìà àïðîêñèìàöi¨ Êðàñîâñüêîãî-Ð¹ïiíà äëÿ äèôåðåíöiàëüíîãî

ðiâíÿííÿ íåéòðàëüíîãî òèïó

Ðîçãëÿíåìî ëiíiéíå äèôåðåíöiàëüíå ðiâíÿííÿ íåéòðàëüíîãî òèïó

dx(t)

dt
= Ax(t) +Bx(t− τ) + C

dx(t− τ)

dt
, (1)

äå A,B,C ∈ R, τ > 0.

Õàðàêòåðèñòè÷íèé êâàçiïîëiíîì äëÿ ðiâíÿííÿ (1) ìà¹ âèãëÿä

Φ(λ) = A− λ+Be−λτ + Cλe−λτ . (2)

Ó ïðàöÿõ [6, 9] äîñëiäæåíî íàáëèæåííÿ ðiâíÿííÿ íåéòðàëüíîãî òèïó(1) ñèñòåìîþ çâè-

÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü çãiäíî ñõåìè Êðàñîâñüêîãî-Ð¹ïiíà âèãëÿäó

dz0(t)

dt
= Az0(t) + µCzm−1(t) + (B − µC)zm(t),

dzi(t)

dt
= µ(zi−1(t)− zi(t)), (3)

i = 1,m, µ =
m

τ
, li = [

mτi
τ

], m ∈ N.

Äëÿ õàðàêòåðèñòè÷íîãî ðiâíÿííÿ àïðîêñèìóþ÷î¨ ñèñòåìè (3) îäåðæàíî çîáðàæåííÿ

[9]

Ψm(λ) = (A− λ)(1 +
λτ

m
)m +B + λC = 0 (4)

i ïîêàçàíî, ùî ïîñëiäîâíiñòü ôóíêöié

Hm(λ) =
Ψm(λ)

(µ+ λ)mn
, m ∈ N (5)

çáiãà¹òüñÿ ïðè m → ∞ äî êâàçiïîëiíîìà (2). Öþ âëàñòèâiñòü ìîæíà âèêîðèñòàòè äëÿ

íàáëèæåíîãî çíàõîäæåííÿ íåàñèìïòîòè÷íèõ êîðåíiâ êâàçiïîëiíîìà (2). Îñêiëüêè íóëi

ôóíêöié Ψm(λ) i Hm(λ), çãiäíî ðiâíîñòi (5), çáiãàþòüñÿ, òî êîðåíi õàðàêòåðèñòè÷íîãî

ìíîãî÷ëåíà ( 4) ìîæíà áðàòè ÿê íàáëèæåíi çíà÷åííÿ íåàñèìïòîòè÷íèõ êîðåíiâ êâàçi-

ïîëiíîìà (2).

Çäiéñíèâøè çàìiíó λ = (v − 1)m
τ
â ðiâíîñòi (4), îäåðæèìî âèãëÿä ìíîãî÷ëåíà

vm+1 − (1 +
Aτ

m
)vm − Cv − (

Bτ

m
− C) = 0, (6)

ÿêèé çðó÷íèé äëÿ ÷èñåëüíîãî çíàõîäæåííÿ êîðåíiâ.

2 Ñõåìà àïðîêñèìàöi¨ ïiäâèùåíî¨ òî÷íîñòi

Ñõåìà àïðîêñèìàöi¨ ðiâíÿííÿ (1) ñèñòåìîþ çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü (3)

áàçó¹òüñÿ íà âèêîðèñòàííi ïîñëiäîâíîñòi ç'¹äíàíèõ àïåðiîäè÷íèõ åëåìåíòiâ, ùî çäiéñíþ-

þòü çñóâ íà âåëè÷èíó τ
m
âiäïîâiäíî äî ðîçêëàäó ôóíêöi¨ ó ðÿä Òåéëîðà:

zi−1(t) ≈ zi(t+
τ

m
) = zi(t) +

τ

m
z
′

i(t) + ...
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Ó ïðàöi [10] I.Ì.×åðåâêî âèêîðèñòàâ òðè ÷ëåíè ó ðîçêëàäi çà ôîðìóëîþ Òåéëîðà

zi−1(t) = zi(t+
τ

m
) = zi(t) +

τ

m
z
′

i(t) +
1

2
(
τ

m
)2z

′′

i (t) + ...

i ðîçãëÿíóâ ñõåìó àïðîêñèìàöi¨ ÄÐÐ ïiäâèùåíî¨ òî÷íîñòi.

Çàñòîñó¹ìî äëÿ ðiâíÿííÿ (1) ñõåìó àïðîêñèìàöi¨ äèôåðåíöiàëüíî-ðiçíèöåâèõ ðiâíÿíü

ïiäâèùåíî¨ òî÷íîñòi. Àíàëîãi÷íî, ÿê â ïîïåðåäíüîìó ïóíêòi, îäåðæèìî ñèñòåìó çâè÷àé-

íèõ äèôåðåíöiàëüíèõ ðiâíÿíü âèãëÿäó

dz0(t)

dt
= Az0(t) +Bzm(t) + Cz2m(t),

dzi(t)

dt
= zm+j(t), (7)

dzm+j(t)

dt
= 2µ2(zi−1(t)− zi(t))− 2µzm+j(t),

j = 1,m, m ∈ N, µ =
m

τ
.

Ëåìà 1. Äëÿ õàðàêòåðèñòè÷íîãî ðiâíÿííÿ ñèñòåìè (7) ñïðàâäæó¹òüñÿ ðiâíiñòü

D2m+1(λ) = (A− λ)(1 +
λτ

m
(1 +

λτ

2m
))m +B + Cλ = 0. (8)

Äîâåäåííÿ. Äëÿ çíàõîäæåííÿ àíàëiòè÷íîãî âèãëÿäó õàðàêòåðèñòè÷íîãî ðiâíÿííÿ

ñèñòåìè (7) âèêîðèñòà¹ìî ìåòîä ìàòåìàòè÷íî¨ iíäóêöi¨. Ïåðåâiðèìî, ùî ïðè m = 2, 3

ðiâíiñòü (8) ñïðàâåäëèâà.

Äëÿ m = 2 áåçïîñåðåäíüî îá÷èñëþþ÷è, äiñòà¹ìî

D5(λ) = (A− λ)(1 +
λτ

2
(1 +

λτ

4
))2 + Cλ+B = 0.

Äëÿ m = 3 ìà¹ìî

D7(λ) =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

A− λ 0 0 B 0 0 C

0 −λ 0 0 1 0 0

0 0 −λ 0 0 1 0

0 0 0 −λ 0 0 1

2µ2 −2µ2 0 0 −2µ− λ 0 0

0 2µ2 −2µ2 0 0 −2µ− λ 0

0 0 2µ2 −2µ2 0 0 −2µ− λ

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
.

Ðîçêðèâàþ÷è âèïèñàíèé âèçíà÷íèê çà ïåðøèì ðÿäêîì, îäåðæèìî

D7(λ) = (A− λ)(1 +
λτ

3
(1 +

λτ

6
))3 +B + Cλ = 0.

Îòæå, äëÿ m = 2, 3 ðiâíiñòü (8) âiðíà. Ïðèïóñòèìî, ùî äëÿ äåÿêîãî m−1 âîíà âiðíà

i äîâåäåìî, ùî âîíà ñïðàâäæó¹òüñÿ äëÿ m.

Âèïèñóþ÷è õàðàêòåðèñòè÷íå ðiâíÿííÿ ñèñòåìè (7)

D2m+1(λ) =
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=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

A− λ 0 . . . 0 0 . . . 0 B 0 . . . C

0 −λ . . . 0 0 . . . 0 0 1 . . . 0

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

0 0 . . . 0 0 . . . 0 −λ 0 . . . 1

2µ2 −2µ2 . . . 0 0 . . . 0 0 −2µ− λ . . . 0

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

0 0 . . . 0 0 . . . 2µ2 −2µ2 0 . . . −2µ− λ

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
= 0

i ðîçêðèâàþ÷è îäåðæàíèé âèçíà÷íèê çà åëåìåíòàìè ïåðøîãî ðÿäêà, ìà¹ìî

D2m+1(λ) = (A− λ)Im1 + (−1)m+2BIm2 + (−1)2m+2CIm3 = 0. (9)

Äëÿ âèçíà÷íèêiâ Im1 òà Im3 íåâàæêî îäåðæàòè ðåêóðåíòíi ñïiââiäíîøåííÿ

Im1 = (λ(2µ+ λ) + 2µ2)Im−11 ,

Im3 = 2µ2Im−13 .
(10)

Iç ðåêóðåíòíèõ ñïiââiäíîøåíü (10) îäåðæó¹ìî

Im1 = (λ(2µ+ λ) + 2µ2)m,

Im3 = λ(2µ2)m.

Îá÷èñëþþ÷è âèçíà÷íèê Im2 , âèêîðèñòàâøè éîãî ñòðóêòóðó, ìà¹ìî

Im2 = (−1)m(m+2)(2µ2)m.

Ïiäñòàâëÿþ÷è çíà÷åííÿ Im1 , I
m
2 , I

m
3 ó ðiâíiñòü (9), îäåðæó¹ìî

D2m+1(λ) = (A− λ)(λ(2µ+ λ) + 2µ2)m +B(−1)(m+1)(m+2)(2µ2)m + Cλ(2µ2)m = 0.

Çâàæàþ÷è íà òå, ùî (m+ 1)(m+ 2) çàâæäè ïàðíå, à µ = m
τ
, òîäi

D2m+1(λ) = (A− λ)(1 +
λτ

m
(1 +

λτ

2m
))m +B + Cλ = 0.

Ëåìà 1 äîâåäåíà.

Ëåìà 2. Äëÿ ôiêñîâàíèõ λ ∈ Z ïîñëiäîâíiñòü ôóíêöié

Hm(λ) =
D2m+1(λ)

(1 + λτ
m

(1 + λτ
2m

))m
,m ∈ N, (11)

çáiãà¹òüñÿ ïðè m→∞ äî êâàçiïîëiíîìà (2).

Äîâåäåííÿ. Ðîçãëÿíå ôiêñîâàíå λ ∈ Z. Òîäi λ 6= −m
τ
± m

τ
i çà ìîæëèâèì âèíÿòêîì

îäíîãî çíà÷åííÿ m. Îòæå, ôóíêöiÿ Hm(λ) âèçíà÷åíà äëÿ âñiõ m ∈ N çà ìîæëèâèì

âèíÿòêîì îäíîãî m ∈ N.
Âðàõîâóþ÷è ðiâíiñòü (8), ìà¹ìî

Hm(λ) = (A− λ) +B(1 +
λτ

m
(1 +

λτ

2m
))−m + Cλ(1 +

λτ

m
(1 +

λτ

2m
))−m = 0. (12)
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Íà ïiäñòàâi âiäîìî¨ ãðàíèöi

lim
m→∞

(1 +
λτ

m
+
λ2τ 2

2m2
)−m = e−λτ ,

ïåðåõîäÿ÷è â ðiâíîñòi (12) äî ãðàíèöi ïðè m→∞, äëÿ ôiêñîâàíîãî λ ∈ Z, îäåðæèìî

lim
m→∞

Hm(λ) = A− λ+Be−λτ + Cλe−λτ .

Ëåìà 2 äîâåäåíà.

Çàóâàæåííÿ. Îñêiëüêè íóëi ôóíêöié D2m+1(λ) i Hm(λ), çãiäíî ç ðiâíiñòþ (11), çáiãà-

þòüñÿ, òî êîðåíi õàðàêòåðèñòè÷íîãî ìíîãî÷ëåíà (8) ìîæíà áðàòè â ÿêîñòi íàáëèæåíèõ

çíà÷åíü íåàñèìïòîòè÷íèõ êîðåíiâ êâàçiïîëiíîìà (2).

3 Ïîðiâíÿííÿ ñõåì àïðîêñèìàöi¨

Çãiäíî ðåçóëüòàòiâ ïîïåðåäíiõ ïóíêòiâ íåàñèìïòîòè÷íi êîðåíi êâàçiïîëiíîìà ëiíiéíî-

ãî ðiâíÿííÿ íåéòðàëüíîãî òèïó ìîæíà íàáëèæàòè íóëÿìè õàðàêòåðèñòè÷íîãî ìíîãî÷ëå-

íà âiäïîâiäíî¨ àïðîêñèìóþ÷î¨ ñèñòåìè çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü. Ó âèïàäêó

ñõåìè Êðàñîâñüêîãî-Ð¹ïiíà àïðîêñèìóþ÷èé ìíîãî÷ëåí ìà¹ âèãëÿä (6).

Ïðèâåäåìî õàðàêòåðèñòè÷íå ðiâíÿííÿ (8) iç ñõåìè àïðîêñèìàöi¨ ïiäâèùåíî¨ òî÷íîñòi

äî âèãëÿäó, çðó÷íîãî äëÿ ðåàëiçàöi¨ íà ÅÎÌ. Çäiéñíèìî â (8) çàìiíó λ = m
τ

(s − 1),

îäåðæèìî

(A+
m

τ
− m

τ
s)(s2 + 1)m + 2mB + 2mCλ = 0.

Ðîçêëàäàþ÷è (s2 + 1)m çà ñòåïåíÿìè s, äiñòàíåìî ðiâíÿííÿ ó ñòàíäàðòíîìó âèãëÿäi

α0s
2m+1 + α1s

2m + α2s
2m−1 + . . .+ α2ms+ α2m+1 = 0,

äå êîåôiöi¹íòè αi, i = 0, 2m− 1 îá÷èñëþþòüñÿ çà ôîðìóëàìè

α0 = −m
τ
, α1 = A+ m

τ
,

α2m = −m
τ

+ 2mCm
τ
,

α2m+1 = A+ m
τ

+ 2mB − 2mCm
τ
,

α2i = −m
τ
Ci
m, i = 1,m− 1,

α2i+1 = (A+ m
τ

)Ci
m, i = 1,m− 1.

Ïðèêëàä.
Ðîçãëÿíåìî ðiâíÿííÿ íåéòðàëüíîãî òèïó

dx(t)

dt
= 2x(t) + x(t− 1) +

dx(t− 1)

dt
(13)

õàðàêòåðèñòè÷íèé êâàçiïîëiíîì ÿêîãî ìà¹ âèãëÿä

λ = 2 + e−λ + λe−λ. (14)

Äiéñíèé êîðiíü êâàçiïîëiíîìà (14) ç íàéáiëüøîþ äiéñíîþ ÷àñòèíîþ, çíàéäåíèé ìå-

òîäîì ïîäiëó âiäðiçêà íàâïië, äîðiâíþ¹ λ = 2, 32511.
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Çäiéñíèìî àïðîêñèìàöiþ ðiâíÿííÿ (13) ñèñòåìîþ çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâ-

íÿíü çà ñõåìîþ Êðàñîâñüêîãî�Ð¹ïiíà i çà ñõåìîþ ïiäâèùåíî¨ òî÷íîñòi. Äëÿ íàáëèæåííÿ

êîðåíiâ êâàçiïîëiíîìà (14) îá÷èñëþ¹ìî êîðåíi õàðàêòåðèñòè÷íèõ ìíîãî÷ëåíiâ âiäïîâiä-

íèõ àïðîêñèìóþ÷èõ ñèñòåì çà äîïîìîãîþ ôóíêöi¨ polyroots(v) iç ïàêåòà Mathcad.

Ðåçóëüòàòè îá÷èñëåíü äëÿ êîðåíÿ iç íàéáiëüøîþ äiéñíîþ ÷àñòèíîþ ïðè ðiçíèõ m,

íàâåäåíi â Òàáëèöi 1, äå λÊ.Ð.i � îäåðæàíå íàáëèæåííÿ çà ñõåìîþ Êðàñîâñüêîãî�Ð¹ïiíà,

à λÏ.Ò.i � íàáëèæåííÿ çà ñõåìîþ ïiäâèùåíî¨ òî÷íîñòi.

Òàáëèöÿ 1

m λT λÊ.Ð.1 4Ê.Ð. λÏ.Ò.1 4Ï.Ò.

10 2,32511 2,39012 0,06501 2,33806 0,01295

20 2,32511 2,36001 0,03490 2,32804 0,00293

44 2,32511 2,33190 0,00679 2,32603 0,00092

Iç Òàáëèöi 1 âèäíî, ùî íàáëèæåííÿ çà ñõåìîþ ïiäâèùåíî¨ òî÷íîñòi ¹ çíà÷íî åôå-

êòèâíiøèìè, íiæ íàáëèæåííÿ çà ñõåìîþ Êðàñîâñüêîãî�Ð¹ïiíà.
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Ilika S.A, Tuzyk I.I., Cherevko I. M. Approximation of non-asymptotic quasi-polynomial roots of

neutral type di�erential-di�erence equations, Bukovinian Math. Journal. 8, 1 (2020), 110�117.

The theory of di�erential-di�erence equations stability solutions is currently one of the

most important and actively studied sections of their general theory. The problem of studying

the stability of linear stationary di�erential-di�erence equations is to �nd the conditions of

negativeness of the real parts of asymptotic roots of quasi-polynomials, which can be found,

in general, only by approximate methods. For di�erential-di�erence equations, the schemes

of their approximation are constructed and substantiated by means of special systems of

ordinary di�erential equations. In case of linear di�erential-di�erence equations, roots of the

approximating system characteristic equation of ordinary di�erential equations can be taken

as approximate values of the non-asymptotic roots of the corresponding quasi-polynomials. In

this paper, we consider two algorithms for the approximate �nding of non-asymptotic roots

of quasi-polynomials of neutral type di�erential-di�erence equations, based on the Krasovsky-

Repin approximation scheme and the higher accuracy approximation scheme. The form of

characteristic equations for ordinary di�erential equations approximating systems is obtained,
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which are convenient to use for calculation of their roots. Numerical experiments for a model

test example were performed and their results were analyzed.


