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Âñòóï
Äîñèòü øèðîêèé êëàñ äèôåðåíöiàëüíèõ ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè óòâîðþþòü

ëiíiéíi ïàðàáîëi÷íi òà B-ïàðàáîëi÷íi ðiâíÿííÿ, òåîðiÿ ÿêèõ áåðå ñâié ïî÷àòîê iç äîñëiä-

æåííÿ ðiâíÿííÿ òåïëîïðîâiäíîñòi. Êëàñè÷íà òåîðiÿ çàäà÷i Êîøi òà êðàéîâèõ çàäà÷ äëÿ

òàêèõ ðiâíÿíü i ñèñòåì ðiâíÿíü ïîáóäîâàíà â ïðàöÿõ I.Ã. Ïåòðîâñüêîãî, Ñ.Ä. Åéäåëü-

ìàíà, Ñ.Ä. Iâàñèøåíà, Ì.I. Ìàòié÷óêà, Ì.Â. Æèòàðàøó, À. Ôðiäìàíà, Ñ. Òåêëiíäà,

Â.Î. Ñîëîííèêîâà, Â.Â. Êðåõiâñüêîãî òà ií. Çàäà÷à Êîøi ç ïî÷àòêîâèìè äàíèìè ç ïðî-

ñòîðiâ óçàãàëüíåíèõ ôóíêöié òèïó ðîçïîäiëiâ òà óëüòðàðîçïîäiëiâ âèâ÷àëàñÿ Ã.�. Øè-

ëîâèì, Á.Ë. Ãóðåâè÷åì, Ì.Ë. Ãîðáà÷óêîì, Â.I. Ãîðáà÷óê, Î.I. Êàøïiðîâñüêèì, ß.I. Æè-

òîìèðñüêèì, Ñ.Ä. Iâàñèøåíèì, Â.Â. Ãîðîäåöüêèì, Â.À. Ëiòîâ÷åíêîì òà ií.

Ôîðìàëüíèì ðîçøèðåííÿì êëàñó ðiâíÿíü ïàðàáîëi÷íîãî òèïó ¹ åâîëþöiéíi ðiâíÿííÿ

ç ïñåâäîäèôåðåíöiàëüíèìè îïåðàòîðàìè (ÏÄÎ), ÿêi ìîæíà ïîäàòè ó âèãëÿäi

A = J−1
σ→x[a(t, x;σ)Jx→σ], {x, σ} ⊂ Rn, t > 0, äå a � ôóíêöiÿ (ñèìâîë), ùî çàäîâîëü-

íÿ¹ ïåâíi óìîâè, J , J−1 � ïðÿìå òà îáåðíåíå ïåðåòâîðåííÿ Ôóð'¹ àáî Áåññåëÿ. Äî

ÏÄÎ íàëåæàòü äèôåðåíöiàëüíi îïåðàòîðè, îïåðàòîðè äðîáîâîãî äèôåðåíöiþâàííÿ òà

iíòåãðóâàííÿ, îïåðàòîðè çãîðòêè, îïåðàòîð Áåññåëÿ Bν = d2/dx2 + (2ν + 1)x−1d/dx,

ν > −1/2, ÿêèé ó ñâî¨é ñòðóêòóði ìiñòèòü âèðàç 1/x i ôîðìàëüíî çîáðàæà¹òüñÿ ó âè-

ãëÿäi Bν = F−1
Bν

[−σ2FBν ], äå FBν � iíòåãðàëüíå ïåðåòâîðåííÿ Áåññåëÿ.

ÓÄÊ 517.98
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ßêùî A � íåâiä'¹ìíèé ñàìîñïðÿæåíèé îïåðàòîð ó ãiëüáåðòîâîìó ïðîñòîði H, òî, ÿê

âiäîìî [1], íåïåðåðâíà íà [0, T ) ôóíêöiÿ u(t) ¹ íåïåðåðâíî äèôåðåíöiéîâíèì íà (0, T )

ðîçâ'ÿçêîì äèôåðåíöiàëüíî-îïåðàòîðíîãî ðiâíÿííÿ u′(t) + Au(t) = 0, t ∈ (0, T ), ÿêå

âiäíîñèòüñÿ äî àáñòðàêòíèõ ðiâíÿü ïàðàáîëi÷íîãî òèïó, òîäi é ëèøå òîäi, êîëè âîíà

ïîäà¹òüñÿ ó âèãëÿäi u(t) = e−tAf , f = u(0) ∈ H. Âèÿâëÿ¹òüñÿ [1], ùî âñi íåïåðåðâíî

äèôåðåíöiéîâíi âñåðåäèíi iíòåðâàëà (0, T ) ðîçâ'ÿçêè öüîãî ðiâíÿííÿ îïèñóþòüñÿ òàêîþ

æ ôîðìóëîþ, äå f ¹ åëåìåíòîì âæå áiëüø øèðîêîãî, ïîðiâíÿíî ç H ïðîñòîðîì H ′a,

ñïðÿæåíîãî ç ïðîñòîðîì Ha àíàëiòèí÷èõ âåêòîðiâ îïåðàòîðà A, à ðîëü A âiäiãðà¹ ðîç-

øèðåííÿ Â îïåðàòîðà A â ïðîñòîði H ′a, ïðè öüîìó ãðàíè÷íå çíà÷åííÿ u(t) ïðè t → +0

iñíó¹ â ïðîñòîði H ′a.

ßêùî A = (I − ∆)1/2, ∆ = d2/dx2, òî A � íåâiä'¹ìíèé ñàìîñïðÿæåíèé îïåðàòîð â

H = L2(R), îñêiëüêè i d/dx � ñàìîñïðÿæåíèé â L2(R) îïåðàòîð ç îáëàñòþ âèçíà÷åííÿ

D(id/dx) = {ϕ ∈ L2(R) : ∃ϕ′ ∈ L2(R)}. ßêùî Eλ, λ ∈ R, � ñïåêòðàëüíà ôóíêöiÿ îïåðàòî-
ðà id/dx, òî, âíàñëiäîê îñíîâíî¨ ñïåêòðàëüíî¨ òåîðåìè äëÿ ñàìîñïðÿæåíèõ îïåðàòîðiâ,

Aϕ = (I + (id/dx)2)1/2ϕ =

+∞∫
−∞

(1 + λ2)1/2dEλϕ.

Âiäîìî (äèâ., íàïðèêëàä, [2]), ùî

Eλϕ(t) =
1

2π

λ∫
−∞

{ +∞∫
−∞

ϕ(τ)eiστdτ
}
e−itσdσ.

Çâiäñè âèïëèâà¹, ùî dEλϕ(t) =
1

2π
F [ϕ](λ)e−itλdλ. Îòæå,

Aϕ =
1

2π

+∞∫
−∞

(1 + λ2)1/2F [ϕ](λ)e−itλdλ = F−1[(1 + λ2)1/2F [ϕ]].

Ñëiäóþ÷è [3], îïåðàòîð A íàçèâàòèìåìî îïåðàòîðîì Áåññåëÿ äðîáîâîãî äèôåðåíöi-

þâàííÿ. Îòæå, A ìîæíà ðîçóìiòè ÿê ïñåâäîäèôåðåíöiàëüíèé îïåðàòîð, ïîáóäîâàíèé

çà ôóíêöi¹þ-ñèìâîëîì (1 + λ2)1/2, λ ∈ R. Öå äîçâîëÿ¹ òðàêòóâàòè ôóíêöiþ e−tAf �

ðîçâ'ÿçîê âiäïîâiäíî¨ çàäà÷i Êîøi, ÿê çãîðòêó âèãëÿäó G(t, ·) ∗ f [4, 5], äå G(t, ·) =

= F−1[e−(1+λ2)1/2 ].

Ó öié ðîáîòi äà¹òüñÿ àíàëîãi÷íå çîáðàæåííÿ ðîçâ'ÿçêó íåëîêàëüíî¨ áàãàòîòî÷êîâî¨

çà ÷àñîì çàäà÷i äëÿ ðiâíÿííÿ ∂u(t, x)/∂t+Au(t, x) = 0, (t, x) ∈ (0, T ]×R, êîëè ïî÷àòêîâà

óìîâà u|t=0 = f çàìiíþ¹òüñÿ óìîâîþ
m∑
k=0

αkBku(t, ·)|t=tk , äå t0 = 0, {t1, ..., tm} ⊂ (0, T ],

{α0, α1, ..., αm} ⊂ R, m ∈ N, � ôiêñîâàíi ÷èñëà, B1, . . . , Bm � ïñåâäîäèôåðåíöiàëüíi îïå-

ðàòîðè, ïîáóäîâàíi çà ãëàäêèìè ñèìâîëàìè (ÿêùî α0 = 1, α1 = ... = αm = 0, B0 = I,

òî ìà¹ìî, î÷åâèäíî, çàäà÷ó Êîøi). Ïðè öüîìó âêàçàíà óìîâà òðàêòó¹òüñÿ â êëàñè÷íîìó

àáî ñëàáêîìó ñåíñi, ÿêùî f � óçàãàëüíåíà ôóíêöiÿ (óçàãàëüíåíèé åëåìåíò îïåðàòîðà A)
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òèïó óëüòðàðîçïîäiëiâ. Äîñëiäæåíi âëàñòèâîñòi ôóíäàìåíòàëüíîãî ðîçâ'ÿçêó çàçíà÷åíî¨

áàãàòîòî÷êîâî¨ çàäà÷i.

Çàóâàæèìî, ùî íåëîêàëüíà áàãàòîòî÷êîâà çà ÷àñîì çàäà÷à âiäíîñèòüñÿ äî íåëîêàëü-

íèõ çàäà÷ äëÿ äèôåðåíöiàëüíî-îïåðàòîðíèõ ðiâíÿíü òà ðiâíÿíü ç ÷àñòèííèìè ïîõiäíè-

ìè. Òàêi çàäà÷i âèíèêàþòü ïðè ìîäåëþâàííi áàãàòüîõ ïðîöåñiâ òà çàäà÷ ïðàêòèêè êðà-

éîâèìè çàäà÷àìè äëÿ ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè, ïðè îïèñi âñiõ êîðåêòíèõ çàäà÷

äëÿ êîíêðåòíîãî îïåðàòîðà, ïîáóäîâi çàãàëüíî¨ òåîði¨ êðàéîâèõ çàäà÷ (äèâ., íàïðèêëàä,

[6, 7, 8, 9, 10, 11]).

1 Ïðîñòîðè îñíîâíèõ òà óçàãàëüíåíèõ ôóíêöié

I.Ì. Ãåëüôàíä òà Ã.�. Øèëîâ ââåëè â [12] ñåðiþ ïðîñòîðiâ, íàçâàíèõ íèìè ïðîñòî-

ðàìè òèïó S. Âîíè ñêëàäàþòüñÿ ç íåñêií÷åííî äèôåðåíöiéîâíèõ íà R ôóíêöié, íà ÿêi

íàêëàäàþòüñÿ ïåâíi óìîâè ñïàäàííÿ íà íåñêií÷åííîñòi òà çðîñòàííÿ ïîõiäíèõ. Öi óìîâè

çàäàþòüñÿ çà äîïîìîãîþ íåðiâíîñòåé |xkϕ(m)(x)| ≤ ckm, x ∈ R, {k,m} ⊂ Z+, äå {ckm}
� äåÿêà ïîäâiéíà ïîñëiäîâíiñòü äîäàòíèõ ÷èñåë. ßêùî íà åëåìåíòè ïîñëiäîâíîñòi {ckm}
íå íàêëàäàþòüñÿ æîäíi îáìåæåííÿ, òî ìà¹ìî, î÷åâèäíî, ïðîñòið S ≡ S(R) Ë. Øâàðöà

øâèäêî ñïàäíèõ íà íåñêií÷åííîñòi ôóíêöié. ßêùî æ ÷èñëà ckm çàäîâîëüíÿþòü ïåâíi

óìîâè, òî âiäïîâiäíi êîíêðåòíi ïðîñòîðè ìiñòÿòüñÿ â S i íàçèâàþòüñÿ ïðîñòîðàìè òèïó

S. Îçíà÷èìî äåÿêi ç íèõ.

Äëÿ áóäü-ÿêèõ α, β > 0 ïîêëàäåìî

Sβα(R) ≡ Sβα =
{
ϕ ∈ S

∣∣∣ ∃c > 0∃A > 0∃B > 0∀{m,n} ⊂ Z+ ∀x ∈ R :

|xmϕ(n)(x)| ≤ cAmBnmmαnnβ
}
.

Ââåäåíi ïðîñòîðè òèïó S ìîæíà îõàðàêòåðèçóâàòè ùå é òàê [12].

Sβα ñêëàäà¹òüñÿ ç òèõ é ëèøå òèõ íåñêií÷åííî äèôåðåíöiéîâíèõ íà R ôóíêöié, ÿêi

çàäîâîëüíÿþòü íåðiâíîñòi

|ϕ(n)(x)| ≤ cBnnnβ exp{−a|x|1/α}, n ∈ Z, x ∈ R,

ç äåÿêèìè äîäàòíèìè ñòàëèìè c, B i a, çàëåæíèìè ëèøå âiä ôóíêöi¨ ϕ.

ßêùî 0 < β < 1 i α ≥ 1−β, òî Sβα ñêëàäà¹òüñÿ ç òèõ é òiëüêè òèõ ôóíêöié ϕ ∈ C∞(R),

ÿêi àíàëiòè÷íî ïðîäîâæóþòüñÿ â êîìïëåêñíó ïëîùèíó C i äëÿ ÿêèõ

|ϕ(x+ iy)| ≤ c exp{−a|x|1/α + b|y|1/(1−β)}, c > 0, a > 0, b > 0.

Ïðîñòið S1
α ñêëàäà¹òüñÿ ç ôóíêöié ϕ ∈ C∞(R), ÿêi àíàëiòè÷íî ïðîäîâæóþòüñÿ â

äåÿêó ñìóãó |Imz| < δ (çàëåæíó âiä ϕ) êîìïëåêñíî¨ ïëîùèíè, ïðè öüîìó ñïðàâäæó¹òüñÿ

îöiíêà

|ϕ(x+ iy)| ≤ c exp{−a|x|1/α}, c, a > 0,∀y ∈ R.

Ïðîñòîðè Sβα, α, β > 0 íåòðèâiàëüíi, ÿêùî α + β ≥ 1 i óòâîðþþòü ùiëüíi â L2(R)

ìíîæèíè.
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Òîïîëîãi÷íà ñòðóêòóðà â Sβα âèçíà÷à¹òüñÿ òàê. Ñèìâîëîì Sβ,Bα,A , A,B > 0, ïîçíà÷èìî

ñóêóïíiñòü ôóíêöié ϕ ∈ Sβα, ÿêi çàäîâîëüíÿþòü óìîâó

∀A > A ∀B > B : |xkϕ(m)(x)| ≤ cA
k
B
m
kkαmmβ, {k,m} ⊂ Z+, x ∈ R.

Öÿ ìíîæèíà ïåðåòâîðþ¹òüñÿ â ïîâíèé çëi÷åííî íîðìîâàíèé ïðîñòið, ÿêùî íîðìè â íié

ââåñòè çà äîïîìîãîþ ñïiââiäíîøåíü

‖ϕ‖δρ = sup
x,k,m

|xkϕ(m)(x)|
(A+ δ)k(B + ρ)mkkαmmβ

, {δ, ρ} ⊂
{

1,
1

2
,
1

3
, . . .

}
.

Âêàçàíó ñèñòåìó íîðì iíîäi çàìiíþþòü åêâiâàëåíòíîþ ¨é ñèñòåìîþ íîðì

‖ϕ‖′δρ = sup
x,m

exp{a(1− δ)|x|1/α} · |ϕ(m)(x)|
(B + ρ)mmmβ

, {δ, ρ} ⊂
{1

2
,
1

3
, . . .

}
, a =

α

eA1/α
.

ßêùî A1 < A2, B1 < B2, òî S
β,B1

α,A1
íåïåðåðâíî âêëàäà¹òüñÿ â Sβ,B2

α,A2
i Sβα =

⋃
A,B>0

Sβ,Bα,A ,

òîáòî â Sβα ââîäèòüñÿ òîïîëîãiÿ iíäóêòèâíî¨ ãðàíèöi ïðîñòîðiâ S
β,B
α,A [12]. Îòæå, çáiæíiñòü

ïîñëiäîâíîñòi {ϕν , ν ≥ 1} ⊂ Sβα äî íóëÿ â ïðîñòîði Sβα � öå çáiæíiñòü çà òîïîëîãi¹þ

îäíîãî ç ïðîñòîðiâ Sβ,Bα,A , äî ÿêîãî íàëåæàòü âñi ôóíêöi¨ ϕν . Iíøèìè ñëîâàìè (äèâ. [12])

ϕν → 0 ïðè ν →∞ ó ïðîñòîði Sβα òîäi é ëèøå òîäi, êîëè ïîñëiäîâíiñòü {ϕ(n)
ν , ν ≥ 1} ïðè

êîæíîìó n ∈ Z+ ðiâíîìiðíî çáiãà¹òüñÿ äî íóëÿ íà äîâiëüíîìó âiäðiçêó [a, b] ⊂ R i äëÿ

äåÿêèõ c, a,B > 0, íå çàëåæíèõ âiä ν, ñïðàâäæó¹òüñÿ íåðiâíiñòü

|ϕ(n)
ν (x)| ≤ cBnnnβ exp{−a|x|1/α}, x ∈ R, n ∈ Z+.

Ó ïðîñòîðàõ Sβα âèçíà÷åíà i íåïåðåðâíà îïåðàöiÿ çñóâó àðãóìåíòà Tx: ϕ(ξ)→ ϕ(ξ+x).

Öÿ îïåðàöiÿ ¹ òàêîæ äèôåðåíöiéîâíîþ (íàâiòü íåñêií÷åííî äèôåðåíöiéîâíîþ [12]) ó òî-

ìó ðîçóìiííi, ùî ãðàíè÷íå ñïiââiäíîøåííÿ (ϕ(x+ h)− ϕ(x))h−1 → ϕ′(x), h→ 0, ñïðàâ-

äæó¹òüñÿ äëÿ êîæíî¨ ôóíêöi¨ ϕ ∈ Sβα â ñåíñi çáiæíîñòi çà òîïîëîãi¹þ ïðîñòîðó Sβα. Ó

Sβα âèçíà÷åíà i íåïåðåðâíà îïåðàöiÿ äèôåðåíöiþâàííÿ. Ïðîñòîðè òèïó S ¹ äîñêîíàëèìè

[12] (òîáòî ïðîñòîðàìè, âñi îáìåæåíi ìíîæèíè ÿêèõ êîìïàêòíi), âîíè òiñíî ïîâ'ÿçàíi

ìiæ ñîáîþ ïåðåòâîðåííÿì Ôóð'¹, à ñàìå, ïðàâèëüíîþ ¹ ôîðìóëà F [Sβα] = Sαβ , α, β > 0,

äå

F [Sβα] :=
{
ψ : ψ(σ) =

∫
R

ϕ(x)eiσxdx, ϕ ∈ Sβα
}
,

ïðè öüîìó îïåðàòîð F : Sβα → Sαβ ¹ íåïåðåðâíèì.

Ñèìâîëîì (Sβα)′ ïîçíà÷èìî ïðîñòið óñiõ ëiíiéíèõ íåïåðåðâíèõ ôóíêöiîíàëiâ íà Sβα çi

ñëàáêîþ çáiæíiñòþ. Îñêiëüêè â îñíîâíîìó ïðîñòîði Sβα âèçíà÷åíà îïåðàöiÿ çñóâó Tx, òî

çãîðòêó óçàãàëüíåíî¨ ôóíêöi¨ f ∈ (Sβα)′ ç îñíîâíîþ ôóíêöi¹þ ϕ ∈ Sβα çàäàìî ôîðìóëîþ

(f ∗ ϕ) = 〈f, T−xϕ̌(·)〉 ≡ 〈f, ϕ(x− ·)〉, ϕ̌(ξ) = ϕ(−ξ).

Iç âëàñòèâîñòi íåñêií÷åííî¨ äèôåðåíöiéîâíîñòi îïåðàöi¨ çñóâó àðãóìåíòà â ïðîñòîði Sβα
âèïëèâà¹, ùî çãîðòêà f ∗ ϕ ¹ çâè÷àéíîþ íåñêií÷åííî äèôåðåíöiéîâíîþ íà R ôóíêöi¹þ.
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Ïåðåòâîðåííÿ Ôóð'¹ óçàãàëüíåíî¨ ôóíêöi¨ f ∈ (Sβα)′ îçíà÷èìî çà äîïîìîãîþ ñïiââiä-

íîøåííÿ

〈F [f ], ϕ〉 = 〈f, F [ϕ]〉, ∀ϕ ∈ Sαβ ,

ïðè öüîìó îïåðàòîð F : (Sβα)′ → (Sαβ )′ ¹ íåïåðåðâíèì.

Íåõàé f ∈ (Sβα)′. ßêùî f ∗ϕ ∈ Sβα, ∀ϕ ∈ Sβα i iç ñïiââiäíîøåííÿ ϕν → 0 ïðè ν →∞ çà

òîïîëîãi¹þ ïðîñòîðó Sβα âèïëèâà¹, ùî f ∗ϕν → 0 ïðè ν →∞ çà òîïîëîãi¹þ ïðîñòîðó Sβα,

òî ôóíêöiîíàë f íàçèâà¹òüñÿ çãîðòóâà÷åì ó ïðîñòîði Sβα. ßêùî f ∈ (Sβα)′ � çãîðòóâà÷ ó

ïðîñòîði Sβα, òî äëÿ äîâiëüíî¨ ôóíêöi¨ ϕ ∈ Sβα ïðàâèëüíîþ ¹ ôîðìóëà F [f∗ϕ] = F [f ]F [ϕ],

ïðè öüîìó F [f ] � ìóëüòèïëiêàòîð ó ïðîñòîði Sαβ [12].

Íàãàäà¹ìî, ùî ôóíêöiÿ g ∈ C∞(R) íàçèâà¹òüñÿ ìóëüòèïëiêàòîðîì ó ïðîñòîði Sβα,

ÿêùî gϕ ∈ Sβα äëÿ äîâiëüíî¨ ôóíêöi¨ ϕ ∈ Sβα, ïðè öüîìó âiäîáðàæåííÿ ϕ → gϕ ¹

íåïåðåðâíèì ó ïðîñòîði Sβα.

2 Íåëîêàëüíà çà ÷àñîì çàäà÷à

Ðîçãëÿíåìî ôóíêöiþ a(σ) = (1+σ2)1/2, σ ∈ R. Î÷åâèäíî, ùî ôóíêöiÿ a(σ) çàäîâîëü-

íÿ¹ íåðiâíiñòü

a(σ) ≤
√

2|σ| <
√

2

ε
exp{ε|σ|}, |σ| ≥ 1, (1)

äëÿ äîâiëüíîãî ε > 0. Çà äîïîìîãîþ áåçïîñåðåäíiõ îá÷èñëåíü òà ç óðàõóâàííÿì ôîðìóëè

Ñòiðëiíãà çíàõîäèìî, ùî

|Dm
σ a(σ)| ≤ c0B

m
0 m! ≤ c1B

m
1 m

m,m ∈ N, σ ∈ R. (2)

Ç (1) òà (2) âèïëèâà¹, ùî a(σ) � ìóëüòèïëiêàòîð ó ïðîñòîði S1
1 . Ñïðàâäi, íåõàé ϕ ∈ S1

1 ,

òîáòî ôóíêöiÿ ϕ òà ¨¨ ïîõiäíi çàäîâîëüíÿþòü íåðiâíiñòü

|Dk
σϕ(σ)| ≤ cAkkk exp{−a|σ|}, k ∈ Z+, σ ∈ R, (3)

ç äåÿêèìè äîäàòíèìè ñòàëèìè c, A, a. Òîäi, ñêîðèñòàâøèñü ôîðìóëîþ Ëåéáíiöà äèôå-

ðåíöiþâàííÿ äîáóòêó äâîõ ôóíêöié, à òàêîæ íåðiâíîñòÿìè (1), (2), (3), çíàéäåìî, ùî

|(a(σ)ϕ(σ))(k)| ≤
k∑
l=0

C l
k|a(l)(σ)| |ϕ(k−l)(σ)| = |a(σ)|ϕ(k)(σ) +

k∑
l=1

C l
k|a(l)(σ)| · |ϕ(k−l)(σ)| ≤

≤ c
√

2

ε
Akkk exp{−a|σ|+ ε|σ|}+ c1c

k∑
l=1

C l
kB

l
1l
lAk−l(k − l)(k−l) exp{−a|σ|}.

Îñêiëüêè ε > 0 � äîâiëüíå, òî ïîêëàäåìî ε = a/2. Òîäi

|(a(σ)ϕ(σ))(k)| ≤ 2c
√

2

a
Akkk exp

{
− a

2
|σ|
}

+ c1cB
k
2k

k exp
{
− a

2
|σ|
}
≤

≤ c2B
k
2k

k exp
{
− a

2
|σ|
}
, σ ∈ R, k ∈ Z,
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äå c2 =
2c
√

2

a
+ c1c, B2 = 2 max{A,B1}. Ç îñòàííüî¨ íåðiâíîñòi âèïëèâà¹, ùî aϕ ¹ åëå-

ìåíòîì ïðîñòîðó S1
1 .

Îïåðàöiÿ ìíîæåííÿ íà ôóíêöiþ a íåïåðåðâíà â ïðîñòîði S1
1 . Ñïðàâäi, íåõàé {ϕn, n ≥ 1}

� ïîñëiäîâíiñòü ôóíêöié ç ïðîñòîðó S1
1 , ÿêà çáiãà¹òüñÿ äî íóëÿ â öüîìó ïðîñòîði. Öå

îçíà÷à¹, ùî {ϕn, n ≥ 1} ⊂ S1,B0

1,A0
ç äåÿêèìè ñòàëèìè A0, B0 > 0 i

‖ϕn‖δρ = sup
k,σ

exp{a(1− δ)|σ|} · |ϕ(k)
n (σ)|

(B0 + ρ)kkk
→ 0, n→∞,

{δ, ρ} ⊂
{1

2
,
1

3
,
1

4
, . . .

}
, a =

1

eA0

.

Iíøèìè ñëîâàìè, äëÿ äîâiëüíîãî ε̃ > 0 iñíó¹ íîìåð n0 = n0(ε)m òàêèé, ùî äëÿ n ≥ n0

|ϕ(k)
n (σ)| ≤ ε̃(B0 + ρ)kkk exp{−a(1− δ)|σ|}, σ ∈ R, k ∈ Z+.

Ñêîðèñòàâøèñü íåðiâíîñòÿìè (1), (2), (3) (ïîêëàâøè ïðè öüîìó â (1) ε =
a

2
(1 − δ))

äiñòàíåìî, ùî

|(a(σ)ϕn(σ))(k)| ≤ c3ε̃(B̃ + ρ)k exp
{
− a

2
(1− δ)|σ|

}
, k ∈ Z+, n ≥ n0,

äå c3 = 2
√

2(a(1 − ε))−1 + c1, B̃ = 2 max{B0, B1}. Ç îñòàííüî¨ íåðiâíîñòi âèïëèâà¹, ùî

‖ãϕn‖δρ < c3ε̃, ∀n ≥ n0, òîáòî ïîñëiäîâíiñòü {aϕn, n ≥ 1} çáiãà¹òüñÿ äî íóëÿ â ïðîñòîði

S1,B̃

1,Ã
, äå Ã = 2A0, B̃ = 2 max{B0, B1}. Öå i îçíà÷à¹, ùî ïîñëiäîâíiñòü {aϕn, n ≥ 1}

çáiãà¹òüñÿ äî íóëÿ â ïðîñòîði S1
1 , ùî é ïîòðiáíî áóëî äîâåñòè.

Çàóâàæåííÿ 1. Iç äîâåäåíî¨ âëàñòèâîñòi âèïëèâà¹, ùî ôóíêöiÿ a(σ) = (1+σ2)1/2, σ ∈ R,
¹ ìóëüòèïëiêàòîðîì i ó êîæíîìó ïðîñòîði Sβ1 , äå β > 1. Îòæå, ó ïðîñòîði S1

β, β ≥ 1,

âèçíà÷åíèé, ¹ ëiíiéíèì i íåïåðåðâíèì ïñåâäîäèôåðåíöiàëüíèé îïåðàòîð A, ïîáóäîâàíèé

çà ñèìâîëîì a(σ):

Aϕ = F−1[a(σ)F [ϕ]],∀ϕ ∈ S1
β,

ïðè öüîìó Aϕ =
√

1−∆ϕ, ∆ = d2/dx2, ∀ϕ ∈ S1
β.

Ðîçãëÿíåìî åâîëþöiéíå ðiâíÿííÿ ç îïåðàòîðîì A (îïåðàòîðîì Áåññåëÿ äðîáîâîãî

äèôåðåíöiþâàííÿ)

∂u(t, x)

∂t
+ Au(t, x) = 0, (t, x) ∈ (0, T ]× R ≡ Ω. (4)

Ïiä ðîçâ'ÿçêîì ðiâíÿííÿ (4) ðîçóìi¹ìî ôóíêöiþ u(t, x), (t, x) ∈ Ω, òàêó, ùî: 1) u(t, ·) ∈
C1(0, T ] ïðè êîæíîìó x ∈ R; 2) u(·, x) ∈ S1

β ïðè êîæíîìó t ∈ (0, T ]; 3) u(t, x) íåïåðåðâíà

â êîæíié òî÷öi (0, x) ìåæi ΓΩ := {0} × R îáëàñòi Ω; 4) ∃M : R → [0,∞) ∀t ∈ (0, T ):

|u′t(t, x)| ≤M(x),

∫
R

M(x)dx < +∞; 5) u(t, x), (t, x) ∈ Ω çàäîâîëüíÿ¹ ðiâíÿííÿ (4).
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Äëÿ ðiâíÿííÿ (4) ïîñòàâèìî íåëîêàëüíó áàãàòîòî÷êîâó çà ÷àñîì çàäà÷ó: çíàéòè

ðîçâ'ÿçîê ðiâíÿííÿ (4), ÿêèé çàäîâîëüíÿ¹ óìîâó

µu(0, x)− µ1B1u(t1, x)− · · · − µmBmu(tm, x) = f(x), x ∈ R, f ∈ S1
β, (5)

äå u(0, x) := lim
t→+0

u(t, x), x ∈ R, m ∈ N, {µ, µ1, . . . , µm} ⊂ (0,∞), {t1, . . . , tm} ⊂ (0, T ] �

ôiêñîâàíi ÷èñëà, 0 < t1 < t2 < · · · < tm ≤ T , µ >
m∑
k=1

µk, B1, . . . , Bm � ïñåâäîäèôåðåíöi-

àëüíi îïåðàòîðè â ïðîñòîði S1
β, ïîáóäîâàíi çà ôóíêöiÿìè (ñèìâîëàìè) gk: R→ (0,+∞)

âiäïîâiäíî: Bk = F−1[gk(σ)F ], k ∈ {1, . . . ,m}. Ôóíêöi¨ gk, k ∈ {1, . . . ,m}, çàäîâîëüíÿþòü
óìîâè: gk ∈ C∞(R),

∀ε > 0∀σ ∈ R : gk(σ) ≤ exp{ε|σ|},

∃Lk > 0 ∀s ∈ N∀σ ∈ R : |Ds
σgk(σ)| ≤ Lsks

s.

Çàóâàæèìî, ùî ç íàâåäåíèõ âëàñòèâîñòåé ôóíêöi¨ gk âèïëèâà¹, ùî gk, k ∈ {1, . . . ,m},
� ìóëüòèïëiêàòîð ó ïðîñòîði S1

β.

Ðîçâ'ÿçîê çàäà÷i (4), (5) øóêà¹ìî çà äîïîìîãîþ ïåðåòâîðåííÿ Ôóð'¹. Âíàñëiäîê óìî-

âè 4)

F [ut] =

∫
R

ut(t, x)e−iσxdx =
∂

∂t

∫
R

u(t, x)e−iσxdx =
∂

∂t
F [u].

Ââåäåìî ïîçíà÷åííÿ: F [u(t, x)] = v(t, σ). Âðàõóâàâøè âèãëÿä îïåðàòîðiâ A, B1, . . . , Bm

äiñòàíåìî, ùî

F [Au(t, x)] = F [F−1[a(σ)F [u]]] = a(σ)F [u(t, x)] = a(σ)v(t, σ),

F [Bku(t, x)] = gk(σ)F [u(t, x)] = gk(σ)v(t, σ), k ∈ {1, . . . ,m}.

Îòæå, äëÿ ôóíêöi¨ v : Ω→ R ìà¹ìî çàäà÷ó ç ïàðàìåòðîì σ:

dv(t, σ)

dt
+ a(σ)v(t, σ) = 0, (t, σ) ∈ Ω, (6)

µv(0, σ)−
m∑
k=1

µkgk(σ)v(tk, σ) = f̃(σ), σ ∈ R, (7)

äå f̃(σ) = F [f ]. Çàãàëüíèé ðîçâ'ÿçîê ðiâíÿííÿ (6) ìà¹ âèãëÿä:

v(t, σ) = c exp{−ta(σ)}, (t, σ) ∈ Ω, (8)

äå c = c(σ) âèçíà÷èìî ç óìîâè (7). Ïiäñòàâèâøè (8) ó (7) çíàéäåìî, ùî

c = f̃(σ)

(
µ−

m∑
k=1

µkgk(σ) exp{−tka(σ)}

)−1

, σ ∈ R.

Ââåäåìî ïîçíà÷åííÿ: G(t, x) = F−1[Q(t, σ)](x), Q(t, σ) = Q1(t, σ)Q2(σ),

Q1(t, σ) = exp{−ta(σ)}, Q2(σ) =

(
µ−

m∑
k=1

µkgk(σ)Q1(tk, σ)

)−1

.



72 Â.Â. Ãîðîäåöüêèé, Ð.Ñ. Êîëiñíèê, Í.Ì. Øåâ÷óê

Äàëi, ìiðêóþ÷è ôîðìàëüíî, ïðèéäåìî äî ñïiââiäíîøåííÿ:

u(t, x) =

∫
R

G(t, x− ξ)f(ξ)dξ = G(t, x) ∗ f(x), (t, x) ∈ Ω.

Ñïðàâäi,

u(t, x) = (2π)−1

∫
R

Q(t, σ)

∫
R

f(ξ)eiσξdξ

 e−iσxdσ =

=

∫
R

(2π)−1

∫
R

Q(t, σ)e−iσ(x−ξ)dσ

 f(ξ)dξ =

∫
R

G(t, x− ξ)f(ξ)dξ =

= G(t, x) ∗ f(x), (t, x) ∈ Ω. (9)

Êîðåêòíiñòü ïðîâåäåíèõ òóò ïåðåòâîðåíü òà çáiæíiñòü âiäïîâiäíèõ iíòåãðàëiâ, à, îò-

æå, ïðàâèëüíiñòü ôîðìóëè (9) âèïëèâà¹ ç âëàñòèâîñòåé ôóíêöi¨ G, ÿêi íàâåäåìî íèæ÷å.

Âëàñòèâîñòi ôóíêöi¨ G ïîâ'ÿçàíi ç âëàñòèâîñòÿìè ôóíêöi¨ Q, îñêiëüêè G = F−1[Q].

Îòæå, íàñàìïåðåä äîñëiäèìî âëàñòèâîñòi ôóíêöi¨ Q(t, σ) ÿê ôóíêöi¨ çìiííî¨ σ.

Ëåìà 1. Äëÿ ïîõiäíèõ ôóíêöi¨ Q1(t, σ), (t, σ) ∈ Ω, ïðàâèëüíèìè ¹ îöiíêè:

|Ds
σQ1(t, σ)| ≤ cAstγsss exp{−t|σ|}, s ∈ N, (10)

äå γ = 0, ÿêùî 0 < t ≤ 1 i γ = 1, ÿêùî t > 1, ñòàëi c > 1, A > 0 íå çàëåæàòü âiä t.

Äîâåäåííÿ. Äëÿ äîâåäåííÿ òâåðäæåííÿ ñêîðèñòà¹ìîñü ôîðìóëîþ Ôàà äå Áðóíî äèôå-

ðåíöiþâàííÿ ñêëàäíî¨ ôóíêöi¨

Ds
σF (g(σ)) =

s∑
p=1

dp

dgp
F (g)

∑ s!

p1! . . . pl!

( d
dσ
g(σ)

)p1
. . .
( 1

l!

dl

dσl
g(σ)

)pl
, s ∈ N (11)

(çíàê ñóìè ïîøèðþ¹òüñÿ íà âñi ðîçâ'ÿçêè â öiëèõ íåâiä'¹ìíèõ ÷èñëàõ ðiâíÿííÿ p1 +2p2 +

· · ·+ lpl = s, p1 + · · ·+ pl = p), äå ïîêëàäåìî F = eg, g = −ta(σ). Òîäi

Ds
σe
−ta(σ) = e−ta(σ)

s∑
p=1

∑ s!

p1! . . . pl!
Λ,

äå ñèìâîëîì Λ ïîçíà÷åíî âèðàç

Λ :=
( d
dσ

(−ta(σ))
)p1
·
( 1

2!

d2

dσ2
(−ta(σ))

)p2
. . .
( 1

l!

dl

dσl
(−ta(σ))

)pl
.

Óðàõóâàâøè îöiíêè (2), çíàéäåìî, ùî

|Λ| ≤ cp1+···+pl
0 tp1+···+plBp1+2p2+···+lpl

0 ≤ c̃s0t
pBs

0, c̃0 = max{c0, 1}. (12)

Ñêîðèñòàâøèñü (12) òà ôîðìóëîþ Ñòiðëiíãà, ïðèéäåìî äî íåðiâíîñòåé

|Ds
σQ1(t, σ)| ≤ c̃s0t

γss! exp{−ta(σ)} ≤ cAstγsss exp{−t|σ|}, σ ∈ R, (13)

äå γ = 0, ÿêùî 0 < t ≤ 1 i γ = 1, ÿêùî t > 1, ñòàëi c > 1, A > 0 íå çàëåæàòü âiä t.

Ëåìà äîâåäåíà.
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Çàóâàæåííÿ 2. Iç îöiíîê (10) âèïëèâà¹, ùî Q1(t, ·) ∈ S1
1 ïðè êîæíîìó t ∈ (0;T ].

Ëåìà 2. Ôóíêöiÿ Q2 � ìóëüòèïëiêàòîð ó ïðîñòîði S2
1 .

Äîâåäåííÿ. Äëÿ äîâåäåííÿ òâåðäæåííÿ çäiéñíèìî îöiíêó ïîõiäíèõ ôóíêöi¨ Q2. Ç öi¹þ

ìåòîþ ñêîðèñòà¹ìîñÿ ôîðìóëîþ (11), ó ÿêié ïîêëàäåìî F = ϕ−1, ϕ = R, äå

R(σ) = µ−
m∑
k=1

µkgk(σ) exp{−tka(σ)}.

Òîäi Q2(σ) = F (ϕ) = R−1 i

|Ds
σQ2(σ)| =

∣∣∣ s∑
p=1

dp

dRp
R−1

∑ s!

p1! . . . pl!

( d
dσ
R(σ)

)p1
. . .
( 1

l!

dl

dσl
R(σ)

)pl∣∣∣, s ∈ N.

Âðàõóâàâøè âëàñòèâîñòi ôóíêöié g1, . . . , gm òà íåðiâíîñòi (13), çíàéäåìî, ùî

∣∣∣ 1

j!

dj

dσj
R(σ)

∣∣∣ ≤ 1

j!

m∑
k=1

µk

j∑
i=0

Ci
j|Di

σgk(σ)| · |Dj−i
σ e−tka(σ)| ≤

≤ 1

j!

m∑
k=1

µk

j∑
i=0

Ci
jL

i
ki!c̃

j−i
0 t

γ(j−i)
k (j − i)!e−tka(σ) ≤

m∑
k=1

µk

j∑
i=0

Ci
jL

i
kc̃
j−i
0 t

γ(j−i)
k

(òóò âðàõîâàíî, ùî i!(j − i)! ≤ j!). Íåõàé L̃ := max{L1, . . . , Lm}, L0 := 2 max{L̃, c̃0T}.
Òîäi ∣∣∣ 1

j!

dj

dσj
R(σ)

∣∣∣ ≤ α0L
j
0, α0 =

m∑
k=1

µk, j ∈ {1, . . . , l}.

∣∣∣( d
dσ
R(σ)

)p1∣∣∣ . . . ∣∣∣( 1

l!

dl

dσl
R(σ)

)pl∣∣∣ ≤ (α0L0)p1(α0L
2
0)p2 . . . (α0L

l
0)pl =

= αp1+···+pl
0 Lp1+2p2+···+lpl

0 = αp0L
s
0.

Êðiì òîãî,
dp

dRp
R−1 = (−1)pp!R−(p+1),

R−1(σ) = Q2(σ) =
(
µ−

m∑
k=1

µkgk(σ) exp{−tka(σ)}
)−1

≤

≤
(
µ−

m∑
k=1

µk exp{−t1|σ|+ ε|σ|}
)−1

≤
(
µ−

m∑
k=1

µk

)−1

≡ β0 > 0, ε = t1,

îñêiëüêè, çà óìîâîþ µ >
m∑
k=1

µk (òóò âðàõîâàíi âëàñòèâîñòi ôóíêöié g1, . . . , gm, à òàêîæ

òå, ùî 0 < t1 < t2 < · · · < tm). Îòæå,
∣∣∣ dp
dRp

R−1
∣∣∣ ≤ βp+1

0 p!,

|Ds
σQ2(σ)| ≤ s!

s∑
p=1

βp+1
0 p!αp0L

s
0 ≤ β0L

s
0(s!)2

s∑
p=1

βp0 ≤ β0L
s
0s · (s!)2βs1 ≤



74 Â.Â. Ãîðîäåöüêèé, Ð.Ñ. Êîëiñíèê, Í.Ì. Øåâ÷óê

≤ β2β
s
2s

2s, s ∈ N.

Ç îñòàííüî¨ íåðiâíîñòi òà îáìåæåíîñòi ôóíêöi¨ Q2(σ) íà R âèïëèâà¹, ùî Q2 � ìóëüòè-

ïëiêàòîð ó ïðîñòîði S2
1 .

Íàñëiäîê 1. Ïðè ôiêñîâàíîìó t ∈ (0, T ] ôóíêöiÿ Q(t, σ) = Q1(t, σ)Q2(σ), σ ∈ R, ¹
åëåìåíòîì ïðîñòîðó S2

1 , ïðè öüîìó ñïðàâäæóþòüñÿ îöiíêè

|Ds
σQ(t, σ)| ≤ c̃Ãstγss2s exp{−t|σ|}, s ∈ N, (t, σ) ∈ Ω, (14)

äå ñòàëi c̃, Ã > 0 íå çàëåæàòü âiä t.

Óðàõóâàâøè âëàñòèâîñòi ïåðåòâîðåííÿ Ôóð'¹ (ïðÿìîãî òà îáåðíåíîãî) òà ôîðìóëó

F−1[S2
1 ] = S1

2 äiñòà¹ìî, ùî G(t, ·) ∈ S1
2 ïðè êîæíîìó t ∈ (0, T ]. Âèäiëèìî â îöiíêàõ

ôóíêöi¨ G òà ¨¨ ïîõiäíèõ (çà çìiííîþ x) çàëåæíiñòü âiä ïàðàìåòðà t. Äëÿ öüîãî ñêîðè-

ñòà¹ìîñÿ ñïiââiäíîøåííÿì

xkDs
xF [ϕ](x) = ik+sF [(σsϕ(σ))(k)] = ik+s

∫
R

(σsϕ(σ))(k)eiσxdσ, {k, s} ⊂ Z+, ϕ ∈ S2
1 .

Îòæå,

xkDs
xG(t, x) = (2π)−1ik+s(−1)s

∫
R

(σsQ(t,−σ))(k)eiσxdσ.

Â [12] äîâåäåíî òâåðäæåííÿ: ÿêùî ôóíêöiÿ ϕ ∈ C∞(R) çàäîâîëíÿ¹ íåðiâíiñòü

|xkϕ(n)(x)| ≤ cAkBnakbn, {k, n} ⊂ Z+, x ∈ R,

äå ÷èñëà ak òà bn òàêi, ùî

ak
ak−1

≥ cak
1−χ,

bn
bn−1

≥ cbn
1−λ, χ+ λ = θ ≤ 1, λ, χ ≥ 0,

òî ïîäâiéíà ïîñëiäîâíiñòü mkn = akbn çàäîâîëüíÿ¹ íåðiâíiñòü

kn
mk−1,n−1

mkn

≤ γ̃(k + n)θ, γ̃ =
1

cacb
.

Äëÿ ïîñëiäîâíîñòåé ak = kkbn = n2n ìà¹ìî χ = λ = 0 (äèâ. [12, c. 243]). Îòæå, θ = 0 i

ïîäâiéíà ïîñëiäîâíiñòü mkn = kkn2n çàäîâîëüíÿ¹ íåðiâíiñòü

kn
mk−1,n−1

mkn

≤ γ̃.

Ìîæíà áåçïîñåðåäíüî ïåðåâiðèòè, ùî äëÿ ïîñëiäîâíîñòi ak = kk ñòàëà ca = 1/2, äëÿ

ïîñëiäîâíîñòi bn = n2n ñòàëà cb = 1/4, òîáòî γ̃ = 8.

Çàñòîñóâàâøè ôîðìóëó Ëåéáíiöà äèôåðåíöiþâàííÿ äîáóòêó äâîõ ôóíêöié, îöiíêè

(14) ïîõiäíèõ ôóíêöi¨ Q(t, σ) òà îñòàííþ íåðiâíiñòü, çíàéäåìî, ùî

|(σsQ(t,−σ))(k)| =
∣∣∣ k∑
p=0

Cp
k(σs)(p)Q(k−p)(t,−σ)

∣∣∣ ≤
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≤ |σsQ(k)(t,−σ)|+ ks|σs−1Q(k−1)(t,−σ)|+ k(k − 1)

2!
s(s− 1)×

×|σs−2Q(k−2)(t,−σ)|+ · · · ≤ c̃[ÃktγkBst−smks + ksÃk−1tγ(k−1)Bs−1t−(s−1)mk−1,s−1+

+
1

2!
k(k − 1)s(s− 1)Ãk−2tγ(k−2)Bs−2t−(s−2)mk−2,s−2 + . . . ]e−

t
2
|σ|,

äå B = 2/e, mks = k2kss. Òîäi

|(σsQ(t,−σ))(k)| ≤ c̃ÃktγkBst−smks

(
1 +

t

(Ã/tγ)B
ks
mk−1,s−1

mks

+

+
1

2!
k(k − 1)s(s− 1)

t2

(Ã/tγ)2B2

mk−2,s−2

mks

+ . . .
)
e−

t
2
|σ| ≤ c̃ÃktγkBst−smks×

×
(

1 +
kst

(Ã/tγ)B

mk−1,s−1

mks

+
1

2!

t2

(Ã/tγ)2B2
ks
mk−1,s−1

mks

(k − 1)(s− 1)
mk−2,s−2

mk−1,s−1

+ . . .
)
e−

t
2
|σ| ≤

≤ c̃ÃktγkBst−smks

(
1 +

T 1+γ

ÃB
γ̃ +

1

2!

T 2+2γ

(ÃB)2
γ̃2 + . . .

)
e−

t
2
|σ| =

= c1Ã
ktγkBst−smkse

− t
2
|σ|, c1 = c̃ exp

(T 1+γ

ÃB
γ̃
)

= c̃ exp
(8T 1+γ

ÃB

)
, γ̃ = 8.

Îòæå,

|xkDs
xG(t, x)| ≤ (2π)−1c1Ã

ktγkBst−smks

∫
R

e−
t
2
|σ|dσ =

= c2Ã
ktγkBst−(s+1)k2kss, c2 = 4(2π)−1c1, t ∈ (0, T ], σ ∈ R.

Òîäi

|Ds
xG(t, x)| ≤ c1B

ssst−(s+1) inf
k

Ãkk2k

(t−γ|x|)k
≤ c2B

ssst−(s+1) exp{−a0t
−γ/2|x|1/2}, s ∈ Z+,

äå c2 = c1e
e, a0 = 2/(eÃ)1/2, γ = 0, ÿêùî 0 < t ≤ 1, γ = 1, ÿêùî t > 1; òóò ìè

ñêîðèñòàëèñü âiäîìîþ íåðiâíiñòþ ç [12, ñ. 204]:

e−
α
e
|ξ|1/α ≤ inf

k

Akkkα

|x|k
≤ ce−

α
e
|ξ|1/α , c = e

αe
2 ,

â ÿêié α = 2, A = Ã. Òàêèì ÷èíîì, ïðàâèëüíèì ¹ òâåðäæåííÿ.

Ëåìà 3. Ôóíêöiÿ G(t, x), (t, x) ∈ Ω, òà ¨¨ ïîõiäíi (çà çìiííîþ x) çàäîâîëüíÿþòü íåðiâ-

íîñòi

|Ds
xG(t, x)| ≤ c2B

ssst−(s+1) exp{−a0t
−γ/2|x|1/2}, s ∈ Z+, (15)

äå γ = 0, ÿêùî 0 < t ≤ 1 i γ = 1, ÿêùî t > 1, ñòàëi c2, B, a0 > 0 íå çàëåæàòü âiä t.
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Çàóâàæåííÿ 3. Îñêiëüêè 0 < t1 < t2 < · · · < tm ≤ T , òî ç âëàñòèâîñòåé ôóíêöié gk(σ),

k ∈ {1, . . . ,m}, âèïëèâàþòü íåðiâíîñòi

gk(σ)e−tka(σ) ≤ eε|σ|−tk|σ| ≤ eε|σ|−t1|σ|, k ∈ {1, . . . ,m}, σ ∈ R,

äå ε > 0 � äîâiëüíî ôiêñîâàíèé ïàðàìåòð. ßêùî ïîêëàñòè ε = t1, òî

gk(σ)e−tka(σ) ≤ 1, σ ∈ R, k ∈ {1, . . . ,m},

i

µ−
m∑
k=1

µkgk(σ)e−tka(σ) = µ
(

1− 1

µ

m∑
k=1

µkgk(σ)e−tka(σ)
)
.

Òîäi
1

µ

m∑
k=1

µkgk(σ)e−tka(σ) ≤ 1

µ

m∑
k=1

µk < 1, σ ∈ R.

Îñêiëüêè, çà óìîâîþ, µ >
m∑
k=1

µk. Ñêîðèñòàâøèñü öi¹þ íåðiâíiñòþ òà ïîëiíîìiàëüíîþ

ôîðìóëîþ, çíàéäåìî, ùî

Q2(σ) =
1

µ

(
1− 1

µ

m∑
k=1

µkgk(σ)e−tka(σ)

)−1

=
1

µ

∞∑
r=0

µ−r
( m∑
k=1

µkgk(σ)e−tka(σ)
)r

=

=
∞∑
r=0

µ−(r+1)
∑

r1+···+rm=r

r!

r1!...rm!
(µ1g1(σ)e−t1a(σ))r1 . . . (µmgm(σ)e−tma(σ))rm =

=
∞∑
r=0

µ−(r+1)
∑

r1+···+rm=r

r!

r1! . . . rm!
µr11 . . . µrmm gr11 (σ) . . . grmm (σ)Q1(λ, σ),

äå λ = t1r1 + · · · + tmrm, Q1(λ, σ) = e−λa(σ). Îòæå, äëÿ ôóíêöi¨ G(t, x) ìà¹ìî òàêå

çîáðàæåííÿ:

G(t, x) = (2π)−1

∫
R

Q(t, σ)e−iσxdσ = (2π)−1

∫
R

e−ta(σ)Q2(σ)e−iσxdσ =

=
∞∑
r=0

1

µr+1

∑
r1+···+rm=r

r!µr11 . . . µrmm
r1! . . . rm!

G̃(λ+ t, x), (t, x) ∈ Ω,

äå

G̃(λ+ t, x) = (2π)−1

∫
R

gr11 (σ) . . . grmm (σ)e−(t1r1+···+rmtm+t)a(σ)e−iσxdσ.

Çàóâàæåííÿ 4. Íàäàëi ââàæàòèìåìî, ùî â óìîâi (5) ïàðàìåòð β = 2.

Íàâåäåìî ùå äåÿêi âëàñòèâîñòi ôóíêöi¨ G(t, x).

Ëåìà 4. Ôóíêöiÿ G(t, ·), t ∈ (0, T ], ÿê àáñòðàêòíà ôóíêöiÿ ïàðàìåòðà t iç çíà÷åííÿìè

â ïðîñòîði S1
2 , äèôåðåíöiéîâíà ïî t.
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Äîâåäåííÿ. Iç âëàñòèâîñòi íåïåðåðâíîñòi ïåðåòâîðåííÿ Ôóð'¹ (ïðÿìîãî òà îáåðíåíîãî)

ó ïðîñòîðàõ òèïó S âèïëèâà¹, ùî äëÿ äîâåäåííÿ ëåìè äîñèòü ïîêàçàòè, ùî ôóíê-

öiÿ F [G(t, ·)] = Q(t, ·), ÿê àáñòðàêòíà ôóíêöiÿ ïàðàìåòðà t iç çíà÷åííÿìè â ïðîñòîði

F [S1
2 ] = S2

1 , äèôåðåíöiéîâíà ïî t. Iíøèìè ñëîâàìè, ïîòðiáíî äîâåñòè, ùî ãðàíè÷íå ñïiâ-

âiäíîøåííÿ

Φ∆t(σ) :=
1

∆t
[Q(t+ ∆t, σ)−Q(t, σ)] −→ ∂

∂t
Q(t, σ), ∆t→ 0,

âèêîíó¹òüñÿ â òîìó ðîçóìiííi, ùî:

1) Ds
σΦ∆t(σ)−→

∆t→0
Ds
σ(−a(σ)Q(t, σ)), s ∈ Z+,

ðiâíîìiðíî íà êîæíîìó âiäðiçêó [a, b] ⊂ R;
2) |Ds

σΦ∆t(σ)| ≤ cB
s
s2s exp{−a|σ|}, s ∈ Z+,

äå ñòàëi c, a, B > 0 íå çàëåæàòü âiä ∆t, ÿêùî ∆t äîñèòü ìàëå.

Ôóíêöiÿ Q(t, σ), (t, σ) ∈ Ω, äèôåðåíöiéîâíà ïî t ó çâè÷àéíîìó ðîçóìiííi, òîìó, âíà-

ñëiäîê òåîðåìè Ëàãðàíæà ïðî ñêií÷åííi ïðèðîñòè,

Φ∆t(σ) = −a(σ)Q(t+ θ∆t, σ), 0 < θ < 1, t+ θ∆t ≤ T.

Îòæå,

Ds
σΦ∆t(σ) = −

s∑
l=0

C l
sD

l
σa(σ)Ds−l

σ Q(t+ θ∆t, σ) (16)

i

Ds
σ

(
Φ∆t(σ)− ∂

∂t
Q(t, σ)

)
= −

s∑
l=0

C l
sD

l
σa(σ)[Ds−l

σ Q(t+ θ∆t, σ)−Ds−l
σ Q(t, σ)].

Îñêiëüêè

Ds−l
σ Q(t+ θ∆t, σ)−Ds

σQ(t, σ) = Ds−l+1
σ Q(t+ θ1∆t, σ)θ∆t, 0 < θ1 < 1,

òî çâiäñè òà ç îöiíîê (14) âèïëèâà¹, ùî

Ds−l+1
σ Q(t+ θ1∆t, σ)θ∆t→ 0, ∆t→ 0,

ðiâíîìiðíî íà äîâiëüíîìó âiäðiçêó [a, b] ⊂ R. Òîäi i

Ds
σΦ∆t(σ)→ Ds

σ

( ∂
∂t
Q(t, σ)

)
,∆t→ 0,

ðiâíîìiðíî íà äîâiëüíîìó âiäðiçêó [a, b] ⊂ R. Îòæå, óìîâà 1) âèêîíó¹òüñÿ.
Âðàõóâàâøè (16), îöiíêè (1), (2), (14), ÿêi çàäîâîëüíÿþòü ôóíêöi¨ a(σ), Q(t, σ) òà

¨õíi ïîõiäíi, çíàéäåìî, ùî

|Ds
σΦ∆t(σ)| ≤ c̃1c̃

s∑
l=0

C l
sB

l
1l
lÃs−ltγ(s−l)(s− l)2(s−l) exp{−(t+ θ∆t)|σ|+ ε|σ|}
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(òóò ε > 0 � äîâiëüíî ôiêñîâàíèé ïàðàìåòð). Âiçüìåìî ε = t/2 i âðàõó¹ìî, ùî t+θ∆t ≤ T .

Òîäi

|Ds
σΦ∆t(σ)| ≤ cB

s
s2s exp{−a|σ|}, s ∈ Z+,

äå c = c̃1c, c̃1 = max
{
c,

2
√

2

t

}
, B = 2 max{B1, Ãt

γ}, a = t/2, ïðè÷îìó âñi ñòàëi íå

çàëåæàòü âiä ∆t.

Íàñëiäîê 2. Ïðàâèëüíîþ ¹ ôîðìóëà

∂

∂t
(f ∗G(t, ·)) = f ∗ ∂G(t, ·)

∂t
,∀f ∈ (S1

2)′, t ∈ (0, T ].

Äîâåäåííÿ. Çà îçíà÷åííÿì çãîðòêè óçàãàëüíåíî¨ ôóíêöi¨ ç îñíîâîþ ìà¹ìî, ùî

f ∗G(t, x) = 〈fξ, T−xǦ(t, ξ)〉, Ǧ(t, ξ) = G(t,−ξ).

Òîäi
∂

∂t
(f ∗G(t, ·)) = lim

∆t→0

1

∆t
[(f ∗G(t+ ∆t, x))− (f ∗G(t, x))] =

= lim
∆t→0
〈fξ,

1

∆t
[T−xǦ(t+ ∆t, ξ)− T−xǦ(t, ξ)]〉.

Âíàñëiäîê ëåìè 4 ãðàíè÷íå ñïiââiäíîøåííÿ

1

∆t
[T−xǦ(t+ ∆t, ·)− T−xǦ(t, ·)] −→ ∂

∂t
T−xǦ(t, ·),∆t→ 0,

âèêîíó¹òüñÿ â ñåíñi çáiæíîñòi çà òîïîëîãi¹þ ïðîñòîðó S1
2 . Òîìó

∂

∂t
(f ∗G(t, ·)) = 〈fξ, lim

∆t→0

1

∆t
[T−xǦ(t+ ∆t, ξ)− T−xǦ(t, ξ)]〉 =

= 〈fξ,
∂

∂t
T−xǦ(t, ξ)〉 = 〈fξ, T−x

∂

∂t
Ǧ(t, ξ)〉 = f ∗ ∂

∂t
G(t, x).

Òâåðäæåííÿ äîâåäåíî.

Îñêiëüêè

F [G(t, ·)] = Q(t, σ) = Q1(t, σ)Q2(σ) =

∫
R

G(t, x)eiσxdσ, t ∈ (0, T ],

òî çâiäñè äiñòà¹ìî ôîðìóëó

∫
R

G(t, x)dx = Q1(t, 0)Q2(0) = λ0e
−t, λ0 =

(
µ−

m∑
k=1

µkgk(0)e−tk

)−1

(òóò âðàõîâàíî, ùî a(0) = 1).
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Ëåìà 5. Ó ïðîñòîði (S1
2)′ ïðàâèëüíèìè ¹ ñïiââiäíîøåííÿ:

1) G(t, ·)→ F−1[Q2], t→ +0;

2) µG(t, ·)−
m∑
l=1

µlBlG(tl, ·)→ δ, t→ +0 (17)

(òóò δ � äåëüòà-ôóíêöiÿ Äiðàêà).

Äîâåäåííÿ. 1. Óðàõóâàâøè âëàñòèâiñòü íåïåðåðâíîñòi ïåðåòâîðåííÿ Ôóð'¹ (ïðÿìîãî òà

îáåðíåíîãî) ó ïðîñòîðàõ òèïó S ′, äëÿ äîâåäåííÿ òâåðäæåííÿ äîñèòü âñòàíîâèòè, ùî

F [G(t, ·)] = Q1(t, ·)Q2(·) −→
t→+0

Q2(·)

ó ïðîñòîði (S2
1)′. Äëÿ öüîãî âiçüìåìî äîâiëüíó ôóíêöiþ ϕ ∈ S2

1 i, ñêîðèñòàâøèñü òèì, ùî

Q2 � ìóëüòèïëiêàòîð ó ïðîñòîði S2
1 , à òàêîæ òåîðåìîþ Ëåáåãà ïðî ãðàíè÷íèé ïåðåõiä

ïiä çíàêîì iíòåãðàëà Ëåáåãà, çíàéäåìî, ùî

〈Q1(t, ·)Q2(·), ϕ〉 = 〈Q1(t, ·), Q2(·)ϕ(·)〉 =

∫
R

Q1(t, σ)Q2(σ)ϕ(σ)dσ −→
t→+0

−→
t→+0

∫
R

Q2(σ)ϕ(σ)dσ = 〈1, Q2(·)ϕ(·)〉 = 〈Q2, ϕ〉.

Çâiäñè âæå âèïëèâà¹ òâåðäæåííÿ 1 ëåìè 5.

2. Óðàõóâàâøè òâåðäæåííÿ 1 òà âèãëÿä îïåðàòîðiâ B1, . . . , Bm çíàéäåìî, ùî

µG(t, ·)−
m∑
l=1

µlBlG(tl, ·) −→
t→+0

µF−1[Q2]−
m∑
l=1

µlBlG(tl, ·) =

= µF−1[Q2]−
m∑
l=1

µlF
−1[gl(·)Q(tl, ·)] = F−1

[
µQ2(σ)−

m∑
l=1

µlgl(σ)Q(tl, σ)
]
.

Äîâåäåìî, ùî â ïðîñòîði (S2
1)′ âèêîíó¹òüñÿ ðiâíiñòü

µQ2(σ)−
m∑
l=1

µlgl(σ)Q(tl, σ) = 1. (18)

Äëÿ äîâåäåííÿ (18) âiçüìåìî äîâiëüíó ôóíêöiþ ϕ ∈ S2
1 i, ðîçóìiþ÷èQ2(·), gl(·)Q(tl, ·),

l ∈ {1, . . . ,m}, ÿê ðåãóëÿðíi óçàãàëüíåíi ôóíêöi¨ ç ïðîñòîðó (S2
1)′, çíàéäåìî, ùî

〈
µQ2(·)−

m∑
l=1

µlgl(·)Q(tl, ·), ϕ
〉

= 〈µQ2(·), ϕ〉 −
m∑
l=1

µl〈gl(·)Q(tl, ·), ϕ〉 =

= µ

∫
R

Q2(σ)ϕ(σ)dσ −
m∑
l=1

µl

∫
R

gl(σ)Q(tl, σ)ϕ(σ)dσ =
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=

∫
R

[ µ

µ−
m∑
k=1

µkgk(σ)Q1(tk, σ)
−

m∑
l=1

µlgl(σ)Q1(tl, σ)

µ−
m∑
k=1

µkgk(σ)Q1(tk, σ)

]
ϕ(σ)dσ =

=

∫
R

µ−
m∑
l=1

µlgl(σ)Q1(tl, σ)

µ−
m∑
k=1

µkgk(σ)Q1(tk, σ)
ϕ(σ)dσ =

∫
R

ϕ(σ)dσ = 〈1, ϕ〉,

òîáòî ñïiââiäíîøåííÿ (18) âèêîíó¹òüñÿ â ïðîñòîði (S2
1)′. Îñêiëüêè F−1[1] = δ, òî çâiäñè

äiñòà¹ìî, ùî â ïðîñòîði (S1
2)′ âèêîíó¹òüñÿ (17).

Òâåðäæåííÿ 2 ëåìè äîâåäåíî.

Çàóâàæåííÿ 5. ßêùî µ = 1, µ1 = · · · = µm = 0, òî íåëîêàëüíà áàãàòîòî÷êîâà çà ÷àñîì

çàäà÷à âèðîäæó¹òüñÿ â çàäà÷ó Êîøi äëÿ öüîãî ðiâíÿííÿ, ïðè öüîìó Q2(σ) = 1, σ ∈ R,
F−1[1] = δ. Îòæå, ó âèïàäêó çàäà÷i Êîøi äëÿ ðiâíÿííÿ (4) ôóíêöiÿ G(t, x) = F−1[e−ta(σ)]

âîëîäi¹ âëàñòèâiñòþ G(t, ·)→ δ ïðè t→ +0 ó ïðîñòîði (S1
1)′.

Íàñëiäîê 3. Íåõàé

ω(t, ·) = f ∗G(t, ·), f ∈ (S1
2,∗)
′, (t, x) ∈ Ω.

Òîäi ó ïðîñòîði (S1
2)′ âèêîíó¹òüñÿ ãðàíè÷íå ñïiââiäíîøåííÿ

µω(t, ·)−
m∑
k=1

µkBkω(tk, ·)→ f, t→ +0. (19)

Äîâåäåííÿ. Óðàõóâàâøè âëàñòèâiñòü íåïåðåðâíîñòi âiäîáðàæåííÿ F : (S1
2)′ → (S2

1)′, äî-

âåäåìî, ùî â ïðîñòîði (S2
1)′ âèêîíó¹òüñÿ ãðàíè÷íå ñïiââiäíîøåííÿ

F
[
µω(t, ·)−

m∑
k=1

µkBkω(tk, ·)
]
→ F [f ], t→ +0. (20)

Îñêiëüêè f ∈ (S1
2,∗)
′, òî

F [ω(t, ·)] = F [f ∗G(t, ·)] = F [f ]F [G(t, ·)] = F [f ]Q(t, ·).

Îòæå, (20) íàáóâà¹ âèãëÿäó

F [f ]
[
µQ(t, ·)−

m∑
k=1

µkgk(·)Q(tk, ·)
]
→ F [f ], t→ +0.

Ïðè äîâåäåííi òâåðäæåííÿ 1 ëåìè 5 âñòàíîâëåíî, ùî Q(t, ·) = Q1(t, ·)Q2(·) → Q2(·)
ïðè t → +0 ó ïðîñòîði (S2

1)′. Òîäi, ç óðàõóâàííÿì (18) çíàéäåìî, ùî â ïðîñòîði (S2
1)′

ñïðàâäæó¹òüñÿ ãðàíè÷íå ñïiââiäíîøåííÿ

µQ(t, ·)−
m∑
k=1

µkgk(·)Q(tk, ·)−→
t→+0

µQ2(·)−
m∑
k=1

µkgk(·)Q(tk, ·) = 1.
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Òàêèì ÷èíîì, ñïiââiäíîøåííÿ (20), à, îòæå, i (19) âèêîíóþòüñÿ ó âiäïîâiäíèõ ïðîñòîðàõ.

Òâåðäæåííÿ äîâåäåíî.

Ôóíêöiÿ G(t, ·) çàäîâîëüíÿ¹ ïðè t > 0 ðiâíÿííÿ (4). Ñïðàâäi,

∂

∂t
G(t, ·) =

∂

∂t
F−1[Q(t, σ)] = F−1

[ ∂
∂t
Q(t, σ)

]
,

AG(t, x) = F−1[a(σ)F [G(t, x)]] = F−1[a(σ)Q(t, σ)] = −F−1
[ ∂
∂t
Q(t, σ)

]
.

Îòæå,
∂G(t, x)

∂t
+ AG(t, x) = 0, (t, x) ∈ Ω,

ùî é ïîòðiáíî áóëî äîâåñòè.

Íàäàëi ôóíêöiþ G íàçèâàòèìåìî ôóíäàìåíòàëüíèì ðîçâ'ÿçêîì íåëîêàëüíî¨ áàãàòî-

òî÷êîâî¨ çà ÷àñîì çàäà÷i äëÿ ðiâíÿííÿ (4).

Ç íàñëiäêó 3 âèïëèâà¹, ùî äëÿ ðiâíÿííÿ (4) íåëîêàëüíó áàãàòîòî÷êîâó çà ÷àñîì

çàäà÷ó ìîæíà ñôîðìóëþâàòè òàê: çíàéòè ôóíêöiþ u(t, x), (t, x) ∈ Ω, ÿêà çàäîâîëüíÿ¹

ðiâíÿííÿ (4) i óìîâó

µ lim
t→+0

u(t, ·)−
m∑
k=1

µkBku(t, ·) = f, f ∈ (S1
2,∗)
′, (21)

äå ãðàíè÷íå ñïiââiäíîøåííÿ ðîçãëÿäà¹òüñÿ â ïðîñòîði (S1
2)′ (îáìåæåííÿ íà ïàðàìåòðè

µ, µ1, . . . , µm, t1, . . . , tm òàêi æ, ÿê ó âèïàäêó çàäà÷i (4), (5)).

Îñíîâíèé ðåçóëüòàò ìiñòèòü íàñòóïíå òâåðäæåííÿ.

Òåîðåìà. Íåëîêàëüíà áàãàòîòî÷êîâà çà ÷àñîì çàäà÷à (4), (21) ¹ ðîçâ'ÿçíîþ, ðîçâ'ÿçîê

äà¹òüñÿ ôîðìóëîþ:

u(t, x) = f ∗G(t, x), f ∈ (S1
2,∗)
′, (t, x) ∈ Ω.

Äîâåäåííÿ. Ïåðåêîíà¹ìîñÿ â òîìó, ùî ôóíêöiÿ u(t, x), (t, x) ∈ Ω, çàäîâîëüíÿ¹ ðiâíÿííÿ

(4). Ñïðàâäi (äèâ. íàñëiäîê 2),

∂u(t, x)

∂t
=

∂

∂t
(f ∗G(t, x)) = f ∗ ∂G(t, x)

∂t
,

Au(t, x) = F−1[a(σ)F [f ∗G]](t, x).

Îñêiëüêè f � çãîðòóâà÷ ó ïðîñòîði S1
2 , òî

F [f ∗G(t, x)] = F [f ]F [G(t, x)] = F [f ]Q(t, σ).

Îòæå,

Au(t, x) = F−1[a(σ)Q(t, σ)F [f ](σ)] = −F−1

[
∂

∂t
Q(t, σ)F [f ](σ)

]
=

= −F−1
[
F
[ ∂
∂t
G(t, ·)

]
· F [f ]

]
= −F−1

[
F
[
f ∗ ∂G

∂t

]]
= −f ∗ ∂G(t, x)

∂t
.

Çâiäñè äiñòà¹ìî, ùî ôóíêöiÿ u(t, x), (t, x) ∈ Ω, çàäîâîëüíÿ¹ ðiâíÿííÿ (4). Ç íàñëiäêó 3

âèïëèâà¹, ùî u(t, x) , (t, x) ∈ Ω çàäîâîëüíÿ¹ óìîâó (21) ó çàçíà÷åíîìó ñåíñi. Òåîðåìà

äîâåäåíà.
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Çàóâàæåííÿ 6. ßêùî â óìîâi (21) B1 = · · · = Bm = I (I � îäèíè÷íèé îïåðàòîð), òî

ìîæíà äîâåñòè, ùî çàäà÷à (4), (21) êîðåêòíî ðîçâ'ÿçíà, ïðè öüîìó u(t, x) = f ∗ G̃(t, x),

f ∈ (S1
2,∗)
′, (t, x) ∈ Ω, äå G̃ = F−1[Q̃],

Q̃(t, σ) = e−ta(σ)
(
µ−

m∑
k=1

µke
−tka(σ)

)−1

.

ßêùî µ = 1, µ1 = · · · = µm = 0 (âèïàäîê çàäà÷i Êîøi), òî òîäi çàäà÷à (4), (21)

êîðåêòíî ðîçâ'ÿçíà, u(t, x) = f ∗ G0(t, x), f ∈ (S1
1,∗)
′, äå G0 = F−1[e−ta(σ)], G0(t, ·) → δ

ïðè t→ +0 ó ïðîñòîði (S1
1)′.
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The evolution equation with the operator A =
√
I −∆, ∆ = d2/dx2 was investigated. It is

established that the operator A coincides in certain spaces of S type with a pseudodi�erential
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operator constructed by the function (symbol) a(σ) = (1 + σ2)1/2, σ ∈ R. For this equation a

nonlocal multi-point by time problem which contains pseudodi�erential operators constructed

by smooth symbols and the initial function is an element of the space of generalized functions of

the ultradistribution type. An analytical representation of the solution for the speci�ed problem

in the form of a convolution of the fundamental solution with the initial function is found. The

properties of the fundamental solution of the speci�ed multi-point problem are investigated.

Obtained results are new and represent high scienti�c interest for specialists in the area of

partial di�erential equation theory.


