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ÏÎÒÓÆÍIÑÒÜ ÌÍÎÆÈÍÈ ÍÅÏÅÐÅÐÂÍÈÕ ÔÓÍÊÖIÉ, ßÊI

ÇÁÅÐIÃÀÞÒÜ ÖÈÔÐÓ 1 Q3-ÇÎÁÐÀÆÅÍÍß ×ÈÑËÀ

Ðîáîòà ïðèñâÿ÷åíà äîñëiäæåííþ ïîòóæíîñòi ìíîæèíè Pc íåïåðåðâíèõ íà âiäðiçêó [0; 1]

ôóíêöié, ÿêi çáåðiãàþòü öèôðó 1 ó òðèñèìâîëüíîìó ñàìîïîäiáíîìó Q3 � çîáðàæåííi ÷èñëà,

ùî ¹ óçàãàëüíåííÿì êëàñè÷íîãî òðiéêîâîãî çîáðàæåííÿ: x =
∞∑
k=1

3−kαk(x) ≡ ∆3
α1α2...αn...,

äå αn(x) ∈ A3 ≡ {0, 1, 2}. Âñi ôóíêöi¨ êëàñó Pc ìàþòü íàñòóïíèé âèãëÿä:

y = f(x) = f(∆Q3

α1(x)α2(x)...αn(x)...
) = ∆Q3

γ1γ2...γn..., äå αn ∈ A3, γn ∈ A3,

x = ∆Q3

α1(x)α2(x)...αn(x)...
≡ βα1(x) +

∞∑
k=2

βαk(x)

k−1∏
j=1

qαj(x)


i ïðè öüîìó γn = γn(α1(x), α2(x), . . . , αn(x)), ïðè÷îìó γn = 1 òîäi i òiëüêè òîäi, êîëè

αn(x) = 1.

Âñòàíîâëåíî, ùî ìíîæèíà Pc ¹ êîíòèíóàëüíîþ. Îòðèìàíî àíàëiòè÷íèé âèðàç ôóíêöié

êëàñó Pc, âèâ÷åíî âàðiàöiéíi òà iíòåãðàëüíi ¨õíi âëàñòèâîñòi.

Êëþ÷îâi ñëîâà i ôðàçè: Q3-çîáðàæåííÿ äiéñíèõ ÷èñåë, íåïåðåðâíà ôóíêöiÿ, ïîòó-

æíiñòü ìíîæèíè íåïåðåðâíèõ ôóíêöié, çáåðåæåííÿ öèôðè 1 Q3-çîáðàæåííÿ ÷èñëà.
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Âñòóï

Ïîøóê ôóíêöié ç ôðàêòàëüíèìè âëàñòèâîñòÿìè, àäåêâàòíèõ çàñîáiâ ¨õ îïèñó òà äî-

ñëiäæåííÿ ïðèâiâ äî iäå¨ çàäàâàòè ôóíêöi¨ ÷åðåç iíâàðiàíòè ó çîáðàæåííi àðãóìåíòà i

çíà÷åííÿ ôóíêöi¨ ó òié ÷è iíøié ñèñòåìi êîäóâàííÿ äiéñíèõ ÷èñåë [1, 2, 3, 7, 8, 9]. Íà

öüîìó øëÿõó âèíèê iíòåðåñ äî ôóíêöié, ùî çáåðiãàþòü ôiêñîâàíi öèôðè àëôàâiòó ó

Q3-çîáðàæåííi àðãóìåíòà áåç ¨õíüîãî ïðèìíîæåííÿ ó çíà÷åííi ôóíêöi¨.

Ó ðîáîòi [6] ðîçãëÿäàâñÿ êëàñ Pc íåïåðåðâíèõ ôóíêöié f , âèçíà÷åíèõ íà âiäðiçêó

[0; 1] ðiâíiñòþ: y = f(x) = f(∆Q3
α1α2...αn...) = ∆Q3

γ1γ2...γn...
, äå öèôða γn Q3 � çîáðàæåííÿ
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1) γn = 1 òîäi i òiëüêè òîäi, êîëè αn = 1;

2) ÿêùî öèôðà γn âiäìiííà âiä 1, òî âîíà çàëåæèòü âiä ïåðøèõ n öèôð Q3-çîáðà-

æåííÿ àðãóìåíòà x, òîáòî γn = γn(x) = φn(α1(x), . . . , αn(x)), n ∈ N.

Êîíêðåòèçàöiÿ çàëåæíîñòi φn ïðèâîäèòü äî ðiçíèõ ôóíêöié f i îòðèìàííÿ íåñêií÷åí-

íîãî êëàñó ôóíêöié. Òàê îçíà÷åíèé êëàñ Pc ôóíêöié f íàçèâàâñÿ êëàñîì ôóíêöié, ÿêi

çáåðiãàþòü öèôðó 1 Q3-çîáðàæåííÿ ÷èñåë (áåç ïðèìíîæåííÿ). Ó çãàäàíié ðîáîòi [6]

çàçíà÷àëîñÿ, ùî êëàñ Pc ìiñòèòü äâi íåïåðåðâíi ìîíîòîííi ôóíêöi¨ � öå:

1) òîòîæíå ïåðåòâîðåííÿ: e(x) = e(∆Q3

α1(x)...αk(x)...
) = ∆Q3

α1(x)...αk(x)...
,

2) iíâåðñîð [5]: I(x)=I(∆Q3

α1(x)...αk(x)...
)=∆Q3

[2−α1(x)]...[2−αk(x)]...
i çëi÷åííó ïiäìíîæèíó Pc

iíøèõ íåïåðåðâíèõ ôóíêöié, àíàëiòè÷íå çàäàííÿ ÿêèõ ¹ iñòîòíî ñêëàäíiøèì.

Ó äàíié ðîáîòi ìè ïîêàæåìî, ùî íåñêií÷åííèé êëàñ Pc íàñïðàâäi ¹ êîíòèíóàëüíèì.

Ðàçîì ç öèì ìè âñòàíîâëþ¹ìî íîâi âëàñòèâîñòi ôóíêöié äàíîãî êëàñó.

Íàãàäà¹ìî [1, 2], ùî ïîëiîñíîâíå òðèñèìâîëüíå Q3�çîáðàæåííÿ ÷èñåë x ∈ [0; 1] âè-

çíà÷à¹òüñÿ âåêòîðîì q̄ = (q0; q1; q2), q1 > 0, q0 + q1 + q2 = 1, ÷åðåç ðiâíiñòü

x = βα1 +
∞∑
k=2

(
βαk

k−1∏
j=1

qαj

)
≡ ∆Q3

α1α2...αk...
,

äå αk ∈ A3 ≡ {0, 1, 2}, β0 = 0, β1 = q0, β2 = q0 + q1.

Öèëiíäðîì ðàíãó m ç îñíîâîþ c1c2...cm íàçèâà¹òüñÿ ìíîæèíà

∆Q3
c1c2...cm

= {x : x ∈ [0; 1], αi(x) = ci, i = 1,m},

ùî ¹ âiäðiçêîì [a; b] ç êiíöÿìè a = ∆Q3

c1...cm(0), b = ∆Q3

c1...cm(2).

1 Äîïîìiæíi îá'¹êòè òà òâåðäæåííÿ ç íèìè ïîâ'ÿçàíi

Ëåìà 1. Ôóíêöiÿ ψm, îçíà÷åíà íà öèëiíäði ∆Q3
c1c2...cm

ðiâíiñòþ

ψm(x) = ∆Q3

δ1δ2...δmαm+1(x)αm+2(x)...
, (1)

äå δ = (δ1, δ2, . . . , δm) � ôiêñîâàíèé íàáið öèôð àëôàâiòó A3 = {0, 1, 2}, ¹ ëiíiéíîþ.

Äîâåäåííÿ. Îñêiëüêè x ∈ ∆Q3
c1c2...cm

, òî x = ∆Q3

c1c2...cmαm+1(x)αm+2(x)...
i

ψm(x) = Bδ +Gδω
m(x), äå

Bδ = βδ1 +
m∑
k=2

(
βδk

k−1∏
j=1

qδj

)
, (2)

Gδ =
m∏
j=1

qδj , ω
m(x) = ∆Q3

αm+1(x)αm+2(x)...
. (3)

Âðàõîâóþ÷è, ùî

x = Am + Pm ωm(x), äå Am = βc1 +
m∑
k=2

βck

k−1∏
j=1

qcj ,
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Pm =
m∏
j=1

qcj , (4)

îòðèìà¹ìî

ωm(x) =
1

Pm

x− Am

Pm

. (5)

Òîäi

ψm(x) = Bδ +Gδ

(
1

Pm

x− Am

Pm

)
=
Gδ

Pm

x+
BδPm −GδAm

Pm

. (6)

Âðàõîâóþ÷è, ùî Gδ, Pm, Bδ, Am ¹ êîíñòàíòè, çàëåæíi âiä îñíîâè öèëiíäðà c1, c2, . . . , cm,

òî ψm(x) ¹ ëiíiéíîþ ôóíêöi¹þ.

Íàñëiäîê 1. Ôóíêöiÿ ψm, îçíà÷åíà íà öèëiíäði ∆Q3
c1c2...cm

ðiâíiñòþ

ψm(x) = ∆Q3

c1c2...cmαm+1(x)αm+2(x)...
,

¹ òîòîæíèì ïåðåòâîðåííÿì öüîãî öèëiíäðà, òîáòî ψm(x) = x.

Ëåìà 2. Ôóíêöiÿ φm, îçíà÷åíà íà öèëiíäði ∆Q3
c1c2...cm

ðiâíiñòþ

φm(x) = ∆Q3

δ1δ2...δm[2−αm+1(x)][2−αm+2(x)]...
, (7)

äå δ = (δ1, δ2, . . . , δm) � ôiêñîâàíèé íàáið öèôð àëôàâiòó A3, ¹ ñèíãóëÿðíîþ (íåïåðåðâ-

íîþ ôóíêöi¹þ ïîõiäíà ÿêî¨ ìàéæå ñêðiçü ó ðîçóìiííi ìiðè Ëåáåãà äîðiâíþ¹ íóëþ) ñïà-

äíîþ ôóíêöi¹þ, ïðè÷îìó

φm(x) = Bδ +GδI(ω
m(x)),

äå Bδ, Gδ, ω
m(x) ìàþòü âèðàçè (2), (3), (5) âiäïîâiäíî, à I(u) � iíâåðñîð öèôð Q3-

çîáðàæåííÿ ÷èñëó.

Äîâåäåííÿ. Îñêiëüêè x ∈ ∆Q3
c1c2...cm

, òî x = ∆Q3

c1c2...cmαm+1(x)αm+2(x)...
i

φm(x) = Bδ +GδI(ω
m(x)).

Âðàõîâóþ÷è, ùî

I(x) = Am + Pm I(ωm(x)), äå

Am = β[2−c1] +

(
m∑
k=2

β[2−ck]

k−1∏
j=1

q[2−cj ]

)
, Pm =

m∏
j=1

q[2−cj ],

îòðèìà¹ìî

I(ωm(x)) =
1

Pm

I(x)− Am

Pm

.

Òîäi

φm(x) = Bδ +Gδ

(
1

Pm

I(x)− Am

Pm

)
, òîáòî

φm(x) =
Gδ

Pm

I(x) +
BδPm −GδAm

Pm

.

Îñêiëüêè Gδ, Pm, Bδ, Am � êîíñòàíòè, çàëåæíi âiä îñíîâè öèëiíäðà, à ôóíêöiÿ I, ÿê âiäî-

ìî, ¹ ñèíãóëÿðíî íåïåðåðâíîþ (òîáòî ìà¹ ïîõiäíó ðiâíó íóëþ ìàéæå ñêðiçü ó ðîçóìiííi

ìiðè Ëåáåãà) ñòðîãî ñïàäíîþ, òî òàêîþ æ ¹ ôóíêöiÿ φm(x) íà âêàçàííîìó öèëiíäði.
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Íàñëiäîê 2. Ôóíêöiÿ φm, îçíà÷åíà íà öèëiíäði ∆Q3
c1c2...cm

ðiâíiñòþ

φm(x)=∆Q3

[2−c1][2−c2]...[2−cm][2−αm+1(x)][2−αm+2(x)]...
,

¹ iíâåðñîðîì Q3�çîáðàæåííÿ ÷èñåë öüîãî öèëiíäðà, òîáòî φm(x) = I(x).

Ëåìà 3. Äëÿ ôóíêöi¨ ψ1, îçíà÷åííî¨ íà âiäðiçêó [∆Q3

1(0); ∆
Q3

(1)] ðiâíiñòþ (1) âèêîíó¹òüñÿ:

ψL
1 ≡

∆
Q3
(1)∫

∆
Q3
1(0)

ψ1(x)dx =
q20q1(2− q1)

2(1− q1)2
.

Äîâåäåííÿ. Ñïðàâäi,

∆
Q3
1(1)∫

∆
Q3
1(0)

ψ1(x)dx =

∆
Q3
(1)∫

∆
Q3
(0)

(q0 + q1x)d(q0 + q1x) =

=
q20q1
1− q1

+
q21q

2
0

2(1− q1)2
=
q20q1(2− q1)

2(1− q1)2
,

ùî i òðåáà áóëî äîâåñòè.

Ëåìà 4. Äëÿ ôóíêöi¨ ψ1, îçíà÷åíî¨ íà âiäðiçêó [∆Q3

(1); ∆
Q3

1(2)] ðiâíiñòþ (7), âèêîíó¹òüñÿ:

ψR
1 ≡

∆
Q3
1(2)∫

∆
Q3
(1)

ψ1(x)dx =
q1q2

2(1− q1)
2 (2q0 + q1q2) .

Äîâåäåííÿ. Íåõàé x ∈ [∆Q3

(1); ∆
Q3

1(2)]. Òîäi

∆
Q3
1(2)∫

∆
Q3
(1)

ψ1(x)dx =

∆
Q3
(2)∫

∆
Q3
(1)

(q0 + q1x)d(q0 + q1x) = q0q1 −
q20q1
1− q1

+
q21
2
− q21q

2
0

2(1− q1)2
=

= q0q1

(
1− q0

1− q1

)
+
q21
2

(
1− q20

(1− q1)2

)
=
q0q1q2
1− q1

+
q21
2

(
1− q20

(1− q1)2

)
=

=
q0q1q2
1− q1

+
q21q2(1− q1 + q0)

2(1− q1)2
=

q1q2

2(1− q1)
2 (2q0(1− q1) + q1(2q0 + q2)) =

=
q1q2

2(1− q1)
2 (2q0 + q1q2) ,

ùî i òðåáà áóëî äîâåñòè.
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Ëåìà 5. Äëÿ ôóíêöi¨ φ1, îçíà÷åíî¨ íà âiäðiçêó [∆Q3

1(0); ∆
Q3

(1)] ðiâíiñòþ (7) âèêîíó¹òüñÿ:

φL
1 ≡

∆
Q3
(1)∫

∆
Q3
1(0)

φ1(x)dx =
q0q1
1− q21

(q1 +
q0

1− q1
− q1q2(1− S)),

äå S =
2q1 + q0

1− 2q0q1 − q21
.

Äîâåäåííÿ. Ëåãêî áà÷èòè, ùî äëÿ êîæíîãî x ∈ [∆Q3

1(0); ∆
Q3

(1)] âèêîíó¹òüñÿ: φ1(x) = I(x).

Òîäi
∆

Q3
(1)∫

∆
Q3
1(0)

φ1(x)dx =

∆
Q3
(1)∫

∆
Q3
1(0)

I(x)dx.

Äëÿ ïîäàëüøèõ ìiðêóâàíü áóäåìî êîðèñòóâàòèñÿ ïðàâîþ ÷àñòèíîþ îñòàííüî¨ ðiâíîñòi:

∆
Q3
1(1)∫

∆
Q3
1(0)

I(x)dx =

∆
Q3
(1)∫

∆
Q3
(0)

(q0 + q1I(x)d(q0 + q1x) = q0q1x|
∆

Q3
(1)

∆
Q3
(0)

+ q21

∆
Q3
(1)∫

∆
Q3
(0)

I(x)dx =
q20q1
1− q1

+

+q21


∆

Q3
0(2)∫

∆
Q3
(0)

I(x)dx+

∆
Q3
1(1)∫

∆
Q3
1(0)

I(x)dx

 =
q20q1
1− q1

+ q21

1∫
0

(q0 + q1 + q2I(x))d(q0x) + q21

∆
Q3
1(1)∫

∆
Q3
1(0)

I(x)dx,

çâiäêè

(1− q21)

∆
Q3
1(1)∫

∆
Q3
1(0)

I(x)dx =
q20q1
1− q1

+ q21q0(q0 + q1) + q21q0q2

1∫
0

I(x)dx.

Ç ðîáîòè [4] âiäîìî, ùî
1∫

0

I(x)dx =
2q0q1 + q20

1− 2q0q1 − q21
≡ S. (8)

Òîìó

(1− q21)

∆
Q3
1(1)∫

∆
Q3
1(0)

I(x)dx=
q20q1
1−q1

+q21q0(1−q2) + q21q0q2S,

(1− q21)

∆
Q3
1(1)∫

∆
Q3
1(0)

I(x)dx=q0q1(
q0

1−q1
+q1(1−q2)+q1q2S)
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∆
Q3
1(1)∫

∆
Q3
1(0)

I(x)dx =
q0q1
1− q21

(q1 +
q0

1− q1
− q1q2(1− S)),

ùî i òðåáà áóëî äîâåñòè.

Ëåìà 6. Äëÿ ôóíêöiÿ φ1, îçíà÷åíî¨ íà âiäðiçêó [∆
Q3

(1); ∆
Q3

1(2)] ôîðìóëîþ (7) âèêîíó¹òüñÿ:

φR
1 ≡

∆
Q3
1(2)∫

∆
Q3
(1)

φ1(x)dx =
q1q2
1− q21

(
q0

1− q1
+ q0q1S

)
, äå S =

2q1 + q0
1− 2q0q1 − q21

.

Äîâåäåííÿ. Ëåãêî áà÷èòè, ùî íà âiäðiçêó [∆Q3

1(0); ∆
Q3

(1)] âèêîíó¹òüñÿ: φ1(x) = I(x), òîäi

∆
Q3
1(2)∫

∆
Q3
(1)

φ1(x)dx =

∆
Q3
1(2)∫

∆
Q3
(1)

I(x)dx.

Âèïèøåìî ïðàâó ÷àñòèíó îñòàííüî¨ ðiâíîñòi:

∆
Q3
1(2)∫

∆
Q3
(1)

I(x)dx =

1∫
∆

Q3
(1)

(q0 + q1I(x))d(q0 + q1x) = q0q1x|1∆Q3
(1)

+ q21

1∫
∆

Q3
(1)

I(x)dx = q0q1 −
q20q1
1− q1

+

+q21


∆

Q3
1(2)∫

∆
Q3
(1)

I(x)dx+

1∫
∆

Q3
2(0)

I(x)dx

=q0q1−
q20q1
1−q1

+q21

∆
Q3
1(2)∫

∆
Q3
(1)

I(x)dx+q21

1∫
0

(q0I(x))d(q0+q1+q2x) =

= q0q1
1−q1−q0
1− q1

+q21

∆
Q3
1(2)∫

∆
Q3
(1)

I(x)dx+q21q0q2

1∫
0

I(x)dx =
q0q1q2
1−q1

+q21

∆
Q3
1(2)∫

∆
Q3
(1)

I(x)dx+q21q0q2

1∫
0

I(x)dx,

çâiäêè

(1− q21)

∆
Q3
1(2)∫

∆
Q3
(1)

I(x)dx=
q0q1q2
1−q1

+q21q0q2

1∫
0

I(x)dx.

Âðàõîâóþ÷è ðiâíiñòü (8), îòðèìà¹ìî

(1− q21)

∆
Q3
1(2)∫

∆
Q3
(1)

I(x)dx = q0q1q2(
1

1−q1
+ q1S),
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∆
Q3
1(1)∫

∆
Q3
1(0)

I(x)dx =
q1q2
1− q21

(
q0

1− q1
+ q0q1S

)
,

ùî i òðåáà áóëî äîâåñòè.

2 Îñíîâíèé ðåçóëüòàò

Òåîðåìà 1. Ìíîæèíà íåïåðåðâíèõ íà [0; 1] ôóíêöié, ÿêi çáåðiãàþòü öèôðó 1 (áåç ïðè-

ìíîæåííÿ) ó Q3�çîáðàæåííi ÷èñåë, ¹ êîíòèíóàëüíîþ.

Äîâåäåííÿ. Äëÿ îáãðóíòóâàííÿ äàíîãî òâåðäæåííÿ äîñèòü âêàçàòè ái¹êòèâíå âiäîáðà-

æåííÿ ïiäìíîæèíè F êëàñó Pc íåïåðåðâíèõ ôóíêöié íà ìíîæèíó êàíòîðiâñüêîãî òèïó

C ≡ C[Q3, {0, 2}] = {x : x = ∆Q3
α1...αn..., αn ∈ {0, 2}},

îñêiëüêè îñòàííÿ, ÿê âiäîìî [1], ¹ êîíòèíóàëüíîþ.

À äëÿ öüîãî äîñèòü ïîêàçàòè, ùî äëÿ áóäü-ÿêîãî y0 ∈ C iñíó¹ íåïåðåðâíà ôóíêöiÿ

f ∈ Pc, òàêà, ùî

f(1) = f(∆Q3

(2)) = y0 = ∆Q3
r1...rk...

, äå rk ∈ {0, 2}.
Âðàõîâóþ÷è ¾ñèìåòðè÷íiñòü¿ ãðàôiêà ôóíêöi¨ f (çãiäíî ç äîìîâëåíiñòþ) òîáòî

f(∆Q3
α1...αk...

) = f(∆Q3

[2−α1]...[2−αk]...
), òî äîñèòü ôóíêöiþ f êîíñòðóêòèâíî îçíà÷èòè íà âiäðiç-

êó [∆Q3

(1); 1].

Ðîçãëÿíåìî ÷èñëîâó ïîñëiäîâíiñòü (xk), äå xk = ∆Q3

2 . . . 2︸ ︷︷ ︸
k−1

(1)
.

Î÷åâèäíî, ùî xk → 1 = ∆Q3

(2) (k → ∞).

Çðîçóìiëî, ùî

[∆Q3

(1); 1) = [∆Q3

(1); ∆
Q3

2(1)]
∞∪
k=1

[∆Q3

2. . . 2︸ ︷︷ ︸
k

(1)
; ∆Q3

2. . . 2︸ ︷︷ ︸
k+1

(1)
].

Ôóíêöiþ f âèçíà÷èìî íà êîæíîìó ç âiäðiçêiâ, ùî áåðóòü ó÷àñòü â îñòàííüîìó îá'¹ä-

íàííi, â çàëåæíîñòi âiä öèôð r1, . . . , rk, . . . Q3-çîáðàæåííÿ ÷èñëà y0, çà äîïîìîãîþ ñïåöi-

àëüíî ââåäåíèõ ôóíêöié ψm i φm.

Íà âiäðiçêó [∆Q3

(1); ∆
Q3

2(1)] ôóíêöiþ f îçíà÷èìî ðiâíiñòþ:

f(x) =

{
e(x), ÿêùî r1(y0) = 2,

I(x), ÿêùî r1(y0) = 0.

Íåõàé

δk(x) =

{
αk(x), ÿêùî rk(y0) = 2,

[2− αk(x)], ÿêùî rk(y0) = 0.

Äëÿ âñiõ x ∈ [∆Q3

2 . . . 2︸ ︷︷ ︸
m

(1)
; ∆Q3

2 . . . 2︸ ︷︷ ︸
m+1

(1)
] ïîêëàäåìî:

f(x) ≡

{
ψm(x) ïðè rm(y0) = 2,

φm(x) ïðè rm(y0) = 0.
(9)
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Ç ëåìè 1 òà ëåìè 2 ñëiäó¹, ùî ψm òà φm íà êîæíîìó öèëiíäði ðàíãóm ¹ íåïåðåðâíèìè

ôóíêöiÿìè, ïðè÷îìó ïåðøà � ëiíiéíîþ, à äðóãà � ñèíãóëÿðíîþ.

Çàëèøèëîñÿ äîâåñòè, ùî ôóíêöiÿ f , áóäó÷è âèçíà÷åíîþ â òî÷öi xm = ∆Q3

2 . . . 2︸ ︷︷ ︸
m

(1)
, ¹ â

íié íåïåðåðâíîþ. Äëÿ öüîãî ïîêàæåìî, ùî

lim
x→xm−0

f(x) = lim
x→xm+0

f(x).

Òî÷êà xm ¹ ñïiëüíîþ òî÷êîþ âiäðiçêiâ [∆Q3

2 . . . 2︸ ︷︷ ︸
m−1

(1)
; ∆Q3

2 . . . 2︸ ︷︷ ︸
m

(1)
] òà [∆Q3

2 . . . 2︸ ︷︷ ︸
m

(1)
; ∆Q3

2 . . . 2︸ ︷︷ ︸
m+1

(1)
], íà

ÿêèõ ôóíêiÿ f âèçíà÷à¹òüñÿ çà ôîðìóëàìè (9).

Äëÿ çíà÷åíü rm òà rm+1 ðîçãëÿíåìî ìîæëèâi âèïàäêè.

1) ßêùî rm = rm+1 = 0, òî

lim
x→xm−0

f(x) = φm(xm) = ∆Q3

δ1...δm(1),

lim
x→xm+0

f(x)= φm+1(xm) = ∆Q3

δ1...δmδm+1(1)
.

Âðàõîâóþ÷è, ùî rm+1 = 0, îòðèìà¹ìî, ùî δm+1 = 2 − αm+1(xm) = 1. Çâiäêè ñëiäó¹, ùî

lim
x→xm−0

f(x) = lim
x→xm+0

f(x).

2) ßêùî rm = rm+1 = 2, òî

lim
x→xm−0

f(x) = ψm(xm) = ∆Q3

δ1...δm(1),

lim
x→xm+0

f(x) = ψm+1(xm) = ∆Q3

δ1...δmδm+1(1)
.

Îñêiëüêè rm+1 = 2, òî δm+1 = αm+1(xm) = 1. Òîìó lim
x→xm−0

f(x) = lim
x→xm+0

f(x).

3) ßêùî rm = 2, rm+1 = 0, òî

lim
x→xm−0

f(x) = ψm(xm) = ∆Q3

δ1...δm(1),

lim
x→xm+0

f(x) = φm+1(xm) = ∆Q3

δ1...δmδm+1(1)
.

Âðàõîâóþ÷è, ùî rm+1 = 0, îòðèìà¹ìî δm+1 = 2 − αm+1(xm) = 1, çâiäêè ñëiäó¹, ùî

lim
x→xm−0

f(x) = lim
x→xm+0

f(x).

4) ßêùî rm = 0, rm+1 = 2, òî

lim
x→xm−0

f(x) = φm(xm) = ∆Q3

δ1...δm(1),

lim
x→xm+0

f(x) = ψm+1(xm) = ∆Q3

δ1...δmδm+1(1)
.

Îñêiëüêè rm+1 = 2, òî δm+1 = αm+1(xm) = 1. Òîìó lim
x→xm−0

f(x) = lim
x→xm+0

f(x).

Òàêèì ÷èíîì, ìè ïîáóäóâàëè ôóíêöiþ f , ÿêà äëÿ íàïåðåä çàäàííîãî y0 ∈ C äà¹

f(1) = y0. Öèì ñàìèì ìè äîâåëè åêâiâàëåíòíiñòü ïiäìíîæèíè Pc ç ìíîæèíîþ C, ùî

ðiâíîñèëüíî êîíòèíóàëüíîñòi Pc.

Çàóâàæåííÿ 1. Êîæíó ôóíêöiþ f ∈ Pc, äëÿ ÿêî¨ âiäîìèì ¹ çíà÷åííÿ y0 = f(1) ìîæíà

îäíîçíà÷íî âèçíà÷èòè çà ôîðìóëàìè (9).
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3 Âëàñòèâîñòi êëàñó ôóíêöié f ∈ Pc

Ó ðîáîòi [6] áóëî âñòàíîâëåíî, ùî ìíîæèíà êîæíîãî ðiâíÿ ôóíêöi¨ f ∈ Pc, òîáòî

ìíîæèíà f−1(y0) = {x : f(x) = y0}, ¹ àáî ïîðîæíüî¨, àáî ñêií÷åííîþ, àáî çëi÷åííîþ.
Ìàþ÷è åôåêòèâíèé ñïîñiá çàäàííÿ ôóíêöié f êëàñó Pc çà äîïîìîãîþ ôîðìóë (9),

ìè ìîæåìî íàâåñòè íîâi âëàñòèâîñòi ôóíêöié öüîãî êëàñó.

Ëåìà 7. Íåõàé f ∈ Pc i f(0) = f(1) = y0 = ∆Q3
r1r2...rk...

. Òîäi ãðàôiê ôóíêöi¨ f ìà¹ íàñòó-

ïíó ñèìåòðiþ f(∆Q3
α1α2...αk...

) = f(∆Q3

[2−α1][2−α2]...[2−αk]...
) i íà êîæíîìó âiäðiçêó [∆Q3

2 . . . 2︸ ︷︷ ︸
k−1

(1)
; ∆Q3

2 . . . 2︸ ︷︷ ︸
k

(1)
],

âçÿòîìó iç ñèñòåìè âiäðiçêiâ
∞∪
k=1

[∆Q3

2 . . . 2︸ ︷︷ ︸
k−1

(1)
; ∆Q3

2 . . . 2︸ ︷︷ ︸
k

(1)
], ôóíêöiÿ f¹ ñòðîãî ìîíîòîííîþ,

ïðè÷îìó çðîñòàþ÷îþ (ñïàäíîþ) ïðè óìîâi, ùî rk=2 (rk=0).

Äîâåäåííÿ. Íåõàé f ∈ Pc, f(0) = f(1) = ∆Q3
r1r2...rk...

.

Ðîçãëÿíåìî âiäðiçêè:
∞∪
k=1

[∆Q3

0 . . . 0︸ ︷︷ ︸
k

(1)
; ∆Q3

0 . . . 0︸ ︷︷ ︸
k−1

(1)
] i

∞∪
k=1

[∆Q3

2 . . . 2︸ ︷︷ ︸
k−1

(1)
; ∆Q3

2 . . . 2︸ ︷︷ ︸
k

(1)
]. Iíäóêöi¹þ

ïî k ∈ N ëåãêî ïåðåâiðèòè, ùî ÿêùî f(0) = f(1), òî f(∆Q3

0 . . . 0︸ ︷︷ ︸
k−1

(1)
) = f(∆Q3

2 . . . 2︸ ︷︷ ︸
k−1

(1)
), ùî i

âñòàíîâëþ¹ ôàêò ¾ñèìåòðè÷íîñòi¿ ãðàôiêà âiäíîñíî ïðÿìî¨ x = ∆Q3

(1).

Òåîðåìà 2. Íåõàé f ∈ Pc, f(1) = y0. ßêùî y0 ¹ Q3-ðàöiîíàëüíèì ÷èñëîì, òîáòî y0 =

∆Q3

r1r2...rm(0) (àáî y0 = ∆Q3

r1r2...rm(2)), òî f ¹ ôóíêöi¹þ îáìåæåíî¨ âàðiàöi¨, ïðè÷îìó:

V 1
0 [f ]=Gm

2q0
1−q1

+ 2
m∑
k=1

∣∣∣∣Gk−1(βrk+
(qrk−1)q0
1−q1

)

∣∣∣∣ , äå Gm =
m∏
j=1

qrj .

Äîâåäåííÿ. Íåõàé f ∈ Pc, f(0) = f(1) = ∆Q3

r1r2...rm(0). Îñêiëüêè ãðàôiê ôóíêöi¨ f ¹

¾ñèìåòðè÷- íèì¿ âiäíîñíî ïðÿìî¨ x = ∆Q3

(1), òî V[0;∆Q3
(1)

]
[f ] = V

[∆
Q3
(1)

;1]
[f ].

Ðîçãëÿíåìî íàñòóïíó ñèñòåìó âiäðiçêiâ

[∆Q3

(1); 1]=
m∪
k=1

[∆Q3

2. . . 2︸ ︷︷ ︸
k−1

(1)
; ∆Q3

2. . . 2︸ ︷︷ ︸
k

(1)
] ∪ [∆Q3

2. . . 2︸ ︷︷ ︸
m

(1)
; 1],

íà êîæíîìó ç ÿêèõ ôóíêöiþ f âèçíà÷èìî çà ôîðìóëàìè (9).

Ïîçíà÷èìî Gm =
m∏
j=1

qrj . Òîäi

V 1

∆
Q3
(1)

[f ] =
m∑
k=1

|f(∆Q3

2 . . . 2︸ ︷︷ ︸
k

(1)
)− f(∆Q3

2 . . . 2︸ ︷︷ ︸
k−1

(1)
)|+ |f(1)− f(∆Q3

2 . . . 2︸ ︷︷ ︸
m

(1)
)| =

=
m∑
k=1

|∆Q3

r1...rk(1)
−∆Q3

r1...rk−1(1)
|+
∣∣∣∆Q3

r1...rm(0) −∆Q3

r1...rm(1)

∣∣∣ =
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=
m∑
k=1

∣∣∣∣Gk−1

(
βrk +

qrkq0
1− q1

)
−Gk−1

q0
1− q1

∣∣∣∣+Gm
q0

1− q1
=

=
m∑
k=1

∣∣∣∣Gk−1

(
βrk +

(qrk − 1)q0
1− q1

)∣∣∣∣+Gm
q0

1− q1
.

Òàêèì ÷èíîì, âàðiàöiÿ V 1

∆
Q3
(1)

[f ] ¹ îáìåæåíîþ, à îòæå ¹ îáìåæåíîþ i âàðiàöiÿ

V 1
0 [f ]=2V 1

∆
Q3
(1)

[f ].

Òåîðåìà 3. Äëÿ ôóíêöi¨ f ∈ Pc ïðè óìîâi, ùî f(0) = f(1) = ∆Q3
r1...rk...

, âèêîíó¹òüñÿ:

1∫
0

f(x)dx = lim
n→∞

( n∑
k=1

(1− εk)q
k−1
0

(
ψL
1 q

k−1
0 + φR

1 q
k−1
2

)
+

n∑
k=1

εkq
k−1
2

(
ψR
1 q

k−1
2 + φL

1 q
k−1
0

)
+

+
1

1− q1

n∑
k=1

εk

(
(1− q0)(1− qk−1

2 )qk0 + (1− q2)(1− qk−1
0 )qk2

))
,

äå εk =

{
0, ÿêùî rk = 0,

1, ÿêùî rk = 2.

Äîâåäåííÿ. Íåõàé y0 = ∆Q3
r1...rk...

. Òîäi

1∫
0

f(x)dx =

∆
Q3
(1)∫

0

f(x)dx+

1∫
∆

Q3
(1)

f(x)dx,

∫ 1

0

f(x)dx = lim
n→∞

n∑
k=1

∆
Q3

0 . . . 0︸ ︷︷ ︸
k−1

(1)∫
∆

Q3

0. . . 0︸ ︷︷ ︸
k

(1)

f(x)dx+ lim
n→∞

n∑
k=1

∆
Q3

2 . . . 2︸ ︷︷ ︸
k

(1)∫
∆

Q3

2 . . . 2︸ ︷︷ ︸
k−1

(1)

f(x)dx,

Äëÿ âèçíà÷åííÿ ôóíêöi¨ f íà êîæîìó ç âiäðiçêiâ âèãëÿäó [∆Q3

2 . . . 2︸ ︷︷ ︸
k−1

(1)
; ∆Q3

2 . . . 2︸ ︷︷ ︸
k

(1)
] ñêîðèñ-

òà¹ìîñÿ ôîðìóëàìè (9), à íà âiäðiçêàõ [∆Q3

0 . . . 0︸ ︷︷ ︸
k

(1)
; ∆Q3

0 . . . 0︸ ︷︷ ︸
k−1

(1)
]� ñêîðèñòà¹ìîñÿ ¾ñèìåòðè÷-

íiñòþ¿ ãðàôiêà ôóíêöi¨ f . Òîäi

1∫
0

f(x)dx = lim
n→∞

n∑
k=1

∆
Q3

0 . . .0︸ ︷︷ ︸
k−1

(1)∫
∆

Q3

0. . .0︸ ︷︷ ︸
k

(1)

(2− rk
2

ψk(x) + +
rk
2
φk(x)

)
dx+
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+ lim
n→∞

n∑
k=1

∆
Q3

2 . . . 2︸ ︷︷ ︸
k

(1)∫
∆

Q3

2 . . . 2︸ ︷︷ ︸
k−1

(1)

(rk
2
ψk(x) +

2− rk

2
φk(x)

)
dx,

Ïîçíà÷èìî

εk =

{
0, ÿêùî rk = 0,

1, ÿêùî rk = 2.

Òîäi

1∫
0

f(x)dx= lim
n→∞

n∑
k=1

(
∆

Q3

0 . . .0︸ ︷︷ ︸
k−1

(1)∫
∆

Q3

0. . .0︸ ︷︷ ︸
k

(1)

(1− εk)ψk(x)dx+

∆
Q3

0 . . .0︸ ︷︷ ︸
k−1

(1)∫
∆

Q3

0 . . . 0︸ ︷︷ ︸
k

(1)

εkφk(x)dx
)

+ lim
n→∞

n∑
k=1

(
∆

Q3

2 . . . 2︸ ︷︷ ︸
k

(1)∫
∆

Q3

2 . . . 2︸ ︷︷ ︸
k−1

(1)

εkψk(x)dx+

∆
Q3

2 . . . 2︸ ︷︷ ︸
k

(1)∫
∆

Q3

2 . . . 2︸ ︷︷ ︸
k−1

(1)

(1− εk)φk(x)dx
)
,

1∫
0

f(x)dx = lim
n→∞

n∑
k=1

(
(1−εk)

∆
Q3
(1)∫

∆
Q3
0(1)

(qk−1
0 ψ1(x)d(q

k−1
0 x)+εk

∆
Q3
(1)∫

∆
Q3
0(1)

(1−qk−1
2 +qk−1

2 φ1(x)d(q
k−1
0 x))

)
+

+ lim
n→∞

n∑
k=1

(
(1− εk)

∆
Q3
2(1)∫

∆
Q3
(1)

qk−1
0 φ1(x)d(q

k−1
2 x) + εk

∆
Q3
2(1)∫

∆
Q3
(1)

(1− qk−1
2 + qk−1

2 ψ1(x))d(q
k−1
2 x)

)
,

1∫
0

f(x)dx= lim
n→∞

n∑
k=1

(
(1−εk)q2k−20

∆
Q3
(1)∫

∆
Q3
0(1)

ψ1(x)dx+εk

(
(1−qk−12 )qk−10 x|

∆
Q3
(1)

∆
Q3
0(1)

+qk−10 qk−12

∆
Q3
(1)∫

∆
Q3
0(1)

φ1(x)dx
))

+

+ lim
n→∞

n∑
k=1

(
εk

(
(1− qk−1

2 )qk−1
2 x|

∆
Q3
2(1)

∆
Q3
(1)

+ q2k−2
2

∆
Q3
2(1)∫

∆
Q3
(1)

ψ1(x)dx
)
+ (1− εk)q

k−1
0 qk−1

2

∆
Q3
2(1)∫

∆
Q3
(1)

φ1(x)dx
)
,
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Âðàõîâóþ÷è ëåìè 4-6, ìà¹ìî:

1∫
0

f(x)dx =
ψL
1

q20
lim
n→∞

n∑
k=1

(1− εk)q
2k
0 + lim

n→∞

n∑
k=1

εk(1− qk−1
2 )qk−1

0

( q0
1− q1

− q20
1− q1

)
+

+
φL
1

q0q2
lim
n→∞

n∑
k=1

εk(q0q2)
k + lim

n→∞

n∑
k=1

εk(1− qk−1
2 )qk−1

2 (β2 +
q0q2
1− q1

− q0
1− q1

)+

+
ψR
1

q22
lim
n→∞

n∑
k=1

εkq
2k
2 +

φR
1

q0q2
lim
n→∞

n∑
k=1

(1− εk)(q0q2)
k,

1∫
0

f(x)dx =
ψL
1

q20
lim
n→∞

n∑
k=1

(1− εk)q
2k
0 +

1− q0
1− q1

lim
n→∞

n∑
k=1

εk(1− qk−1
2 )qk0+

+
φL
1

q0q2
lim
n→∞

n∑
k=1

εk(q0q2)
k +

1− q2
1− q1

lim
n→∞

n∑
k=1

εk(1−qk−1
2 )qk2+

+
ψR
1

q22
lim
n→∞

n∑
k=1

εkq
2k
2 +

φR
1

q0q2
lim
n→∞

n∑
k=1

(1− εk)(q0q2)
k,

1∫
0

f(x)dx = lim
n→∞

( n∑
k=1

(1− εk)q
k−1
0

(
ψL
1 q

k−1
0 + φR

1 q
k−1
2

)
+

n∑
k=1

εkq
k−1
2

(
ψR
1 q

k−1
2 + φL

1 q
k−1
0

)
+

+
1

1− q1

n∑
k=1

εk

(
(1− q0)(1− qk−1

2 )qk0 + (1− q2)(1− qk−1
0 )qk2

))
.
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In the paper we study cardinality of the set Pc of continuous on [0, 1] functions preserving

digit 1 in three-symbol self-similar Q3-representation of a number. This representation generali-

zes the classic ternary representation: x =
∞∑
k=1

3−kαk(x) ≡ ∆3
α1α2...αn..., where αn(x) ∈ A3 ≡

{0, 1, 2}.
All functions from class Pc are given in the following form:

y = f(x) = f(∆Q3

α1(x)α2(x)...αn(x)...
) = ∆Q3

γ1γ2...γn..., where αn ∈ A3, γn ∈ A3,

x = ∆Q3

α1(x)α2(x)...αn(x)...
≡ βα1(x) +

∞∑
k=2

βαk(x)

k−1∏
j=1

qαj(x)


and γn = γn(α1(x), α2(x), . . . , αn(x)) but γn = 1 if and only if αn(x) = 1.

We prove that Pc is a continuum set. Analytical expression for functions from class Pc are

obtained. Their variational and integral properties are also studied.


