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JN®EPEHIIIAJIBHI PIBHAHHYI J1JI11 MOMEHTIB TA TBIPHOI
®VYHKIIII KIJTbKOCTI IEPETBOPEHB I'JIJIICTOTI'O ITPOLIECY 3
HEIIEPEPBHUM YACOM TA MITPALIIETIO

JocmimKyerbest OHOPIHU rijutsicTuil mporec 3 Mirparnieio ta #Herepepsaum gacom. Orpu-
MaHO audepeHIiagbHi PiBHIHHS IJIst (DAKTOPIAJIBHUX MOMEHTIB MPOIECY. 3HANIEHO BUTIST
MaTEeMaTUIHOTO CIOAIBaHHS 1 Apyroro ¢gaxTopiaasHOro momenty. Buseneno audepeHniiaibme
piBHSHHS, 3HANIEHO PO3B’SA30K Ta JAOCTIIKEHO ACHUMIITOTUYHY MOBEMIHKY mpu t — 00 s
TBIpHOI DYHKIII KiTHKOCTI TEPETBOPEHD § CHCTEMI.
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1. Beryn

[lepmri 3amagi 3 Teopil rirsgcTux nporeciB 3’apuwiuck y XIX ct. Ilpore inTencuBHmii
PO3BUTOK IOI'0 HANPAMKY TeOpil BUNIAIKOBUX TIporieciB po3nodancs y 40-x pokax XX cT.

Brepuie mirpariiiai npornecu, posrasayan C. B. Haraes 1 JI. B. Xan [1] Ta H. duen i K.
Miros [2| y 1980 pori.

Y mepeBakHiil OLIBIIOCTI TISACTI TPOIECH 3 MITPAIi€lo JAOCTIIKYBAIA I BUIAIKY
JMCKPETHOIO Jacy. X049a € i ¢cTaTTi A/ IMJISICTHX IIPOIECiB 3 HEIlePEePBHUM 4acOM. 30KpeMa,
y [3], [4], [5], [6].

Y jaHiit crarTi A0CIIRKYETHCA OJIHOPLAHUH MJIsICTUil TIPOIEC 3 OJHUM TUIIOM YaCTUHOK
3 HeIepePBHUM 9acoM Ta Mirpariero (iMmvirpariiero ta emirparieo gactuaok) [7].

2. Onuc Moze i TIJIACTOTO MPOIECy 3 MIrpari€r Ta HemepePBHUM YacoM

Po3riasineMo MapKiBCHKHIl MULISCTHI TPOTIEC 3 OTHUM TUIIOM YACTHHOK Ta Mirparieto p(t),
t € [0,00). u(t) mosHavae KLTBKICTh 9aCTHHOK y MOMEHT 4acy t € [0, 00).

BBarkaeMo, 1110 Yy MOYATKOBHNA MOMEHT Yacy B CHCTEMi iICHYE OJHA YacTHHKA, TOOTO

1(0) = 1. (1)
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ITporec u(t), t € [0,00) mpu At — 0 3a1a€ThCs TAKAMHE MEPEXiTHUMI HMOBIPHOCTSMU

P{u(t + At) = jlu(t) = i} =

[ 1+ At + o(At), i=j=0;
q; At + o(At), i=0,7=12,..;
(po + >_ m)At + o(At), i=1,7=0;
=1
1+ (g0 +ro+p1)At +o(At), i=1,j=1;
(pj + qj',l)At + O(At), 7, = 17 j = 2, ceey
— ) > At + o(At) I <i<m,j5=0; (2)
I=i
(ipo + 1) At + o( At), 1=2,3,...,j=1—1;
ri—jAt + o(At), i=3,...m,1<j<i—1;
ri—jAt 4+ o(At), i=m+1,.,i-m<j<i-—1;
1+(Q0+T0+2p1)At+0<At)7 Z:2737a Z:]a
(ipj—it1 + qj—i) Al + o(At), 1=2,3,...,1<];
o(At), 6 THWUT 6UNAIKAT,

\

Jie m — jesike pikcoBaHe HaTypaJbHe YUCJI0, & Pk, (k Ta Ty, 33I0BOJBHAIOTH YMOBH

pkzoa k7é17 p1<07 Zpk:()a

k=0

QkZOa k?éoa q0<07 Zkaou

k=0
m
>0, n=1m, ro <0, Zrk:().
k=0

Baszmaunmo, mo pi (k= 0,1,...) — IHTeHCUBHICTH PO3MHOKEHHS 9acTHHOK, ¢ (K = 0,1, ...)
— IHTEHCHBHICTH IMMITpalii YacTHHOK, a 1, (n = 0, m) — iHTeHCHBHICTH eMirpariii YacTHHOK.

BsejieMo HacTy1HI 1103HaYEHHS

Eu(ts) = 3 Piu(t) = n}s",

f(s) = ans”, |s] <1, s eC,
n=0

g(s) = ans”, s| <1, seC,
n=0

r(s) = Zrns_", 0<|s] <1.

n=0

VY [7] nokazano, mo juis uponecy p(t) MaOTh Micie TBEPIKEHHSI
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Teopema 1. Tipua ¢yukmis nporecy p(t), t € [0,00), npu |s| < 1 ra s # 0 3aaiBobHsIIE
JiuchepeHiiajibHe PIBHSIHHS

OF,(t,s) OF,(t,s)
T = (S)T + g(s)F#(t, S)+
+prwﬂ% st+§:@) S Pl =n}st(s) ()
n=0 k=n+1 n=m+1
3 OYATKOBOIO YMOBOIO
F,(0,s) =s. (4)

Teopema 2. s uponecy u(t), t € [0,00) mae micue cucrema pisasabp Koamoroposa

'Q%%ﬂ=mmw=m%+mmw=um+éfmw=m§yﬁ

n+1

dP{ph=n} _ z PAu(t) = FYgu-i+ 3 kP{u(t) = F}pasa-it (5)

+ Z P{u(t) = k}rg—n, n>1.
\ k=n

3. PiBusgHHS AJ9 MOMEHTIB TiJIJIICTOTO TPOIECY 3 Mirpaiii€io

BBeneMo HacTyHI TO3HAYEHHS
M (p(t)(p(t) = 1)...(u(t) — k + 1)) = Mi(t),

f(k)(l) = mO,ka g(k)(1> = ml,lm

3okpeMma,
Mpu(t) = A(t), /(1) =ap, ¢'(1) = a1, 7'(1) = a,

M(u(t)(u(t) — 1) = B), (1) = bo, g"(1) = by, 1"(1) = by
M((t)(u(t) = 1)(u(t) = 2)) = C(1), FO1) = o, gD (1) = 1, rD(1) = e,
Pu(t.n) = P{u(t) = n}.

Teopema 3. Daxropianbauii moment nopsiaky | (I > 0) nponecy p(t) 3amoBinbasie guche-

peHIiabHe DIBHSTHHS

dM j
dMi(t) Z Cfmo -y M1 (8) + ) Clma - My () +

=0
-1 m k—1

+ Z Cma, -5 M;(t) — Z Tk Ail KDt n),
7=0 k=1 n=0

Je
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Jlosederns. Posrasimemo qudepeniiaibie piBHIHHS /15 TBIpHOT DyHKIHT (3)

OBt o) _ 205y gyt )+
—l—ZO < Zrks +kzlrk) ZlPu(t,n)s"r(s).

[TeperpyiryBaBiiu ocTaHHi JABa JOJAHKU, OTPUMAEMO

é (Dﬂ+2@ Zaww@:

k=n+1 n=m-+1
m k—1 m k—1
= F(t,s)r(s) — Z res F Z n)s" + Z Tk P,(t,
k=1 n=0 k=1 n=0
Takum 4rHOM, PIBHAHHS MOYKHA HEPEIUCaTH Y BUTJIAI
OF,(t,s 0F(t,s
Pullos) _ i 2E) o)1, 5) + Pt o))
ot 0s
m k— m k—1
—ZT Z tns”+Zrk P,(t,n
k=1 n=0 k=1 n=0
[TponudepenitiroeMo orpuMaHe PiBHSIHHS 110 S
D*F,(t,s) OF(t,s) O?F(t,s)

= ['(s) + f(s) +9'(s)F(t, 5)+

otos 0s

0s?
+g(s) aFa(i’ ) + 3Fa(i, 8)7‘(3) + F(t,s)r'(s) — Z e Y (n—k)P,(t,n)s"*1 (6)

[Ipu s = 1 orpumaemMo piBHAHHS JJIsl TEPIIOTO MOMEHTY

A(t)

(925 = aoA( + aq + a9 — ZTk (t TL)

k=1 n

Il
o

Hudepentionoun (6) mo s 0TpUMAEMO

DBPF,(t,s OF(t,s O*F(t,s O3F(t,s
TLALS) _ o 2203 o PEG 4 ) PEES) | i), sy
—i—Qg'(s)—aFa(i’ ) +g(8)82§§; °) + 821:;:;’ S)?”(S) + 8F(§i, S>T’(s)+
m k—1
+F(t,s)r" Z ri > AL Pu(t,n)s" (7)

[TlincTaBasgioun s = 1 oTpuMaeMo pIBHAHHS JJId JAPYTOrO MOMEHTY

dB(t N
% = 2a0B(t) + (bo + 2a1 + 2a2) A(t) + by + by — > 1 Y A2 (Py(t,n
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[Tpu pudepennitopanni (7) M0 § OTPUMAEMO

(7
T il GL B VP L UL BT L GL BTN
otos3 Os 0s2 0s3 0s?

D'F,(t,s) O?F(t,s) DPE(t,s) O'F(t,s) N
OF(t,s) O*F(t,s) DPE(t,s)
(3) et A\ 2) NN —\"2) R SO
g S)E(E 5) +39"(s) =5 — + 43¢ (s) =5 5 +9(s)—5 5
PFE(t,s) 0?F(t,s) ., LOF(t,s)
r(s) =g A <S>T () =gt

+I (3) ZrkZAn kP tn n—k— 3

BianosijiHo, piBHAHHS JIJIS TPETHOIO cbaKToplaﬂbHoro MOMEHTY HaOy/Ie BUIJISILY

act)

dt = 3&00@) + (3()0 + 3&1 + 3&2)B(t) + (C() + 351 + 3b2)A(t)+

m k—1
+c1 + g — Z’f’k Z Ai—kpu(t7 n)
k=1 n=0

Bukopuctapiu dopmys1y HOXiIHOI [-HOTO TMOPSJAKY BiJ J0OYTKY (DyHKITIH

l
0 = 3" Chul=y)
j=0

OTPUMAEMO
O, (t, s) i (’99+ i 8 'F(t,s)
G J)
8tasl Z O S]—H + Z O 0sJ —QFaag T
7 ,.(1—m) amF(t 3) U l n—k—l
+ZC’ —em —Zrk A, _P.(t,n)s :
5 k=1 n=0
[Ipu s = 1 orpumaemo
-1 -1
dM,(t)
o = 2 Clmo - Min(t) + > Clmy o M;(t)+
7=0 Jj=0
-1 m k—1
+ Z Clma,q—jM;(t) — Z Tk Aln—kpu(ta n)
j=0 k=1  n=0

O

Hacnimox 1. /[ucpepentianpai piBHSIHHS JJIsT TEPIIAX TPHOX MOMEHTIB BH3HAYAIOTHCST Ha-
CTYHIHAM HHOM

kol

-1

% = apA(t) + a3 + ay — Zrk (n—k)P,(t,n), (8)
k=1

I
o

n
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dB(t

% = 20,0B(t) + (bo + 2@1 + 2&2)14( + bl + bg E_ Tk ng - An k:P t 7’L (9)
dC(t)
7 = 3@00(t> + (3b0 + 3(113 + 3@2)B(t) + (C() + 3b1 + 3b2)A(t>+

m k—1
+c1 + o — ZTk Z Ai—kpu(t> TL)
k=1 n=0

Hacaimok 2. Maremarnune cogiBanas nporecy ji(t) BU3HAYAETHCS PIBHICTIO

t
/ (t,n)e “O“du> et (10)
0

Jlpyrmii moment nponecy (i(t) BH3BHAYAECTHCS CIIBBIIHONICHHSM

k-1

a1+ a a1+ a i
Alt) = — = 2+(1+1 2>

a
0 k=1  n=0

t

b b
B(t) = ( 12—; 2(1 — e 2% 4 (by + 2ay + 2as) /A(u)eQ“‘)“du—
0 0
m k—1 t
— Z T Z AZ / (t,n)e 2“°“du) g2t
k=1 n=0

Jlosederna. Posriasitaemo Gibin geranbHo piBHsiHHA (8). Ile siniiiHe HeogHOpIAHE DiBHSIH-
H NEepUIoro NopAaKy. Bimmosimme #iomy ofHopinme piBHsHHA Mae po3p’a3ok A(t) = Cet,
Po3B’s130K BiANOBIIHONO HEOIHOPIAHOTO PIBHSIHHS 3HANIEMO METOIOM Bapiallil cTaJmnx, ToOTO
nigcrasusnm y (8) saminy A(t) = C(t)e®!. Bnaiinemo nesinomy dbyuknito C(t) 3 piBusams

m k—1
C'(t) = (a1 + az — Zrk (n — k)P, (t,n))e ®"
k=1 n=0
[TpoinTerpyBaBLId SKe OTPUMAEMO
a1 +a m k—1 ¢
C(t) = ! 2 *“Ot Z Tk Z(n — / P,(t, 7a°tdt
Qo
k=1 n=0 0

Ockinbku P,(t,n), n = 0,1,2,... 0AHO3HAYHO BU3HAYAIOTLCH 3 CHCTEMH DiBHAHDL Ko/MOro-
posa (5)(amasoriano [8]), To inTerpasnn

t
/Pu(t, n)e “'dt, n=0,1,...,m— 1
0

MOZKHA BBAazKaTH BIJOMUMMU.

Taxum 9uHOM, OTPUMAEMO

k-1

t
A(t) = Ce™" + eaot (M — _‘lot Zrk Z(n — k) / P,(t, n)e_aotdt).
Qo
0

k=1 n=0
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Bpaxysasmu (1) 3Haiinemo Hesigomy craay C

t

/ L (t,n)e” %, = 1.

k=1 n:O 0

k—

|_|

ay + ag a; + ag i
C=1+ -

3Binku orpumyenmo (10).

Buaiigemo apyruit Mmoment. [Tns mporo posrasHemo piBustaHs (9). Ile Takox siniiine Heo-
JIHOPIJIHE PIBHAHHS IEPIIOro MOpsAKy. Po3B’ 30K BiAIOBIIHOIO HOMY OJHOPIIHOIO PiBHAHHS
B(t) = Ce?®!, BukopucTabiy MeTo | Bapiamii ctaaux ta saminy B(t) = C(t)e?®! orpumaemo

t

C(t) = M(l—e_ant)—f—(bo—l—Qal—i—Qag)/A(t)e_antdt ZrkZA / ) _2a0tdt.
k=1 n=0

2&0
0

Takum yuHOM, OTPUMAEMO

t

by +b
B@):C¥%“+<J§;3ﬂ—e2%6+Um+mh+2@%/A@k2%%#—
Qo
0

t

m k—1
- Z Tk Z A2 / (t,n)e _Q“Otdt) et
k=1 n=0

Bpaxysasiiu nouarkoBy ymoBy orpumaemo B(0) = 0, mo

t

by +0b
C = %(emot _ 1) _ (bo + 2@1 + 2&2) /A(t)ezaotdtto—
a
’ 0
m k—1 ¢
Zrk A k/PM(t’n)e_QaOtdth:ov
k=1 n=0 0
orxke, C'= 0. [Io i moTpibHO OYI0 MOKA3ATH. n

4. TeipHa ¢yHKIig KiTbKOCTI mepeTBopeHnsb g nporecy /ui(t)

Hexait 71, T2, T3, ... — He3a/IezKHI OJJHAKOBO PO3MOJILICH] BUIIAIKOBI BEJIUYNHY, SIKi BU3-
HAaYaIOTh IHTEPBAJIN MiXK MepeTBOPEHHIMHI YacTHHOK y cucTeMi. BBeqeMo TakoxK BUITAIKOB1
BesnanHu 01, 05, 03, ..., IKi BU3HAYAIOTh MOMEHTH IE€PETBOPEHD

90 = O, 01 = T1, 92 =T1 +7'2, ceny

Qn =T+ ... + Try eees

Hexait p(t) — BU3HAYAE KIIBKICTH NEPETBOPEHDb Yy CHCTEMI JIO MOMEHTY 4acy t.
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Teopema 4. Hexaii p(t) — KigbKicTh IIepeTBOpeHb y cHCTeMI 70 MOMeHTY dacy t. F(t,s) —
rBipHa (ynkuis nporecy p(t).
Toxi F,(s,t)

1. BagoBiabHsie gugepeniriajabae PIBHSIHHS

% = F,(t,s)(Mp(t)p1 + qo + ro(1 — P{p(t) = 0}))(1 — s))

3 MOYATKOBOIO YMOBOIO
F,(0,s) = 1.

2. BuznadaeTbcsl pDIBHICTIO

t

Fo(t,s) = exp { (pl /tM,u(u)du + qot + 70 /(1 ~ P{u(u) = o})m) (1— 3)}.

0

3. Ilppt — o0

L (p\;Din) — N(0,1).

Jlosederna. 3uaiiaemo posnoaisn npouecy p(t) B moment uacy t+ At. Bigomo, mo 3a uac At
MOZKe BiIOyTHCh He GLIbIIe OJHOTO MEPeTBOPEHHS, TOMY PO3moain mpomecy p(t) B MOMEHT
gacy t + At BuU3HAYAETHCS Yepe3 po3Nois porecy (i(t) B MOMEHT 4acy t, nepexigHux imo-

BipHOCTeil 1151 TIporiecy (i(t) (2) Ta KIIBKOCTI epeTBOpeHb, M0 BIAGYIUCH 10 MOMEHTY Yacy
t+ At .

P{plt + A1) = 0} = P{p(t) = 0} (P{u(t) — 0}(1+ qoit+

Fo(A1) + P{u(t) = 11+ (qo + o + p)AL + (A1) + 3 P{pa(t) = i}(1+

+(qo + o + ip1) At + O(At))) = P{p(t) = 0} (1 + (g0 + Mp(t)p1)At+
- Z P{u(t) = i}ro + o(At)) = P{p(t) = 0}+

+P{p(t) = 0}(Mpu(t)pr + qo + ro(1 — P{u(t) = 0})) At + o(At).

dAxmo n > 0, To

P{p(t+ At) =n+ 1} = P{p(t) =n+ 1} (1 + (qo + Mp(t)pr+

+ Z P{u(t) = i}ro) At + O(At)) + P{p(t) = n} (P{u(t) = 0}( Z qj At+
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[e.o]

+o(A) + P{u(t) = 1} ((po + Zrl )AL+ o(AL) + Y (pj + qj-1) AL + o(At)) +

=1 7j=2

+ZP{“ ZnAtJro (A1) +ZP{“ = i}((ipo + r1) At + o(At))+

i—1 [e's] i—2

+ZP{u(t):i}(ZnAt+o(At)) + > Pu(t) =i} Y rijAt+o(At))+
i=3 1=2 i=m+1 j=i—m

oo

2 PLu®) = Y (s + ) At + o(At>)) = P{p(t) =n+ 1}(1+

H(Mp(t)pr + go + ro(1 — P{u(t) = 0}))At + o(At))+
+P{p(t) = n}( — aoAt + poMu(t)At + (—po — py) Mpu(t) At~
—ro(1 — P{p(t) = 0})At + o(At)) = P{p(t) = n+ 1} (1 + (Mp(t)ps + go+
101 — PLult) = 0})At + o(At)) + P{p(t) = n}( — qoAt—
—pi Mp(t)At — ro(1 — P{u(t) = 0})At + o(At)).
HomuOXKHUMO Ha S 1 mpocymyemo 1Mo 71w Bijt 0 10 00 Ta OTpUMaEMO
E,(t+ At s) = i P{p(t + At) = n}s" = P{p(t + At) = 0}s" + P{p(t + At) = 1}s" + ..+
FP{p(t + At) = n}s" + ... = P{p(t) = 03" + P{p(t) = 0}(Mpu(t)ps+
+qo + ro(1 — P{u(t) = 0}))At + o(At)s” + Z st <P{p(t) =n+ 1}(1+ (Mp(t)pi+

n=0

+go + 1o(1 — P{u(t) = 0}))At + o(At)) + P{p(t) = n}( — At — ptMpu(t)At—
—71o(1 — P{u(t) = 0})At + O(At))) = F,(t,s)(1 4+ (Mu(t)p1+

+qo0 + ro(1 — P{u(t) = 0}))At) + F,(t,s)(— qo — p1Mp(t)—
—1o(1 — P{u(t) = 0}))sAt + o(At) = F,(t,s) + F, (t s)(Mp(t)pr+
+qo + ro(1 — P{u(t) = 0}))(1 — s)) At + o(Ab).
3Bigcu BumEBac qudepeniiaabae piBaaHAS 11 F, (L, 5)

OF,(t, 5)
ot

Tak gK y mOYaTKOBHUII MOMEHT Yacy B CHCTeMi He MOXKYTb BiIOYBATHCH MEpPETBOPEHHS,

= Fp(t,s)(Mp(t)pr + go +ro(1 — P{u(t) = 0}))(1 — s)).
to F,(0,s) = 1, a, 3HAYINTH, PO3B’I30K JAHOIO PIBHAHHSI HAOy/Ie BHIVIALY

it~ {( [ttt -+ [(1- Pl = 0pac) 1 -
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BazHaunMo, 10 fle,u Ydu Ta f (1 — P{u(u) = 0})du mo:kna BBazKaTH BigoMEM,

ockinbku P{pu(t) = 0} OJIHO3HAYHO BU3HAYAEThCs 3 cucremu piBHsHb Kosmoroposa (5),
a dynkuis Mu(t) sinoma i Busnavaernes 3 (10).

Takum yuHOM, TI€pIIe i JApyre TBepAzKeHHs noBeaeno. [lepeiiaemo 10 3HaX0/KeHH aCHM-
NITOTHKA TIpU T — 0O.

3ayBazKuMo, o A1 JoBlabHOro (dikcoBanoro t F,(t,s) — Tipua dyukuia myacconis-
CbKOTO po3moiay. [Tapamerp mporo po3mogiiy A 3a1eKuTh Bix t i TOpIiBHIOE

t t

A= A1) = —(/le,u(u)du ol + 7o /(1 ~ P{u(u) = O})du).

Jlerko Gauntu, mo A(t) — oo npu t — oo.

Pozrisgaemo mporec

Dp(t)

MaremaTuuse CrojiBaHHSI IIyCCOHIBCHKOIO PO3MOJLLY 3 napamerpoM A(t) popisaioe A(t),
JCTIEPCis TbOr0 MPOIecy Takoxk HopiBHIoE A(t), Tomy ME(t) = 0, a DE(t) =

Xapakrepucrnuna dyukiist mporecy &(t) pe(t, u) BUpaKaeThest Yepe3 XapaKTePUCTHIHY
dbyukiio npouecy p(t) ¢,(t, u) HACTYIHEM YHHOM

)= O (Y

Dp(t)

-exp{—x(t)u—w%)}.

Posrnsmemo In g (¢, u)

In e (t, u) = —iuy/A(t 1+ w + (iw) +

()’ @“)4( <+ =4 o).

N EOREINGYD

_l_

Takum ynnOM,
2

fim et =

a 3HAYUTh,

E(p\;Di,/ip> — N(0,1).
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A separate section of random processes studies laws of reproduction and transformation of
particles and it is the theory of branching processes. The basic mathematical assumption disti-
nguishes branching processes among other random processes is the transformation of particles
independently from one another. The laws of reproduction and transformation of particles are
subject to regularities, in which randomness plays a major role.

This article investigates a homogeneous branching process with one particle type, migration,
and continuous time p(t), t € [0,00). It is assume that there is one particle in the system at the
beginning. The process is defined by transient probabilities, determined by the intensities of
particle reproduction, immigration, and emigration. Two problems are explored. In the first of
these, for this process model, a differential equation for the factorial moment of arbitrary order
is found. As a consequence, the form of differential equations for the mathematical expectation
of the process, the second and third factorial moments of the process, is given. The result is a
mathematical expectation of A(t), t € [0, 00) branching process, and the appearance of a second
factorial moment for the real function of process B(t), t € [0, 00), which allows you to explore the
process in details depending on the criticality of the process. The second problem investigates
the random process p(t), which determines the number of transformations of particles in a
system of homogeneous branching process with migration and continuous time up to the time
t. The differential equation for the generic function of the process p(t) is obtained. The form of
the real function of the process is found and the boundary behavior at t — oo is investigated.
It is shown that the centered and normalized process at ¢ — oo in the distribution coincides
with the standard to normal distribution.



