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ÄÈÔÅÐÅÍÖIÀËÜÍI ÐIÂÍßÍÍß ÄËß ÌÎÌÅÍÒIÂ ÒÀ ÒÂIÐÍÎ�

ÔÓÍÊÖI� ÊIËÜÊÎÑÒI ÏÅÐÅÒÂÎÐÅÍÜ ÃIËËßÑÒÎÃÎ ÏÐÎÖÅÑÓ Ç

ÍÅÏÅÐÅÐÂÍÈÌ ×ÀÑÎÌ ÒÀ ÌIÃÐÀÖI�Þ

Äîñëiäæó¹òüñÿ îäíîðiäíèé ãiëëÿñòèé ïðîöåñ ç ìiãðàöi¹þ òà íåïåðåðâíèì ÷àñîì. Îòðè-

ìàíî äèôåðåíöiàëüíi ðiâíÿííÿ äëÿ ôàêòîðiàëüíèõ ìîìåíòiâ ïðîöåñó. Çíàéäåíî âèãëÿä

ìàòåìàòè÷íîãî ñïîäiâàííÿ i äðóãîãî ôàêòîðiàëüíîãî ìîìåíòó. Âèâåäåíî äèôåðåíöiàëüíå

ðiâíÿííÿ, çíàéäåíî ðîçâ'ÿçîê òà äîñëiäæåíî àñèìïòîòè÷íó ïîâåäiíêó ïðè t → ∞ äëÿ

òâiðíî¨ ôóíêöi¨ êiëüêîñòi ïåðåòâîðåíü ó ñèñòåìi.

Êëþ÷îâi ñëîâà i ôðàçè: ãiëëÿñòèé ïðîöåñ, òâiðíà ôóíêöiÿ, íåïåðåðâíèé ÷àñ, ìiãðàöiÿ,

ìîìåíòè, êiëüêiñòü ïåðåòâîðåíü, àñèìïòîòè÷íà ïîâåäiíêà.

Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà, Ëüâiâ, Óêðà¨íà

e-mail: i_bazylevych@yahoo.com, yakymyshyn_hrystyna@ukr.net

1. Âñòóï
Ïåðøi çàäà÷i ç òåîði¨ ãiëëÿñòèõ ïðîöåñiâ ç'ÿâèëèñü ó XIX ñò. Ïðîòå iíòåíñèâíèé

ðîçâèòîê öüîãî íàïðÿìêó òåîði¨ âèïàäêîâèõ ïðîöåñiâ ðîçïî÷àâñÿ ó 40-õ ðîêàõ XX ñò.

Âïåðøå ìiãðàöiéíi ïðîöåñè, ðîçãëÿíóëè Ñ. Â. Íàãà¹â i Ë. Â. Õàí [1] òà Í. ßíåâ i Ê.

Ìiòîâ [2] ó 1980 ðîöi.

Ó ïåðåâàæíié áiëüøîñòi ãiëëÿcòi ïðîöåñè ç ìiãðàöi¹þ äîñëiäæóâàëè äëÿ âèïàäêó

äèñêðåòíîãî ÷àñó. Õî÷à ¹ i ñòàòòi äëÿ ãiëëÿñòèõ ïðîöåñiâ ç íåïåðåðâíèì ÷àñîì. Çîêðåìà,

ó [3], [4], [5], [6].

Ó äàíié ñòàòòi äîñëiäæó¹òüñÿ îäíîðiäíèé ãiëëÿñòèé ïðîöåñ ç îäíèì òèïîì ÷àñòèíîê

ç íåïåðåðâíèì ÷àñîì òà ìiãðàöi¹þ (iììiãðàöi¹þ òà åìiãðàöi¹þ ÷àñòèíîê) [7].

2. Îïèñ ìîäåëi ãiëëÿñòîãî ïðîöåñó ç ìiãðàöi¹þ òà íåïåðåðâíèì ÷àñîì
Ðîçãëÿíåìî ìàðêiâñüêèé ãiëëÿñòèé ïðîöåñ ç îäíèì òèïîì ÷àñòèíîê òà ìiãðàöi¹þ µ(t),

t ∈ [0,∞). µ(t) ïîçíà÷à¹ êiëüêiñòü ÷àñòèíîê ó ìîìåíò ÷àñó t ∈ [0,∞).

Ââàæà¹ìî, ùî ó ïî÷àòêîâèé ìîìåíò ÷àñó â ñèñòåìi iñíó¹ îäíà ÷àñòèíêà, òîáòî

µ(0) = 1. (1)
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Ïðîöåñ µ(t), t ∈ [0,∞) ïðè ∆t → 0 çàäà¹òüñÿ òàêèìè ïåðåõiäíèìè éìîâiðíîñòÿìè

P{µ(t+∆t) = j|µ(t) = i} =

=



1 + q0∆t+ o(∆t), i = j = 0;

qj∆t+ o(∆t), i = 0, j = 1, 2, ...;

(p0 +
m∑
l=1

rl)∆t+ o(∆t), i = 1, j = 0;

1 + (q0 + r0 + p1)∆t+ o(∆t), i = 1, j = 1;

(pj + qj−1)∆t+ o(∆t), i = 1, j = 2, ...;
m∑
l=i

rl∆t+ o(∆t) 1 < i ≤ m, j = 0;

(ip0 + r1)∆t+ o(∆t), i = 2, 3, ..., j = i− 1;

ri−j∆t+ o(∆t), i = 3, ...,m, 1 < j < i− 1;

ri−j∆t+ o(∆t), i = m+ 1, ..., i−m ≤ j < i− 1;

1 + (q0 + r0 + ip1)∆t+ o(∆t), i = 2, 3, ..., i = j;

(ipj−i+1 + qj−i)∆t+ o(∆t), i = 2, 3, ..., i < j;

o(∆t), â iíøèõ âèïàäêàõ ,

(2)

äå m − äåÿêå ôiêñîâàíå íàòóðàëüíå ÷èñëî, à pk, qk òà rn çàäîâîëüíÿþòü óìîâè

pk ≥ 0, k ̸= 1, p1 < 0,
∞∑
k=0

pk = 0,

qk ≥ 0, k ̸= 0, q0 < 0,
∞∑
k=0

qk = 0,

rn ≥ 0, n = 1,m, r0 < 0,
m∑
k=0

rk = 0.

Çàçíà÷èìî, ùî pk (k = 0, 1, ...) − iíòåíñèâíiñòü ðîçìíîæåííÿ ÷àñòèíîê, qk (k = 0, 1, ...)

− iíòåíñèâíiñòü iììiãðàöi¨ ÷àñòèíîê, à rn (n = 0,m) − iíòåíñèâíiñòü åìiãðàöi¨ ÷àñòèíîê.

Ââåäåìî íàñòóïíi ïîçíà÷åííÿ

Fµ(t, s) =
∞∑
n=0

P{µ(t) = n}sn,

f(s) =
∞∑
n=0

pns
n, |s| ≤ 1, s ∈ C,

g(s) =
∞∑
n=0

qns
n, |s| ≤ 1, s ∈ C,

r(s) =
m∑

n=0

rns
−n, 0 < |s| ≤ 1.

Ó [7] ïîêàçàíî, ùî äëÿ ïðîöåñó µ(t) ìàþòü ìiñöå òâåðäæåííÿ
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Òåîðåìà 1. Òâiðíà ôóíêöiÿ ïðîöåñó µ(t), t ∈ [0,∞), ïðè |s| ≤ 1 òà s ̸= 0 çàäiâîëüíÿ¹

äèôåðåíöiàëüíå ðiâíÿííÿ

∂Fµ(t, s)

∂t
= f(s)

∂Fµ(t, s)

∂s
+ g(s)Fµ(t, s)+

+
m∑

n=0

P{µ(t) = n}
(
sn

n∑
k=0

rks
−k +

m∑
k=n+1

rk

)
+

∞∑
n=m+1

P{µ(t) = n}snr(s) (3)

ç ïî÷àòêîâîþ óìîâîþ

Fµ(0, s) = s. (4)

Òåîðåìà 2. Äëÿ ïðîöåñó µ(t), t ∈ [0,∞) ìà¹ ìiñöå ñèñòåìà ðiâíÿíü Êîëìîãîðîâà

dP{µ(t)=0}
dt

= P{µ(t) = 0}q0 + P{µ(t) = 1}p0 +
m∑
k=1

P{µ(t) = k}
m∑
j=k

rj,

dP{µ(t)=n}
dt

=
n∑

k=0

P{µ(t) = k}qn−k +
n+1∑
k=1

kP{µ(t) = k}pn+1−k+

+
n+m∑
k=n

P{µ(t) = k}rk−n, n ≥ 1.

(5)

3. Ðiâíÿííÿ äëÿ ìîìåíòiâ ãiëëÿñòîãî ïðîöåñó ç ìiãðàöi¹þ
Ââåäåìî íàñòóïíi ïîçíà÷åííÿ

M(µ(t)(µ(t)− 1)...(µ(t)− k + 1)) = Mk(t),

f (k)(1) = m0,k, g(k)(1) = m1,k,

Çîêðåìà,

Mµ(t) = A(t), f ′(1) = a0, g′(1) = a1, r′(1) = a2,

M(µ(t)(µ(t)− 1)) = B(t), f ′′(1) = b0, g′′(1) = b1, r′′(1) = b2,

M(µ(t)(µ(t)− 1)(µ(t)− 2)) = C(t), f (3)(1) = c0, g(3)(1) = c1, r(3)(1) = c2,

Pµ(t, n) = P{µ(t) = n}.

Òåîðåìà 3. Ôàêòîðiàëüíèé ìîìåíò ïîðÿäêó l (l > 0) ïðîöåñó µ(t) çàäîâiëüíÿ¹ äèôå-

ðåíöiàëüíå ðiâíÿííÿ

dMl(t)

dt
=

l−1∑
j=0

Cj
l m0,(l−j)Mj+1(t) +

l−1∑
j=0

Cj
l m1,(l−j)Mj(t)+

+
l−1∑
j=0

Cj
l m2,(l−j)Mj(t)−

m∑
k=1

rk

k−1∑
n=0

Al
n−kPµ(t, n),

äå

Cj
l =

l!

j!(l − j)!
, Al

n−k = (n− k)...(n− k − l + 1), l = 1, 2, ....
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Äîâåäåííÿ. Ðîçãëÿíåìî äèôåðåíöiàëüíå ðiâíÿííÿ äëÿ òâiðíî¨ ôóíêöi¨ (3)

∂Fµ(t, s)

∂t
= f(s)

∂F (t, s)

∂s
+ g(s)F (t, s)+

+
m∑

n=0

Pµ(t, n)

(
sn

n∑
k=0

rks
−k +

m∑
k=n+1

rk

)
+

∞∑
n=m+1

Pµ(t, n)s
nr(s).

Ïåðåãðóïóâàâøè îñòàííi äâà äîäàíêè, oòðèìà¹ìî

m∑
n=0

Pµ(t, n)

(
sn

n∑
k=0

rks
−k +

m∑
k=n+1

rk

)
+

∞∑
n=m+1

Pµ(t, n)s
nr(s) =

= F (t, s)r(s)−
m∑
k=1

rks
−k

k−1∑
n=0

Pµ(t, n)s
n +

m∑
k=1

rk

k−1∑
n=0

Pµ(t, n).

Òàêèì ÷èíîì, ðiâíÿííÿ ìîæíà ïåðåïèñàòè ó âèãëÿäi

∂Fµ(t, s)

∂t
= f(s)

∂F (t, s)

∂s
+ g(s)F (t, s) + F (t, s)r(s)−

−
m∑
k=1

rks
−k

k−1∑
n=0

Pµ(t, n)s
n +

m∑
k=1

rk

k−1∑
n=0

Pµ(t, n).

Ïðîäèôåðåíöiþ¹ìî îòðèìàíå ðiâíÿííÿ ïî s

∂2Fµ(t, s)

∂t∂s
= f ′(s)

∂F (t, s)

∂s
+ f(s)

∂2F (t, s)

∂s2
+ g′(s)F (t, s)+

+g(s)
∂F (t, s)

∂s
+

∂F (t, s)

∂s
r(s) + F (t, s)r′(s)−

m∑
k=1

rk

k−1∑
n=0

(n− k)Pµ(t, n)s
n−k−1. (6)

Ïðè s = 1 îòðèìà¹ìî ðiâíÿííÿ äëÿ ïåðøîãî ìîìåíòó

A(t)

∂t
= a0A(t) + a1 + a2 −

m∑
k=1

rk

k−1∑
n=0

(n− k)Pµ(t, n).

Äèôåðåíöiþþ÷è (6) ïî s îòðèìà¹ìî

∂3Fµ(t, s)

∂t∂s2
= f ′′(s)

∂F (t, s)

∂s
+ 2f ′(s)

∂2F (t, s)

∂s2
+ f(s)

∂3F (t, s)

∂s3
+ g′′(s)F (t, s)+

+2g′(s)
∂F (t, s)

∂s
+ g(s)

∂2F (t, s)

∂s2
+

∂2F (t, s)

∂s2
r(s) + 2

∂F (t, s)

∂s
r′(s)+

+F (t, s)r′′(s)−
m∑
k=1

rk

k−1∑
n=0

A2
n−kPµ(t, n)s

n−k−2. (7)

Ïiäñòàâëÿþ÷è s = 1 îòðèìà¹ìî ðiâíÿííÿ äëÿ äðóãîãî ìîìåíòó

dB(t)

dt
= 2a0B(t) + (b0 + 2a1 + 2a2)A(t) + b1 + b2 −

m∑
k=1

rk

k−1∑
n=0

A2
n−kPµ(t, n).
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Ïðè äèôåðåíöiþâàííi (7) ïî s îòðèìà¹ìî

∂4Fµ(t, s)

∂t∂s3
= f (3)(s)

∂F (t, s)

∂s
+ 3f ′′(s)

∂2F (t, s)

∂s2
+ 3f ′(s)

∂3F (t, s)

∂s3
+ f(s)

∂4F (t, s)

∂s4
+

+g(3)(s)F (t, s) + 3g′′(s)
∂F (t, s)

∂s
++3g′(s)

∂2F (t, s)

∂s2
+ g(s)

∂3F (t, s)

∂s3
+

+r(s)
∂3F (t, s)

∂s3
+ 3r′(s)

∂2F (t, s)

∂s2
+ 3r′′(s)

∂F (t, s)

∂s
+

+F (t, s)r(3)(s)−
m∑
k=1

rk

k−1∑
n=0

A3
n−kPµ(t, n)s

n−k−3.

Âiäïîâiäíî, ðiâíÿííÿ äëÿ òðåòüîãî ôàêòîðiàëüíîãî ìîìåíòó íàáóäå âèãëÿäó

dC(t)

dt
= 3a0C(t) + (3b0 + 3a1 + 3a2)B(t) + (c0 + 3b1 + 3b2)A(t)+

+c1 + c2 −
m∑
k=1

rk

k−1∑
n=0

A3
n−kPµ(t, n).

Âèêîðèñòàâøè ôîðìóëó ïîõiäíî¨ l-íîãî ïîðÿäêó âiä äîáóòêó ôóíêöié

(uv)(l) =
l∑

j=0

Cj
l u

(l−j)v(j),

îòðèìà¹ìî

∂l+1Fµ(t, s)

∂t∂sl
=

l∑
j=0

Cj
l f

(l−j)(s)
∂j+1F (t, s)

∂sj+1
+

l∑
j=0

Cj
l g

(l−j)(s)
∂jF (t, s)

∂sj
+

+
l∑

m=0

Cj
l r

(l−m)(s)
∂mF (t, s)

∂sm
−

m∑
k=1

rk

k−1∑
n=0

Al
n−kPµ(t, n)s

n−k−l.

Ïðè s = 1 îòðèìà¹ìî

dMl(t)

dt
=

l−1∑
j=0

Cj
l m0,(l−j)Mj+1(t) +

l−1∑
j=0

Cj
l m1,(l−j)Mj(t)+

+
l−1∑
j=0

Cj
l m2,(l−j)Mj(t)−

m∑
k=1

rk

k−1∑
n=0

Al
n−kPµ(t, n).

Íàñëiäîê 1. Äèôåðåíöiàëüíi ðiâíÿííÿ äëÿ ïåðøèõ òðüîõ ìîìåíòiâ âèçíà÷àþòüñÿ íà-

ñòóïíèì ÷èíîì

A(t)

∂t
= a0A(t) + a1 + a2 −

m∑
k=1

rk

k−1∑
n=0

(n− k)Pµ(t, n), (8)
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dB(t)

dt
= 2a0B(t) + (b0 + 2a1 + 2a2)A(t) + b1 + b2 −

m∑
k=1

rk

k−1∑
n=0

A2
n−kPµ(t, n), (9)

dC(t)

dt
= 3a0C(t) + (3b0 + 3a1B + 3a2)B(t) + (c0 + 3b1 + 3b2)A(t)+

+c1 + c2 −
m∑
k=1

rk

k−1∑
n=0

A3
n−kPµ(t, n).

Íàñëiäîê 2. Ìàòåìàòè÷íå ñïîäiâàííÿ ïðîöåñó µ(t) âèçíà÷à¹òüñÿ ðiâíiñòþ

A(t) = −a1 + a2
a0

+

(
1 +

a1 + a2
a0

−−
m∑
k=1

rk

k−1∑
n=0

(n− k)

t∫
0

Pµ(t, n)e
−a0udu

)
ea0t. (10)

Äðóãèé ìîìåíò ïðîöåñó µ(t) âèçíà÷à¹òüñÿ ñïiââiäíîøåííÿì

B(t) =

(
b1 + b2
2a0

(1− e−2a0t) + (b0 + 2a1 + 2a2)

t∫
0

A(u)e−2a0udu−

−
m∑
k=1

rk

k−1∑
n=0

A2
n−k

t∫
0

Pµ(t, n)e
−2a0udu

)
e2a0t.

Äîâåäåííÿ. Ðîçãëÿíåìî áiëüø äåòàëüíî ðiâíÿííÿ (8). Öå ëiíiéíå íåîäíîðiäíå ðiâíÿí-

íÿ ïåðøîãî ïîðÿäêó. Âiäïîâiäíå éîìó îäíîðiäíå ðiâíÿííÿ ìà¹ ðîçâ'ÿçîê A(t) = Cea0t.

Ðîçâ'ÿçîê âiäïîâiäíîãî íåîäíîðiäíîãî ðiâíÿííÿ çíàéäåìî ìåòîäîì âàðiàöi¨ ñòàëèõ, òîáòî

ïiäñòàâèâøè ó (8) çàìiíó A(t) = C(t)ea0t. Çíàéäåìî íåâiäîìó ôóíêöiþ C(t) ç ðiâíÿííÿ

C ′(t) =
(
a1 + a2 −

m∑
k=1

rk

k−1∑
n=0

(n− k)Pµ(t, n)
)
e−a0t.

Ïðîiíòåãðóâàâøè ÿêå îòðèìà¹ìî

C(t) =
a1 + a2

a0
(1− e−a0t)−

m∑
k=1

rk

k−1∑
n=0

(n− k)

t∫
0

Pµ(t, n)e
−a0tdt.

Îñêiëüêè Pµ(t, n), n = 0, 1, 2, ... îäíîçíà÷íî âèçíà÷àþòüñÿ ç ñèñòåìè ðiâíÿíü Êîëìîãî-

ðîâà (5)(àíàëîãi÷íî [8]), òî iíòåãðàëè

t∫
0

Pµ(t, n)e
−a0tdt, n = 0, 1, ...,m− 1

ìîæíà ââàæàòè âiäîìèìè.

Òàêèì ÷èíîì, îòðèìà¹ìî

A(t) = Cea0t + ea0t
(
a1 + a2

a0
(1− e−a0t)−

m∑
k=1

rk

k−1∑
n=0

(n− k)

t∫
0

Pµ(t, n)e
−a0tdt

)
.
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Âðàõóâàâøè (1) çíàéäåìî íåâiäîìó ñòàëó C

C = 1 +
a1 + a2

a0
− a1 + a2

a0
−

m∑
k=1

rk

k−1∑
n=0

(n− k)

t∫
0

Pµ(t, n)e
−a0tdt|t=0 = 1.

Çâiäêè îòðèìó¹ìî (10).

Çíàéäåìî äðóãèé ìîìåíò. Äëÿ öüîãî ðîçãëÿíåìî ðiâíÿííÿ (9). Öå òàêîæ ëiíiéíå íåî-

äíîðiäíå ðiâíÿííÿ ïåðøîãî ïîðÿäêó. Ðîçâ'ÿçîê âiäïîâiäíîãî éîìó îäíîðiäíîãî ðiâíÿííÿ

B(t) = Ce2a0t. Âèêîðèñòàâøè ìåòîä âàðiàöi¨ ñòàëèõ òà çàìiíó B(t) = C(t)e2a0t îòðèìà¹ìî

C(t) =
b1 + b2
2a0

(1−e−2a0t)+(b0+2a1+2a2)

t∫
0

A(t)e−2a0tdt−
m∑
k=1

rk

k−1∑
n=0

A2
n−k

t∫
0

Pµ(t, n)e
−2a0tdt.

Òàêèì ÷èíîì, îòðèìà¹ìî

B(t) = Ce2a0t +

(
b1 + b2
2a0

(1− e−2a0t) + (b0 + 2a1 + 2a2)

t∫
0

A(t)e−2a0tdt−

−
m∑
k=1

rk

k−1∑
n=0

A2
n−k

t∫
0

Pµ(t, n)e
−2a0tdt

)
e2a0t.

Âðàõóâàâøè ïî÷àòêîâó óìîâó îòðèìà¹ìî B(0) = 0, ùî

C =
b1 + b2
2a0

(e−2a0t − 1)− (b0 + 2a1 + 2a2)

t∫
0

A(t)e−2a0tdt|t=0−

−
m∑
k=1

rk

k−1∑
n=0

A2
n−k

t∫
0

Pµ(t, n)e
−2a0tdt|t=0 ,

îòæå, C = 0. Ùî i ïîòðiáíî áóëî ïîêàçàòè.

4. Òâiðíà ôóíêöiÿ êiëüêîñòi ïåðåòâîðåíü äëÿ ïðîöåñó µ(t)

Íåõàé τ1, τ2, τ3, ... − íåçàëåæíi îäíàêîâî ðîçïîäiëåíi âèïàäêîâi âåëè÷èíè, ÿêi âèç-

íà÷àþòü iíòåðâàëè ìiæ ïåðåòâîðåííÿìè ÷àñòèíîê ó ñèñòåìi. Ââåäåìî òàêîæ âèïàäêîâi

âåëè÷èíè θ1, θ2, θ3, ..., ÿêi âèçíà÷àþòü ìîìåíòè ïåðåòâîðåíü

θ0 = 0, θ1 = τ1, θ2 = τ1 + τ2, ...,

θn = τ1 + ...+ τn, ....

Íåõàé ρ(t) − âèçíà÷à¹ êiëüêiñòü ïåðåòâîðåíü ó ñèñòåìi äî ìîìåíòó ÷àñó t.
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Òåîðåìà 4. Íåõàé ρ(t) − êiëüêiñòü ïåðåòâîðåíü ó ñèñòåìi äî ìîìåíòó ÷àñó t. Fρ(t, s) −
òâiðíà ôóíêöiÿ ïðîöåñó ρ(t).

Òîäi Fρ(s, t)

1. Çàäîâiëüíÿ¹ äèôåðåíöiàëüíå ðiâíÿííÿ

∂Fρ(t, s)

∂t
= Fρ(t, s)

(
(Mµ(t)p1 + q0 + r0(1− P{µ(t) = 0}))(1− s)

)
ç ïî÷àòêîâîþ óìîâîþ

Fρ(0, s) = 1.

2. Âèçíà÷à¹òüñÿ ðiâíiñòþ

Fρ(t, s) = exp

{(
p1

t∫
0

Mµ(u)du+ q0t+ r0

t∫
0

(1− P{µ(u) = 0})du
)
(1− s)

}
.

3. Ïðè t → ∞

L
(
ρ−Mρ√

Dρ

)
→ N (0, 1).

Äîâåäåííÿ. Çíàéäåìî ðîçïîäië ïðîöåñó ρ(t) â ìîìåíò ÷àñó t+∆t. Âiäîìî, ùî çà ÷àñ ∆t

ìîæå âiäáóòèñü íå áiëüøå îäíîãî ïåðåòâîðåííÿ, òîìó ðîçïîäië ïðîöåñó ρ(t) â ìîìåíò

÷àñó t+∆t âèçíà÷à¹òüñÿ ÷åðåç ðîçïîäië ïðîöåñó µ(t) â ìîìåíò ÷àñó t, ïåðåõiäíèõ éìî-

âiðíîñòåé äëÿ ïðîöåñó µ(t) (2) òà êiëüêîñòi ïåðåòâîðåíü, ùî âiäáóëèñü äî ìîìåíòó ÷àñó

t+∆t .

P{ρ(t+∆t) = 0} = P{ρ(t) = 0}
(
P{µ(t) = 0}(1 + q0∆t+

+o(∆t)) + P{µ(t) = 1}(1 + (q0 + r0 + p1)∆t+ o(∆t)) +
∞∑
i=2

P{µ(t) = i}(1+

+(q0 + r0 + ip1)∆t+ o(∆t))

)
= P{ρ(t) = 0}

(
1 + (q0 +Mµ(t)p1)∆t+

+
∞∑
i=1

P{µ(t) = i}r0 + o(∆t)
)
= P{ρ(t) = 0}+

+P{ρ(t) = 0}(Mµ(t)p1 + q0 + r0(1− P{µ(t) = 0}))∆t+ o(∆t).

ßêùî n ≥ 0, òî

P{ρ(t+∆t) = n+ 1} = P{ρ(t) = n+ 1}
(
1 +

(
q0 +Mµ(t)p1+

+
∞∑
i=1

P{µ(t) = i}r0
)
∆t+ o(∆t)

)
+ P{ρ(t) = n}

(
P{µ(t) = 0}

( ∞∑
j=1

qj∆t+
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+o(∆t)
)
+ P{µ(t) = 1}

(
(p0 +

m∑
l=1

rl)∆t+ o(∆t) +
∞∑
j=2

(pj + qj−1)∆t+ o(∆t)
)
+

+
m∑
i=2

P{µ(t) = i}(
m∑
l=i

rl∆t+ o(∆t)) +
∞∑
i=2

P{µ(t) = i}((ip0 + r1)∆t+ o(∆t))+

+
m∑
i=3

P{µ(t) = i}
( i−1∑

l=2

rl∆t+ o(∆t)
)
+

∞∑
i=m+1

P{µ(t) = i}
( i−2∑
j=i−m

ri−j∆t+ o(∆t)
)
+

+
∞∑
i=2

P{µ(t) = i}
( ∞∑
j=i+1

(ipj−i+1 + qj−i)∆t+ o(∆t)
))

= P{ρ(t) = n+ 1}
(
1+

+(Mµ(t)p1 + q0 + r0(1− P{µ(t) = 0}))∆t+ o(∆t)
)
+

+P{ρ(t) = n}
(
− q0∆t+ p0Mµ(t)∆t+ (−p0 − p1)Mµ(t)∆t−

−r0(1− P{µ(t) = 0})∆t+ o(∆t)
)
= P{ρ(t) = n+ 1}

(
1 + (Mµ(t)p1 + q0+

+r0(1− P{µ(t) = 0}))∆t+ o(∆t)
)
+ P{ρ(t) = n}

(
− q0∆t−

−p1Mµ(t)∆t− r0(1− P{µ(t) = 0})∆t+ o(∆t)
)
.

Äîìíîæèìî íà sn i ïðîñóìó¹ìî ïî n âiä 0 äî ∞ òà îòðèìà¹ìî

Fρ(t+∆t, s) =
∞∑
n=0

P{ρ(t+∆t) = n}sn = P{ρ(t+∆t) = 0}s0 + P{ρ(t+∆t) = 1}s1 + ...+

+P{ρ(t+∆t) = n}sn + ... = P{ρ(t) = 0}s0 + P{ρ(t) = 0}(Mµ(t)p1+

+q0 + r0(1− P{µ(t) = 0}))∆t+ o(∆t)s0 +
∞∑
n=0

sn+1

(
P{ρ(t) = n+ 1}

(
1 + (Mµ(t)p1+

+q0 + r0(1− P{µ(t) = 0}))∆t+ o(∆t)
)
+ P{ρ(t) = n}

(
− q0∆t− p1Mµ(t)∆t−

−r0(1− P{µ(t) = 0})∆t+ o(∆t)
))

= Fρ(t, s)
(
1 + (Mµ(t)p1+

+q0 + r0(1− P{µ(t) = 0}))∆t
)
+ Fρ(t, s)

(
− q0 − p1Mµ(t)−

−r0(1− P{µ(t) = 0})
)
s∆t+ o(∆t) = Fρ(t, s) + Fρ(t, s)

(
(Mµ(t)p1+

+q0 + r0(1− P{µ(t) = 0}))(1− s)
)
∆t+ o(∆t).

Çâiäñè âèïëèâà¹ äèôåðåíöiàëüíå ðiâíÿííÿ äëÿ Fρ(t, s)

∂Fρ(t, s)

∂t
= Fρ(t, s)

(
(Mµ(t)p1 + q0 + r0(1− P{µ(t) = 0}))(1− s)

)
.

Òàê ÿê ó ïî÷àòêîâèé ìîìåíò ÷àñó â ñèñòåìi íå ìîæóòü âiäáóâàòèñü ïåðåòâîðåííÿ,

òî Fρ(0, s) = 1, à, çíà÷èòü, ðîçâ'ÿçîê äàíîãî ðiâíÿííÿ íàáóäå âèãëÿäó

Fρ(t, s) = exp

{( t∫
0

p1Mµ(u)du+ q0t+ r0

t∫
0

(1− P{µ(u) = 0})du
)
(1− s)

}
.
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Çàçíà÷èìî, ùî
t∫
0

p1Mµ(u)du òà
t∫
0

(1 − P{µ(u) = 0})du ìîæíà ââàæàòè âiäîìèì,

îñêiëüêè P{µ(t) = 0} îäíîçíà÷íî âèçíà÷à¹òüñÿ ç ñèñòåìè ðiâíÿíü Êîëìîãîðîâà (5),

à ôóíêöiÿ Mµ(t) âiäîìà i âèçíà÷à¹òüñÿ ç (10).

Òàêèì ÷èíîì, ïåðøå i äðóãå òâåðäæåííÿ äîâåäåíî. Ïåðåéäåìî äî çíàõîäæåííÿ àñèì-

ïòîòèêè ïðè t → ∞.

Çàóâàæèìî, ùî äëÿ äîâiëüíîãî ôiêñîâàíîãî t Fρ(t, s) − òâiðíà ôóíêöiÿ ïóàññîíiâ-

ñüêîãî ðîçïîäiëó. Ïàðàìåòð öüîãî ðîçïîäiëó λ çàëåæèòü âiä t i äîðiâíþ¹

λ = λ(t) = −
( t∫

0

p1Mµ(u)du+ q0t+ r0

t∫
0

(1− P{µ(u) = 0})du
)
.

Ëåãêî áà÷èòè, ùî λ(t) → ∞ ïðè t → ∞.

Ðîçãëÿíåìî ïðîöåñ

ξ(t) =
ρ(t)−Mρ(t)√

Dρ(t)
.

Ìàòåìàòè÷íå ñïîäiâàííÿ ïóññîíiâñüêîãî ðîçïîäiëó ç ïàðàìåòðîì λ(t) äîðiâíþ¹ λ(t),

äèñïåðñiÿ öüîãî ïðîöåñó òàêîæ äîðiâíþ¹ λ(t), òîìó Mξ(t) = 0, à Dξ(t) = 1.

Õàðàêòåðèñòè÷íà ôóíêöiÿ ïðîöåñó ξ(t) φξ(t, u) âèðàæà¹òüñÿ ÷åðåç õàðàêòåðèñòè÷íó

ôóíêöiþ ïðîöåñó ρ(t) φρ(t, u) íàñòóïíèì ÷èíîì

φξ(t, u) = exp

{
−iuMρ(t)√

Dρ(t)

}
· φρ

(
t,

u√
Dρ(t)

)
= exp{−iu

√
λ(t)}·

· exp
{
−λ(t)

(
1− e

iu√
λ(t)

)}
.

Ðîçãëÿíåìî lnφξ(t, u)

lnφξ(t, u) = −iu
√
λ(t)− λ(t)(1− (1 +

iu√
λ(t)

+
(iu)2

2!
√
λ2(t)

+

+
(iu)3

3!
√

λ3(t)
+

(iu)4

4!
√
λ4(t)

+ ...)) =
−u2

2
+ o(1).

Òàêèì ÷èíîì,

lim
t→∞

φξ(t, u) = e
−u2

2 ,

à çíà÷èòü,

L
(
ρ−Mρ√

Dρ

)
→ N (0, 1).
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A separate section of random processes studies laws of reproduction and transformation of

particles and it is the theory of branching processes. The basic mathematical assumption disti-

nguishes branching processes among other random processes is the transformation of particles

independently from one another. The laws of reproduction and transformation of particles are

subject to regularities, in which randomness plays a major role.

This article investigates a homogeneous branching process with one particle type, migration,

and continuous time µ(t), t ∈ [0,∞). It is assume that there is one particle in the system at the

beginning. The process is de�ned by transient probabilities, determined by the intensities of

particle reproduction, immigration, and emigration. Two problems are explored. In the �rst of

these, for this process model, a di�erential equation for the factorial moment of arbitrary order

is found. As a consequence, the form of di�erential equations for the mathematical expectation

of the process, the second and third factorial moments of the process, is given. The result is a

mathematical expectation of A(t), t ∈ [0,∞) branching process, and the appearance of a second

factorial moment for the real function of processB(t), t ∈ [0,∞), which allows you to explore the

process in details depending on the criticality of the process. The second problem investigates

the random process ρ(t), which determines the number of transformations of particles in a

system of homogeneous branching process with migration and continuous time up to the time

t. The di�erential equation for the generic function of the process ρ(t) is obtained. The form of

the real function of the process is found and the boundary behavior at t → ∞ is investigated.

It is shown that the centered and normalized process at t → ∞ in the distribution coincides

with the standard to normal distribution.


