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Äëÿ òîïîëîãi÷íèõ ïðîñòîðiâ X òà Y ìè ðîçãëÿäà¹ìî óìîâè, ïðè ÿêèõ äëÿ äîâiëüíèõ

ìíîãîçíà÷íèõ âiäîáðàæåíü G : X → Y òà H : X → Y , òàêèõ, ùî G(x) ⊆ H(x), äëÿ

êîæíîãî x ∈ X òà G i H ¹ âiäïîâiäíî íàïiâíåïåðåðâíèìè çâåðõó òà çíèçó, iñíó¹ F : X → Y

íåïåðåðâíà, òàêà, ùî G(x) ⊆ F (x) ⊆ H(x). Ìè òàêîæ ðîçãëÿäà¹ìî óìîâè íà òîïîëîãi÷íi

ïðîñòîðè, çà ÿêèõ âèêîíó¹òüñÿ àíàëîã òåîðåìè Ãàíà äëÿ ìíîãîçíà÷íèõ ôóíêöié.
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Âñòóï

Ïðèïóñòèìî ùî X � ìíîæèíà, Y � ÷àñòêîâî âïîðÿäêîâàíà ìíîæèíà, g : X → Y òà
h : X → Y � âiäîáðàæåííÿ, òàêi, ùî g(x) ≤ h(x) äëÿ êîæíîãî x ∈ X. Âiäîáðàæåííÿ
f : X → Y íàçèâà¹òüñÿ ïðîìiæíèì / ñòðîãî ïðîìiæíèì / äëÿ ïàðè (g, h) ÿêùî g(x) ≤
f(x) ≤ h(x) íà X /g(x) < f(x) < h(x), ÿêùî g(x) < h(x)/. ßêùî X ¹ òîïîëîãi÷íèì
ïðîñòîðîì, Y = R, òî ìè êàæåìî, ùî âiäîáðàæåííÿ g : X → R òà h : X → R óòâîðþþòü
ïàðó Ãàíà / ñòðîãó ïàðó Ãàíà/, ÿêùî g � íàïiâíåïåðåðâíà çâåðõó, h � íàïiâíåïåðåðâíà
çíèçó i g(x) ≤ h(x) /g(x)<h(x)/ íà X. Ã. Ãàí [5] äîâiâ, ùî êîæíà ïàðà Ãàíà (g, h) íà
ìåòðè÷íîìó ïðîñòîði X ìà¹ íåïåðåðâíó ïðîìiæíó ôóíêöiþ f : X → R. Æ. Ä¹äîííå [2]
äîâiâ öå äëÿ ïàðàêîìïàêòíîãî ïðîñòîðó X, Ã. Òîíã [10, 11] i Ì. Êàòåòîâ [6, 7] äîâåëè
òåîðåìó Ãàíà äëÿ íîðìàëüíèõ ïðîñòîðiâ, ïðè òîìó, ç iñíóâàííÿ ïðîìiæíî¨ íåïåðåðâíî¨
ôóíêöi¨ f äëÿ êîæíî¨ ïàðè Ãàíà íà T1-ïðîñòîði X âèïëèâà¹ íîðìàëüíiñòü ïðîñòîðó X.

Öi ðåçóëüòàòè áóëè ðîçâèíóòi â ðîáîòàõ Ê. Äàóêåðà [3] òà Å. Ìàéêëà [8]. Â ïåðøié
ðîáîòi ðàçîì ç Ì. Êàòåòîâèì [6] áóëî âñòàíîâëåíî, ùî â êëàñi T1-ïðîñòîðiâ X iñíóâàííÿ
ñòðîãî ïðîìiæíèõ íåïåðåðâíèõ ôóíêöié f : X → R äëÿ êîæíî¨ ñòðîãî¨ ïàðè Ãàíà (g, h)

¹ åêâiâàëåíòíèì äî íîðìàëüíîñòi òà ïàðàêîìïàêòíîñòi ïðîñòîðó X, â äðóãié ðîáîòi áóëî
âñòàíîâëåíî, ùî â êëàñi T1-ïðîñòîðiâX iñíóâàííÿ ñòðîãî ïðîìiæíî¨ íåïåðåðâíî¨ ôóíêöi¨
f : X → R äëÿ êîæíî¨ ïàðè Ãàíà (g, h) ¹ åêâiâàëåíòíèì äî äîñêîíàëî¨ íîðìàëüíîñòi X.
Íîâèé ìåòîä äîâåäåííÿ öèõ ðåçóëüòàòiâ áóâ ïðåçåíòîâàíèé Ê. �óäîì òà É. Ñòàðñîì

ÓÄÊ 517.51
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[4]. Ê. ßìàçàêi [12], ðîçâèâàþ÷è ñâî¨ ïîïåðåäíi äîñëiäæåííÿ [13] òà ðåçóëüòàòè Æ.Ì.
Áîðâåéíà, Ì. Òðåðè [1], äîâiâ òåîðåìè ïðî ïðîìiæíå âiäîáðàæåííÿ f : X → R äëÿ
àíàëîãiâ ïàð Ãàíà (g, h) çi çíà÷åííÿìè â Áàíàõîâèõ  ðàòêàõ.

Íåäàâíî ïîÿâèëèñÿ íîâi âåðñi¨ òåîðåìè Ãàíà. Â ñòàòòi [14] áóëî äîâåäåíî ùî äëÿ
êîæíî¨ ïàðè Ãàíà (g, h) íà âiäðiçêó [a, b], äå g òà h � çðîñòàþ÷i ôóíêöi¨, iñíó¹ ïðîìiæíà
çðîñòàþ÷à ôóíêöiÿ f : [a, b] → R. Ïîòiì â [15] äëÿ ñòðîãèõ ïàð Ãàíà (g, h) íà âiäðiçêó X

â R áóëî ïîáóäîâàíî êóñêîâî ëiíiéíi òà íåñêií÷åííî äèôåðåíöiéîâíi ôóíêöi¨ f : X → R,
òàêi, ùî çàäîâiëüíÿþòü äîäàòêîâi óìîâè. Öi ðåçóëüòàòè áóëè óçàãàëüíåíi â [16, 17] äëÿ
äèôåðåíöiéîâíèõ çà Ôðåøå âiäîáðàæåíü âèêîðèñòîâóþ÷è ðîçáèòòÿ îäèíèöi.

1 Ìíîãîçíà÷íi âiäîáðàæåííÿ òà ïîñòàíîâêà çàäà÷i

Äîáðå âiäîìî, ùî ïîíÿòòÿ íàïiâíåïåðåðâíîñòi çâåðõó òà çíèçó ìîæíà çàñòîñóâàòè äî
ìíîãîçíà÷íèõ âiäîáðàæåíü F : X → Y , ùî ñòàâëÿòü ó âiäïîâiäíiñòü íåïîðîæíi ïiäìíî-
æèíè Y äî êîæíî¨ òî÷êè x ∈ X, ò.á., ¹ âiäîáðàæåííÿìè F : X → P(Y ) çi çíà÷åííÿìè â
ìíîæèíi P(Y ) = 2Y \ {∅} âñiõ íåïîðîæíiõ ìíîæèí ïðîñòîðó Y . Íàãàäà¹ìî, ùî ìíîãî-
çíà÷íå âiäîáðàæåííÿ F : X → Y ç òîïîëîãi÷íîãî ïðîñòîðó X â òîïîëîãi÷íèé ïðîñòið Y

¹ íàïiâíåïåðåðâíèì çâåðõó /çíèçó/ â òî÷öi x0 ∈ X, ÿêùî äëÿ êîæíî¨ âiäêðèòî¨ ìíîæè-
íè V â Y , òàêî¨, ùî F (x0) ⊆ V /F (x0) ∩ V ̸= Ø/ iñíó¹ òàêèé îêië U òî÷êè x0 ∈ X, ùî
F (x) ⊆ V /F (x)∩V ̸= Ø/ äëÿ êîæíî¨ òî÷êè x ∈ U (òóò ìè âèêîðèñòîâó¹ìî òåðìiíîëîãiþ
ç [9]). Ìè êàæåìî, ùî F ¹ íåïåðåðâíîþ â x0, ÿêùî âîíà ¹ íàïiâíåïåðåðâíîþ çâåðõó òà
çíèçó â öié òî÷öi. Âiäîáðàæåííÿ F : X → Y íàçèâà¹òüñÿ íåïåðåðâíèì, çâåðõó ÷è çíèçó
íàïiâíåïåðåðâíèì, ÿêùî âîíî ¹ òàêèì â êîæíié òî÷öi ïðîñòîðó X.

Îñêiëüêè ìíîæèíà P(Y ) ¹ íàäiëåíîþ ïðèðîäíèì âiäíîøåííÿì ÷àñòêîâîãî ïîðÿäêó,
ÿêèì ¹ âiäíîøåííÿ ⊆ ïiäìíîæèí ç Y , öå äîçâîëÿ¹ ïåðåíåñòè êîíöåïò ïàð Ãàíà íà âèïà-
äîê ìíîãîçíà÷íèõ âiäîáðàæåíü. Ìè êàæåìî, ùî ìíîãîçíà÷íi âiäîáðàæåííÿ óòâîðþþòü
ïàðó Ãàíà /ñòðîãó ïàðó Ãàíà/, ÿêùî G ¹ íàïiâíåïåðåðâíîþ çâåðõó, H ¹ íàïiâíåïåðåðâ-
íîþ çíèçó i G(x) ⊆ H(x) /G(x) ⊂ H(x)/ äëÿ êîæíîãî x ∈ X.

Ïðèðîäíî ïîñòàþòü íàñòóïíi çàäà÷i:
Çàäà÷à 1. Çà ÿêèõ óìîâ íà ïðîñòîðè X i Y êîæíà ïàðà Ãàíà (G,H) ìíîãîçíà÷íèõ

âiäîáðàæåíü G,H : X → Y ìà¹ ïðîìiæíå íåïåðåðåðâíå ìíîãîçíà÷íå âiäîáðàæåííÿ
F : X → Y ?

Çàäà÷à 2. Çà ÿêèõ óìîâ íà êîæíà ñòðîãà ïàðà Ãàíà (G,H) ç X â Y ìà¹ ñòðîãî
ïðîìiæíå ìíîãîçíà÷íå âiäîáðàæåííÿ F : X → Y ?

Çàäà÷à 3. Çà ÿêèõ óìîâ íà êîæíà ïàðà Ãàíà (G,H) ç X â Y ìà¹ ñòðîãî ïðîìiæíå
ìíîãîçíà÷íå âiäîáðàæåííÿ F : X → Y ?

Â öié ñòàòòi ìè äîñëiäæó¹ìî öi çàäà÷i. Íàøi ðåçóëüòàòè âiäíîñÿòüñÿ äî çàäà÷i 1. Ìè
ïîêàçó¹ìî ùî äëÿ íîðìàëüíîãî T1-ïðîñòîðóX i êîæíî¨ ïàðè Ãàíà (G,H) ç ìíîãîçíà÷íèõ
âiäîáðàæåíü G : X → Y i H : X → Y , çi çíà÷åííÿìè ÿêi ¹ âiäðiçêàìè, iñíó¹ ïðîìiæíå
íåïåðåðâíå âiäîáðàæåííÿ F : X → Y , ùî ìà¹ çíà÷åííÿìè âiäðiçêè â R. Òîäi ìè ïîêàçó-
¹ìî, ùî ç iñíóâàííÿ ïðîìiæíîãî íåïåðåðâíîãî âiäîáðàæåííÿ F : X → Y äëÿ ïàðè Ãàíà
(G,H) âiäîáðàæåíü G : X → R, G(x) = (−∞, g(x)], i H : X → R, H(X) = (−∞, h(x)],
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âèïëèâà¹ ùî (g, h) ¹ ïàðîþ Ãàíà íà X i ìà¹ ïðîìiæíó íåïåðåðâíó ôóíêöiþ f : X → R
íà X.

2 Iñíóâàííÿ íåïåðåðâíèõ ïðîìiæíèõ ìíîãîçíà÷íèõ âiäîáðàæåíü.

Íåõàé X � òîïîëîãi÷íèé ïðîñòið i F : X → R ìíîãîçíà÷íå âiäîáðàæåííÿ, çi çíà÷å-
ííÿìè ÿêi ¹ âiäðiçêàìè F (x) = [f1(x), f2(x)], äå f1 : X → R i f2 : X → R ¹ ôóíêöiÿìè,
äëÿ ÿêèõ f1(x) ≤ f2(x) íà X.

Ëåìà 1. Âiäîáðàæåííÿ F : X → R, F (x) = [f1(x), f2(x)], ¹ íàïiâíåïåðåðâíèì çâåðõó

òîäi i òiëüêè òîäi, êîëè ôóíêöiÿ f1 : X → R ¹ íàïiâíåïåðåðâíîþ çíèçó, i f2 : X → R ¹

íàïiâíåïåðåðâíîþ çâåðõó.

Äîâåäåííÿ. Íåõàé F íàïiâíåïåðåðâíà çâåðõó â x0 i ε > 0. Âiäêðèòà ìíîæèíà V =

(f1(x0)−ε, f2(x0)+ε) ìiñòèòü âiäðiçîê F (x0). Ç öüîãî âèïëèâà¹ iñíóâàííÿ U îêîëó òî÷êè
x0 òàêî¨ ùî F (x) ⊆ V ïðè x ∈ U . Îñêiëüêè f1(x) ∈ F (x) òà f2(x) ∈ F (x) äëÿ êîæíî¨ x,
òîäi {f1(x), f2(x)} ⊆ V äëÿ êîæíî¨ x ∈ U , òîäi,

f1(x0)− ε < f1(x) ≤ f2(x) < f2(x0) + ε

äëÿ êîæíîãî x ∈ U , îòæå f1 ¹ íàïiâíåïåðåðâíèì çíèçó, i f2 ¹ íàïiâíåïåðåðâíèì çâåðõó
â x0.

Íåõàé f1 íàïiâíåïåðåðâíà çíèçó, f2 íàïiâíåïåðåðâíà çâåðõó â x0 i ε > 0. Òîäi iñíóþòü
òàêi îêîëè U1 i U2 òî÷êè x0, ùî

f1(x) > f1(x0)− ε íà U1 i f2(x) < f2(x0) + ε íà U2

Ïåðåòèí U = U1 ∩ U2 òàêîæ ¹ îêîëîì òî÷êè x0 i äëÿ x ∈ U :

f1(x0)− ε < f1(x) ≤ f2(x) < f2(x) + ε.

Íåõàé V äîâiëüíà ïiäìíîæèíà R, ùî ìiñòèòü F (x0) = [f1(x0), f2(x0)]. Îñêiëüêè fi(x0) ∈
V äëÿ i = 1, 2 òî iñíóþòü òàêi εi > 0 äëÿ i = 1, 2 ùî:

(fi(x0)− εi, fi(x0) + εi) ⊆ V , äå i = 1, 2.

Ïîêëàäåìî ε = min{ε1, ε2}. Î÷åâèäíî, òîäi:

V0 = (f1(x0)− ε, f2(x0) + ε) ⊆ V.

Ç äîâåäåíîãî ðàíiøå âèïëèâà¹, ùî iñíó¹ îêië U òî÷êè x0 â X, òàêèé, ùî

F (x) ⊆ V0,

ÿê òiëüêè x ∈ U . Òîäi òàêîæ F (x) ⊆ V äëÿ êîæíîãî x ∈ U , îòæå, ìíîãîçíà÷íå âiäîáðà-
æåííÿ F ¹ íàïiâíåïåðåðâíèì çâåðõó â x0.
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Ëåìà 2. Âiäîáðàæåííÿ F : X → R, F (x) = [f1(x), f2(x)], ¹ íàïiâíåïåðåðâíèì çíèçó òîäi

i òiëüêè òîäi, êîëè ôóíêöiÿ f1 : X → R ¹ íàïiâíåïåðåðâííîþ çâåðõó, i f2 : X → R ¹

íàïiâíåïåðåðâíîþ çíèçó.

Äîâåäåííÿ. Íåõàé F ¹ íàïiâíåïåðåðâíîþ çíèçó â x0 i ε > 0. Ðîçãëÿíåìî âiäêðèòó ìíîæè-
íó V = (−∞, f1(x0)+ ε), äëÿ ÿêî¨, î÷åâèäíî, V ∩F (x0) ̸= Ø, ç öüîãî âèïëèâà¹ iñíóâàííÿ
òàêîãî îêîëó U òî÷êè x0 â X, ùî V ∩ F (x) ̸= Ø, ÿê òiëüêè x ∈ U . Â ÿêîñòi òî÷êè x ∈ U

ðîçãëÿíåìî òî÷êó y1 ∈ V ∩ F (x). Òîäi y1 ∈ V , îòæå, y1 < f1(x0) + ε, i y1 ∈ F (x), òîäi
y1 ≥ f1(x). Çâiäñè ìà¹ìî f1(x) < f1(x0)+ ε íà U , i f ¹ íàïiâíåïåðåðâíîþ çâåðõó â x0.

Àíàëîãi÷íî äîâîäèòüñÿ íàïiâíåïåðåðâíiñòü çíèçó ôóíêöi¨ f2 â x0, äëÿ öüîãî äîñòà-
òíüî ðîçãëÿíóòè âiäêðèòó ìíîæèíó V = (f2(x0)− ε,+∞).

Íàâïàêè, íåõàé ôóíêöiÿ f1 íàïiâíåïåðåðâíà çâåðõó, f2 çíèçó i V � âiäêðèòà ìíîæèíà
â R, äëÿ ÿêî¨ V ∩F (x0) ̸= Ø. Ðîçãëÿíåìî äîâiëüíó òî÷êó y ∈ V ∩F (x0). Òîäi f1(x0) ≤ y ≤
f2(x0) i y ∈ V . Ç òîãî ùî V âiäêðèòà âèïëèâà¹ ùî iñíó¹ ε > 0, òàêå ùî (y− ε, y+ ε) ⊆ V .
Òàêîæ, ç òîãî ùî f1 i f2 íàïiâíåïåðåðâíi çâåðõó òà çíèçó âiäïîâiäíî â òî÷öi x0 âèïëèâà¹
ùî iñíó¹ îêië U òî÷êè x0 â X, òàêèé ùî äëÿ x ∈ U :

f1(x) < y + ε i f2(x) > y − ε.

Òîäi äëÿ x ∈ U ìà¹ìî: F (x)∩ V ̸= Ø. Ñïðàâäi, äëÿ òî÷îê y1 = f1(x) òà y2 = f2(x) ìà¹ìî
ùî y1 < y + ε òà y2 > y − ε. ßêùî y2 < y + ε, òî y2 ∈ (y − ε, y + ε) ∩ F (x) ⊆ V ∩ F (x),
i ÿêùî y1 > y − ε, òîäi y1 ∈ V ∩ F (x). Íåõàé òåïåð y2 ≥ y + ε i y1 ≤ y − ε. Òîäi
(y−ε, y+ε) ⊆ [y1, y2] = F (x) i çâiäñè ìà¹ìî y ∈ V ∩F (x). Â ëþáîìó âèïàäêó F (x)∩V ̸= Ø.

Òåîðåìà 1. Íåõàé X � íîðìàëüíèé ïðîñòið i (G,H) � ïàðà Ãàíà òàêà, ùî G(x) =

[g1(x), g2(x)] i H(x) = [h1(x), h2(x)] äëÿ êîæíîãî x ∈ X. Òîäi iñíó¹ ïðîìiæíà äëÿ (G,H)

íåïåðåðâíà F : X → R òàêà ùî F (x) = [f1(x), f2(x)] íà X, äå ôóíêöi¨ f1 i f2 ¹ íåïåðåðâ-

íèìè.

Äîâåäåííÿ. Ç óìîâè G(x) ⊆ H(x) íà X îòðèìó¹ìî

h1(x) ≤ g1(x) ≤ g2(x) ≤ h2(x)

äëÿ êîæíîãî x ∈ X. Ç ëåìì 1 òà 2 îòðèìó¹ìî, ùî (h1, g1) i (g2, h2) ¹ ïàðàìè Ãàíà íà X.
Ç òåîðåìè Ãàíà âèïëèâà¹ iñíóâàííÿ íåïåðåðâíèõ ôóíêöié fi : X → R äëÿ i = 1, 2 òàêèõ,
ùî:

h1(x) ≤ f1(x) ≤ g1(x) i h2(x) ≤ f2(x) ≤ g2(x)

äëÿ êîæíîãî x ∈ X. Îñêiëüêè g1(x) ≤ g2(x), òî f1(x) ≤ f2(x) íà X. Ç ëåììè 3 âèïëèâà¹,
ùî âiäîáðàæåííÿ

F : X → R, F (x) = [f1(x), f2(x)],

¹ íåïåðåðâíèì, i G(x) ⊆ F (x) ⊆ H(x) äëÿ êîæíîãî x ∈ X.
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3 Òåîðåìà Ãàíà ÿê íàñëiäîê ñâî¹¨ ìíîãîçíà÷íî¨ âåðñi¨.

Íåõàé f : X → R � ôóíêöiÿ, âèçíà÷åíà íà òîïîëîãi÷íîìó ïðîñòîði X i F (x) =

(−∞, f(x)]. Íàñòóïíi ëåììè ìîæíà äîâåñòè àíàëîãi÷íî äî ëåìì 1-2:

Ëåìà 3. Ôóíêöiÿ f ¹ íàïiâíåïåðåðâíîþ çâåðõó òîäi i òiëüêè òîäi, êîëè ìíîãîçíà÷íå

âiäîáðàæåííÿ F ¹ íàïiâíåïåðåðâíèì çâåðõó.

Ëåìà 4. Ôóíêöiÿ f ¹ íàïiâíåïåðåðâíîþ çíèçó òîäi i òiëüêè òîäi, êîëè ìíîãîçíà÷íå

âiäîáðàæåííÿ F ¹ íàïiâíåïåðåðâíèì çíèçó.

Ëåìà 5. Ôóíêöiÿ f ¹ íåïåðåðâíîþ òîäi i òiëüêè òîäi, êîëè ìíîãîçíà÷íå âiäîáðàæåííÿ

F ¹ íåïåðåðâíèì.

Ç ëåìì 1 òà 2 íåãàéíî âèïëèâà¹:

Ëåìà 6. Íåõàé X � òîïîëîãi÷íèé ïðîñòið, (g, h) � ïàðà Ãàíà íà X, G(x) = (−∞, g(x)]

i H(x) = (−∞, g(x)]. Òîäi (G,H) òàêîæ ïàðà Ãàíà íà X.

Òåîðåìà 2. ÍåõàéX � òîïîëîãi÷íèé ïðîñòið, (g, h)� ïàðà Ãàíà íàX,G(x) = (−∞, g(x)]

i H(x) = (−∞, g(x)], i ïàðà Ãàíà (G,H) ìà¹ ïðîìiæíó íåïåðåðâíó ôóíêöiþ F : X → R.
Òîäi ïàðà Ãàíà (g, h) òàêîæ ìà¹ ïðîìiæíó íåïåðåðâíó ôóíêöiþ f : X → R

Äîâåäåííÿ. Ìà¹ìî, ùî G(x) ⊆ F (x) ⊆ H(x) íà X. Ïîêëàäåìî

f(x) = supF (x).

Îñêiëüêè g(x) ∈ G(x), òî g(x) ∈ F (x), i g(x) ≤ f(x). Òóò, ç óìîâè F (x) ⊆ H(x) âèïëèâà¹,
ùî

f(x) = supF (x) ≤ supH(x) = h(x).

Çâiäñè ìà¹ìî, ùî g(x) ≤ f(x) ≤ h(x) íà X.
Íåõàé ε > 0. Ðîçãëÿíåìî âiäêðèòó ìíîæèíó V1 = (−∞, f(x0) + ε). Î÷åâèäíî, ùî

F (x0) ⊆ V1. Ç òîãî, ùî F ¹ íàïiâíåïåðåðâíîþ çâåðõó â x0 âèïëèâà¹, ùî iñíó¹ îêië U1

òî÷êè x0 â X, òàêèé, ùî F (x) ⊆ V1 ÿê òiëüêè x ∈ U . Â öüîìó âèïàäêó:

f(x) = supF (x) ≤ supV1 = f(x0) + ε

íà U1, îòæå, ôóíêöiÿ f ¹ íàïiâíåïåðåðâíîþ çâåðõó â x0.
Äëÿ âiäêðèòî¨ ìíîæèíè V2 = (f(x0) − ε,+∞) ìà¹ìî, ùî V2 ∩ F (x0) ̸= Ø. Ñïðàâäi,

îñêiëüêè f(x0) = supF (x0), ìà¹ìî, ùî iñíó¹ y ∈ F (x0), òàêà, ùî y > f(x0)−ε. Î÷åâèäíî,
ùî y ∈ V2 ∩ F (x0). Ç òîãî ùî F ¹ íàïiâíåïåðåðâíà çíèçó â x0 âèïëèâà¹, ùî iñíó¹ îêië
U2 òî÷êè x0 òàêèé, ùî F (x) ∩ V2 ̸= Ø êîëè x ∈ U2. Òîäi äëÿ êîæíîãî x ∈ U2 iñíó¹
yx ∈ F (x) ∩ V2, äëÿ ÿêîãî, î÷åâèäíî, f(x0)− ε < yx ≤ f(x), i òîäi:

f(x) > f(x0)− ε

íà U2 i f ¹ íàïiâíåïåðåðâíîþ çíèçó â x0.
Íà îêîëi U = U1 ∩ U2 òî÷êè x0 â X íàñòóïíi íåðiâíîñòi ñïðàâäæóþòüñÿ:

f(x0)− ε < f(x) < f(x0) + ε,

i ç öüîãî âèïëèâà¹ íåïåðåðâíiñòü f â òî÷öi x0.
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If X is a topological space, Y = R, then we say that maps g : X → R and h : X → R form a

Hahn's pair / strict Hahn's pair/, if g is upper semicontinuous, h � lower semicontinuous and

g(x) ≤ h(x) /g(x)<h(x)/ on X. Austrian mathematician H. Hahn proved, that every Hahn's

pair (g, h) on metric space X has continuous intermediate function f : X → R
For topological spaces X and Y we consider conditions, by which for arbitrary multivalued

maps G : X → Y and H : X → Y , such, that G(x) ⊆ H(x) for each x ∈ X and G and H
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are respectively upper and lower semicontinuous, there is F : X → Y continuous, such, that

G(x) ⊆ F (x) ⊆ H(x). We also consider conditions on topological spaces, by which the Hahn`s

theorem on the intermediate function has a multivalued analog.

The set P(Y ) is equipped with natural partial order, which is the relation of inclusion ⊆ of Y

subsets , that allows to transfer the concept of Hahn's pair to the case of multivalued maps. We

say that a multivalued maps form the Hahn /Hahn strict/ pair, if G is upper semicontinuous,

H is lower semicontinuous and G(x) ⊆ H(x) /G(x) ⊂ H(x)/ for each x ∈ X.

We show that for the normal T1-space X and any Hahn's pair (G,H) of multivalued maps

G : X → Y and H : X → Y , which values are segments, there is intermediate continuous map

F : X → Y , that has segments as values in R. Then we show, that the existence of intermediate
continuous map F : X → Y for Hahn's pair (G,H) of mapsG : X → R,G(x) = (−∞, g(x)], and

H : X → R, H(X) = (−∞, h(x)], implies that (g, h) is Hahn's pair on X and has continuous

intermediate function f : X → R on X.


