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INVERSE PROBLEM FOR A 2D STRONGLY DEGENERATE HEAT

EQUATION WITH INTEGRAL OVERDETERMINATION CONDITIONS

The existence of a classical solution to the problem of identi�cation of two time-dependent

coe�cients in the 2D heat equation is considered. We suppose that unknown coe�cients vanish

at the initial moment of time as a power with exponent greater than 1. Existence is established

via Schauder �xed-point theorem.
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Introduction

An inverse problem for a 2D strongly degenerate anisotropic heat equation in a rectan-

gular domain is considered. Such problems are of growing importance to various branches of

physics, economics, etc. [1, 2, 3]. The �rst results on identi�cation of unknown coe�cients in

degenerate equations were obtained in [4, 5]. More systematic investigation of inverse prob-

lems for one-dimensional degenerate parabolic equations was made in [6, 7, 8]. The transition

to 2D degenerate equations was realized only in the case when unknown coe�cients depend

on the time variable. For weakly degenerate parabolic equations, inverse problems with one

or two unknown leading coe�cients [9, 10] were studied. An inverse problem for 2D strongly

degenerate heat equation with one unknown coe�cient was investigated in [11].

In this paper we establish conditions for existence of solution to an inverse problem for

a 2D strongly degenerate heat equation with two unknown coe�cients that have di�erent

behavior of power type at the initial moment of time.

1 Problem statement

In the domain QT := {(x, y, t) : 0 < x < h, 0 < y < l, 0 < t < T} we consider a

two-dimensional heat equation with two unknown leading coe�cients depending on the time
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variable. We suppose that each of unknown coe�cients vanishes at the initial moment of

time as a power tβi where βi ≥ 1, i ∈ {1, 2}. We will use mixed Dirichlet-Neumann boundary

conditions, and the additional conditions (also called overdetermination conditions) will be

of integral type. The problem is to �nd a triplet of functions (a1(t), a2(t), u(x, y, t)), ai(t) >

0, t ∈ (0, T ], i ∈ {1, 2} satisfying the degenerate heat equation

ut = a1(t)uxx + a2(t)uyy + f(x, y, t), (x, y, t) ∈ QT , (1)

initial condition

u(x, y, 0) = φ(x, y, 0), (x, y) ∈ D := [0, h]× [0, l], (2)

boundary conditions

u(0, y, t) = µ11(y, t), u(h, y, t) = µ12(y, t), (y, t) ∈ [0, l]× [0, T ], (3)

uy(x, 0, t) = µ21(x, t), uy(x, l, t) = µ22(x, t), (x, t) ∈ [0, h]× [0, T ] (4)

and overdetermination conditions∫∫
D

u(x, y, t)dx dy = µ31(t),

∫∫
D

xu(x, y, t)dx dy = µ32(t), t ∈ (0, T ]. (5)

Our aim is to determine the conditions of existence of classical solution to the problem

(1)-(5).

2 Reduction of the problem (1)-(5) to an equation system for a1(t), a2(t)

Assume temporarily that coe�cients ai = ai(t) > 0, t ∈ (0, T ] from the space C[0, T ]

are known. Reduce the problem (1)-(5) to a system of equations with respect to a1(t), a2(t)

with the aid of overdetermination conditions (5). Di�erentiating them with respect to t and

using equation (1) we obtain

a1(t)

l∫
0

(hux(h, y, t) + µ11(y, t)− µ12(y, t))dy + a2(t)

h∫
0

x(µ22(x, t)− µ21(x, t))dx

= µ′
32(t)−

∫∫
D

xf(x, y, t)dx dy, t ∈ [0, T ], (6)

a1(t)

l∫
0

(ux(h, y, t)− ux(0, y, t))dy + a2(t)

h∫
0

(µ22(x, t)− µ21(x, t))dx

= µ′
31(t)−

∫∫
D

f(x, y, t)dx dy, t ∈ [0, T ]. (7)
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Transform the system of equations (6), (7), substituting the values related to u. Using the

Green function G12(x, y, t, ξ, η, τ) we �nd the solution to the direct problem (1)-(4)

u(x, y, t) =

l∫
0

h∫
0

G12(x, y, t, ξ, η, 0)φ(ξ, η)dξdη +

t∫
0

l∫
0

G12ξ(x, y, t, 0, η, τ)a1(τ)

× µ1(η, τ)dηdτ −
t∫

0

l∫
0

G12ξ(x, y, t, h, η, τ)a1(τ)µ2(η, τ)dηdτ −
t∫

0

h∫
0

G12(x, y, t, ξ, 0, τ)

× a2(τ)ν1(ξ, τ)dξdτ +

t∫
0

h∫
0

G12(x, y, t, ξ, l, τ)a2(τ)ν2(ξ, τ)dξdτ

+

t∫
0

∫∫
D

G12(x, y, t, ξ, η, τ)f(ξ, η, τ)dξdηdτ, (x, y, t) ∈ QT . (8)

The Green function is de�ned by the equality

Gij(x, y, t, ξ, η, τ) =
1

4π
√

(θ1(t)− θ1(τ))(θ2(t)− θ2(τ))

∞∑
m,n=−∞

(
exp

(
− (x− ξ + 2nh)2

4(θ1(t)− θ1(τ))

)
+(−1)i exp

(
− (x+ ξ + 2nh)2

4(θ1(t)− θ1(τ))

))(
exp

(
− (y − η + 2ml)2

4(θ2(t)− θ21(τ))

))

+(−1)j exp

(
− (y + η + 2ml)2

4(θ2(t)− θ2(τ))

))
, i, j ∈ {1, 2}, θk(t) :=

t∫
0

ak(σ)dσ, k ∈ {1, 2},

where the values i, j = 1 correspond to Dirichlet boundary conditions and i, j = 2 to

Neumann conditions by x and y respectively. One can see that 2D Green function Gij

may be presented as a product of two 1D Green functions for corresponding heat equa-

tions: Gij(x, y, t, ξ, η, τ) = Gi(x, t, ξ, τ)Gj(y, t, η, τ). Moreover, it is easy to verify that

G1x(x, t, ξ, τ) = −G2ξ(x, t, ξ, τ).

Suppose that the following assumptions hold:

(A1) φ ∈ C1,0(D), µ1i ∈ C2,1([0, l]×(0, T ]), µ2i ∈ C1,0([0, h]×(0, T ]), f ∈ C1,0,0(QT ), µ3i ∈
C1([0, T ]), i ∈ {1, 2}.

Here we used the notations from [12]. Now, �nd the derivative ux(x, y, t) and transform
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it by integrating by parts:

ux(x, y, t) =

l∫
0

h∫
0

G22(x, y, t, ξ, η, 0)φξ(ξ, η)dξdη

−
t∫

0

l∫
0

G22(x, y, t, 0, η, τ)(µ11τ (η, τ)− a2(τ)µ11ηη(η, τ)− f(0, η, τ))dηdτ

+

t∫
0

l∫
0

G22(x, y, t, h, η, τ)(µ12τ (η, τ)− a2(τ)µ12ηη(η, τ)− f(h, η, τ))dηdτ

−
t∫

0

h∫
0

G22(x, y, t, ξ, 0, τ)a2(τ)µ21ξ(ξ, τ)dξdτ +

t∫
0

h∫
0

G22(x, y, t, ξ, l, τ)

× a2(τ)µ22ξ(ξ, τ)dξdτ +

t∫
0

∫∫
D

G22(x, y, t, ξ, η, τ)fξ(ξ, η, τ)dξdηdτ. (9)

To �nd
l∫
0

ux(x, y, t)dy, note that by direct calculation we get
h∫
0

G2(x, t, ξ, τ)dx = 1. Hence,

we obtain

l∫
0

ux(x, y, t)dy =

h∫
0

G2(x, t, ξ, 0)dξ

l∫
0

φξ(ξ, η)dη −
t∫

0

G2(x, t, 0, τ)dτ

l∫
0

(µ11τ (η, τ)

− f(0, η, τ))dη +

t∫
0

G2(x, t, h, τ)dτ

l∫
0

(µ12τ (η, τ)− f(h, η, τ))dη

+

t∫
0

G2(x, t, 0, τ)a2(τ)(µ22(0, τ)− µ21(0, τ))dτ −
t∫

0

G2(x, t, h, τ)a2(τ)(µ22(h, τ)

− µ21(h, τ))dτ −
t∫

0

h∫
0

G2(x, t, ξ, τ)a2(τ)µ21ξ(ξ, τ)dξdτ +

t∫
0

h∫
0

G2(x, t, ξ, τ)

× a2(τ)µ22ξ(ξ, τ)dξdτ +

t∫
0

h∫
0

G2(x, t, ξ, τ)dξdτ

l∫
0

fξ(ξ, η, τ)dη. (10)

Return to the system (6), (7). To �nd its positive solution on (0, T ], consider an auxiliary

algebraic system of equations

a1x+ b1y = c1, a2x+ b2y = c2

where ai > 0, bi > 0, ci > 0, i ∈ {1, 2}. The solution of this system is de�ned by a formula

x =
b2c1 − b1c2
a1b2 − a2b1

, y =
a1c2 − a2c1
a1b2 − a2b1

.
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It has a positive solution if

b2c1 − b1c2 > 0, a1c2 − a2c1 > 0, a1b2 − a2b1 > 0.

In turn, these conditions are ful�lled if

a1
a2

>
c1
c2
>
b1
b2
. (11)

Apply this result to the system (6), (7). It follows that the positive solution of the system

(6), (7) exists if the following conditions hold:

µ22(x, t)− µ21(x, t) ≥ 0, µ22(x, t) ̸≡ µ21(x, t), (x, t) ∈ [0, h]× (0, T ],

l∫
0

(µ11(η, t)

− µ12(η, t))dη > 0, µ′
31(t)−

∫∫
D

f(x, y, t)dx dy > 0, µ′
32(t)−

∫∫
D

xf(x, y, t)dx dy > 0,

h >

µ′
32(t)−

∫∫
D

xf(x, y, t)dx dy,

µ′
31(t)−

∫∫
D

f(x, y, t)dx dy
>

h∫
0

x(µ22(x, t)− µ21(x, t))dx

h∫
0

(µ22(x, t)− µ21(x, t))dx

l∫
0

ux(0, y, t)dy ≥ 0,

l∫
0

(ux(h, y, t)− ux(0, y, t))dy > 0, t ∈ (0, T ]. (12)

Note that two last conditions in (12) are expressed via u(x, y, t). In order to study the �rst

of them, put x = 0 in (10) and consider one of the terms within:

t∫
0

G2(0, t, 0, τ)a2(τ)(µ22(0, τ)− µ21(0, τ))dτ −
t∫

0

G2(0, t, h, τ)a2(τ)(µ22(h, τ)

− µ21(h, τ))dτ =

t∫
0

(G2(0, t, 0, τ)−G2(0, t, h, τ))a2(τ)(µ22(0, τ)− µ21(0, τ))dτ

+

t∫
0

G2(0, t, h, τ)a2(τ)(µ22(0, τ)− µ21(0, τ)− µ22(h, τ) + µ21(h, τ))dτ.

As G2(0, t, 0, τ)−G2(0, t, h, τ) ≥ 0, we have
l∫
0

ux(0, y, t)dy > 0 if the following assumptions

are ful�lled:
l∫

0

(µ11t(y, t)− f(0, y, t))dy < 0,

l∫
0

(µ12t(y, t)− f(h, y, t))dy > 0, t ∈ [0, T ],

l∫
0

φx(x, y)dy > 0,

µ21x(x, t) ≤ 0, µ22x(x, t) ≥ 0, µ22(x, t)− µ21(x, t) ≥ 0, µ22(x, t) ̸≡ µ21(x, t),

l∫
0

fx(x, y, t)dy

≥ 0, (x, t) ∈ [0, h]× (0, T ], µ22(0, t)− µ21(0, t)− µ22(h, t) + µ21(h, t) ≥ 0. (13)
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Find from (10)

l∫
0

(ux(h, y, t)− ux(0, y, t))dy =

h∫
0

(G2(h, t, ξ, 0)−G2(0, t, ξ, 0)dξ

l∫
0

φξ(ξ, η)dη

−
t∫

0

(G2(h, t, 0, τ)−G2(0, t, 0, τ))dτ

l∫
0

(µ11τ (η, τ)− f(0, η, τ) + µ12τ (η, τ)− f(h, η, τ))dη

+

t∫
0

(G2(h, t, 0, τ)−G2(0, t, 0, τ))a2(τ)(µ22(0, τ)− µ21(0, τ) + µ22(h, τ)− µ21(h, τ))dτ

+

t∫
0

h∫
0

(G2(h, t, ξ, τ)−G2(0, t, ξ, τ))a2(τ)(µ22ξ(ξ, τ)− µ21ξ(ξ, τ))dξdτ

+

t∫
0

h∫
0

(G2(h, t, ξ, τ)−G2(0, t, ξ, τ))dξdτ

l∫
0

fξ(ξ, η, τ)dη. (14)

Taking into account the representation of the Green function, consider

G2(0, t, ξ, τ)−G2(h, t, ξ, τ) =
1√

π(θ1(t)− θ1(τ))

∞∑
n=−∞

(
exp

(
− (ξ + 2nh)2

4(θ1(t)− θ1(τ))

)

− exp

(
−(ξ + (2n+ 1)h)2

4(θ1(t)− θ1(τ))

))
=

1√
π(θ1(t)− θ1(τ))

∞∑
n=−∞

(−1)n exp

(
− (ξ + nh)2

4(θ1(t)− θ1(τ))

)
:= G̃(0, t, ξ, τ).

It is easy to check that G̃(x, t, ξ, τ) is the Green function for the heat equation

ut = a1(t)uxx, (x, t) ∈ (0, h/2)× (0, T )

with boundary conditions

G̃x(0, t, ξ, τ) = 0, G̃(h/2, t, ξ, τ) = 0.

In virtue of properties of Green functions, G̃(x, t, ξ, τ) ≥ 0, (x, t), (ξ, τ) ∈ [0, h/2]× [0, T ].

For some continuous on [0, h] function ψ, transform the integral

h∫
0

(G2(h, t, ξ, τ)−G2(0, t, ξ, τ))ψ(ξ)dξ =
1√

π(θ1(t)− θ1(τ))

h∫
0

∞∑
n=−∞

(−1)n+1

× exp

(
− (ξ + nh)2

4(θ1(t)− θ1(τ))

)
ψ(ξ)dξ =

1√
π(θ1(t)− θ1(τ))

h/2∫
0

∞∑
n=−∞

(−1)n+1

× exp

(
− (ξ + nh)2

4(θ1(t)− θ1(τ))

)
ψ(ξ)dξ +

1√
π(θ1(t)− θ1(τ))

h∫
h/2

∞∑
n=−∞

(−1)n+1

× exp

(
− (ξ + nh)2

4(θ1(t)− θ1(τ))

)
ψ(ξ)dξ.
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After substitution ζ = h− ξ in the second integral, we obtain

h∫
0

(G2(h, t, ξ, τ)−G2(0, t, ξ, τ))ψ(ξ)dξ =

h/2∫
0

G̃(0, t, ξ, τ)(ψ(h− ξ)− ψ(ξ))dξ.

The same transformation is applied also to the last integral in (14). Hence, the expression

(14) is reduced to the form

l∫
0

(ux(h, y, t)− ux(0, y, t))dy =

h/2∫
0

G̃(0, t, ξ, τ)dξ

l∫
0

(φξ(h− ξ, η)− φξ(ξ, η))dη

+

t∫
0

G̃(0, t, 0, τ)dτ

l∫
0

(µ11τ (η, τ)− f(0, η, τ) + µ12τ (η, τ)− f(h, η, τ))dη

−
t∫

0

G̃(0, t, ξ, τ)a2(τ)(µ22(0, τ)− µ21(0, τ) + µ22(h, τ)− µ21(h, τ))dτ

+

t∫
0

h/2∫
0

G̃(0, t, ξ, τ)a2(τ)(µ22ξ(h− ξ, τ)− µ21ξ(h− ξ, τ)− µ22ξ(ξ, τ) + µ21ξ(ξ, τ))dξdτ

+

t∫
0

h/2∫
0

G̃(0, t, ξ, τ)dξdτ

l∫
0

(fξ(h− ξ, η, τ)− fξ(ξ, η, τ))dη. (15)

Taking into account (12)-(15), we conclude that the system (6), (7) has a positive solution
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if the following assumptions hold:

(A2)

l∫
0

φx(x, y)dy > 0, µ21x(x, t) ≤ 0, µ22x(x, t) ≥ 0,

l∫
0

fx(x, y, t)dy ≥ 0, µ22(x, t) ̸≡ µ21(x, t),

µ22(x, t)− µ21(x, t) ≥ 0,

l∫
0

(φx(h− x, η)− φx(x, η))dη ≥ 0,

l∫
0

(µ11t(η, t)− f(0, η, t)

+ µ12t(η, t)− f(h, η, t))dη ≥ 0, µ22x(h− x, t)− µ21x(h− x, t)− µ22x(x, t) + µ21x(x, t) ≥ 0,

l∫
0

(fx(h− x, η, t)− fx(x, η, t))dη ≥ 0, (x, t) ∈ [0, h]× (0, T ],

l∫
0

(µ11(y, t)− µ12(y, t))dy > 0,

l∫
0

(µ11t(y, t)− f(0, y, t))dy < 0,

l∫
0

(µ12t(y, t)− f(h, y, t))dy > 0, µ22(0, t)− µ21(0, t)

− µ22(h, t) + µ21(h, t) ≥ 0, µ′
31(t)−

∫∫
D

f(x, y, t)dx dy > 0, µ′
32(t)−

∫∫
D

xf(x, y, t)dx dy > 0,

h >

µ′
32(t)−

∫∫
D

xf(x, y, t)dx dy,

µ′
31(t)−

∫∫
D

f(x, y, t)dx dy
>

h∫
0

x(µ22(x, t)− µ21(x, t))dx

h∫
0

(µ22(x, t)− µ21(x, t))dx

, t ∈ [0, T ]. (16)

Now �nd the solution of the system (6), (7):

a1(t) =

((
µ′
32(t)−

∫∫
D

xf(x, y, t)dx dy

) h∫
0

(µ22(x, t)− µ21(x, t))dx−
(
µ′
31(t)

−
∫∫
D

f(x, y, t)dx dy

) h∫
0

x(µ22(x, t)− µ21(x, t))dx

)
∆−1(t), t ∈ [0, T ], (17)

a2(t) =

((
µ′
31(t)−

∫∫
D

f(x, y, t)dx dy

) l∫
0

(hux(h, y, t) + µ11(y, t)− µ12(y, t))dy

−
(
µ′
32(t)−

∫∫
D

xf(x, y, t)dx dy

) l∫
0

(ux(h, y, t)− ux(0, y, t))dy

)
∆−1(t), t ∈ [0, T ], (18)

where

∆(t) :=

l∫
0

(hux(h, y, t) + µ11(y, t)− µ12(y, t))dy

h∫
0

(µ22(x, t)− µ21(x, t))dx

−
l∫

0

(ux(h, y, t)− ux(0, y, t))dy

h∫
0

x(µ22(x, t)− µ21(x, t))dx. (19)
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3 Investigation of the system (17)-(18)

To establish the behavior of ∆(t) as t→ 0, we present it as

∆(t) =

l∫
0

ux(h, y, t)dy

h∫
0

(h− x)(µ22(x, t)− µ21(x, t))dx+

l∫
0

ux(0, y, t)dy

h∫
0

x(µ22(x, t)

− µ21(x, t))dx+

l∫
0

(µ11(y, t)− µ12(y, t))dy

h∫
0

(µ22(x, t)− µ21(x, t))dx. (20)

Find
l∫
0

ux(0, y, t)dy from (10) and estimate the expressions

h∫
0

G2(0, t, ξ, 0)dξ

l∫
0

φξ(ξ, η)dη ≤ C1

h∫
0

G2(0, t, ξ, 0)dξ,

−
t∫

0

G2(0, t, 0, τ)dτ

l∫
0

(µ11τ (η, τ)− f(0, η, τ))dη ≤ C2

t∫
0

G2(0, t, 0, τ)dτ,

t∫
0

G2(0, t, h, τ)dτ

l∫
0

(µ12τ (η, τ)− f(h, η, τ))dη ≤ C3

t∫
0

G2(0, t, h, τ)dτ,

t∫
0

G2(0, t, 0, τ)a2(τ)(µ22(0, τ)− µ21(0, τ))dτ ≤ C4

t∫
0

G2(0, t, 0, τ)a2(τ)dτ,

t∫
0

G2(0, t, h, τ)a2(τ)(µ22(h, τ)− µ21(h, τ))dτ ≤ C5

t∫
0

G2(0, t, h, τ)a2(τ)dτ,

−
t∫

0

h∫
0

G2(0, t, ξ, τ)a2(τ)µ21ξ(ξ, τ)dξdτ +

t∫
0

h∫
0

G2(0, t, ξ, τ)a2(τ)µ22ξ(ξ, τ)dξdτ

≤ C6

t∫
0

h∫
0

G2(0, t, ξ, τ)a2(τ)dξdτ,

t∫
0

h∫
0

G2(0, t, ξ, τ)dξdτ

l∫
0

fξ(ξ, η, τ)dη ≤ C7

t∫
0

h∫
0

G2(0, t, ξ, τ)dξdτ.

Here and below Ci, i = 1, 2, 3, ..., mean constants depending on given data. Denote ai(t) :=

tβibi(t) and suppose that βi ≥ 1, bi(t) > 0, t ∈ [0, T ], i ∈ {1, 2}. Taking into account Green

functions estimates [13], we get

t∫
0

G2(0, t, 0, τ)dτ ≤
t∫

0

(
C11√

θ1(t)− θ1(τ)
+C12

)
dτ ≤ C13t

1−β1
2√

min
[0,T ]

b1(t)
+C12T, G2(0, t, h, τ) ≤ C14.
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On the other hand,

t∫
0

G2(0, t, 0, τ)dτ ≥
t∫

0

dτ√
π(θ1(t)− θ1(τ))

≥ C15t
1−β1

2√
max
[0,T ]

b1(t)
.

Hence, we obtain

C16t
1−β1

2√
max
[0,T ]

b1(t)
≤

l∫
0

ux(0, y, t)dy ≤ C17t
1−β1

2√
min
[0,T ]

b1(t)
+

C18√
min
[0,T ]

b1(t)

t∫
0

τβ2b2(τ)dτ√
tβ+1 − τβ+1

+ C19

t∫
0

τβ2b2(τ)dτ.

Transform the integral

t∫
0

τβ2b2(τ)dτ√
tβ+1 − τβ+1

≤ tβ2−β1/2

t∫
0

b2(τ)dτ√
t− τ

(
τ

t

)β
≤ tβ2−β1/2

t∫
0

b2(τ)dτ√
t− τ

.

Finally, we get

C16t
1−β1

2√
max
[0,T ]

b1(t)
≤

l∫
0

ux(0, y, t)dy ≤ C17t
1−β1

2√
min
[0,T ]

b1(t)
+
C20t

β2−β1/2√
min
[0,T ]

b1(t)

t∫
0

b2(τ)dτ√
t− τ

+ C21t
β2

t∫
0

b2(τ)dτ t ∈ (0, T ]. (21)

Similarly we �nd

C22t
1−β1

2√
max
[0,T ]

b1(t)
≤

l∫
0

ux(h, y, t)dy ≤ C23t
1−β1

2√
min
[0,T ]

b1(t)
+
C24t

β2−β1/2√
min
[0,T ]

b1(t)

t∫
0

b2(τ)dτ√
t− τ

+ C25t
β2

t∫
0

b2(τ)dτ t ∈ (0, T ]. (22)

It means that the following inequality is true:

C26t
1−β1

2√
max
[0,T ]

b1(t)
≤ ∆(t) ≤ C27t

1−β1
2√

min
[0,T ]

b1(t)
+
C28t

β2−β1/2√
min
[0,T ]

b1(t)

t∫
0

b2(τ)dτ√
t− τ

+ C29t
β2

×
t∫

0

b2(τ)dτ, t ∈ (0, T ]. (23)
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Present (17) as

a1(t) = ∆−1(t)

h∫
0

(µ22(x, t)− µ21(x, t))dx

(
µ′
31(t)−

∫∫
D

f(x, y, t)dx dy

)

×


µ′
32(t)−

∫∫
D

xf(x, y, t)dx dy,

µ′
31(t)−

∫∫
D

f(x, y, t)dx dy
−

h∫
0

x(µ22(x, t)− µ21(x, t))dx

h∫
0

(µ22(x, t)− µ21(x, t))dx

 , t ∈ (0, T ]. (24)

Suppose that the following representations hold:

µ′
31(t)−

∫∫
D

f(x, y, t)dx dy ≡ κ1(t)t
β1+1

2 , µ′
32(t)−

∫∫
D

xf(x, y, t)dx dy ≡ κ2(t)t
β1+1

2 , (25)

where κi(t) > 0, t ∈ [0, T ], i ∈ {1, 2}. In virtue of assumptions (16) and (25), we obtain from

(22):

b1(t) ≤ C30

√
max
[0,T ]

b1(t),

or

b1(t) ≤ B1 <∞, t ∈ [0, T ], (26)

where constant B1 is determined by given data.

Investigate the equation (18). Transform it as follows:

a2(t) =

 l∫
0

ux(h, y, t)dy

hµ′
31(t)− h

∫∫
D

f(x, y, t)dx dy − µ′
32(t) +

∫∫
D

xf(x, y, t)dx dy


+

l∫
0

ux(0, y, t)dy

µ′
32(t)−

∫∫
D

xf(x, y, t)dx dy

+

µ′
31(t)−

∫∫
D

f(x, y, t)dx dy


×

l∫
0

(µ11(y, t)− µ12(y, t))dy

∆−1(t), t ∈ (0, T ]. (27)

In addition to the assumptions from above, suppose that

hµ′
31(t)− µ′

32(t) +

∫∫
D

(x− h)f(x, y, t)dx dy > 0, t ∈ (0, T ]. (28)

To estimate a2(t), note that from (15), (16) we have the inequality

l∫
0

ux(h, y, t)dy ≥
l∫

0

ux(0, y, t)dy.
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Taking it and (20) into account, we obtain from (27)

a2(t) ≤

µ′
31(t)−

∫∫
D

f(x, y, t)dx dy

h l∫
0

ux(h, y, t)dy +

l∫
0

(µ11(y, t)− µ12(y, t))dy


×

 l∫
0

ux(0, y, t)dy

h∫
0

x(µ22(x, t)− µ21(x, t))dx

−1

.

In virtue of (21), (22), (25), (26), we conclude

a2(t) ≤ tβ1

(
C31t

1−β1
2√

min
[0,T ]

b1(t)
+
C32t

β2−β1/2√
min
[0,T ]

b1(t)

t∫
0

b2(τ)dτ√
t− τ

+ C33t
β2

t∫
0

b2(τ)dτ + C34

)√
max
[0,T ]

b1(t)

≤ t
β1+1

2

(
C35√

min
[0,T ]

b1(t)
+

C36t
β2−1/2√

min
[0,T ]

b1(t)

t∫
0

b2(τ)dτ√
t− τ

+ C37t
β1−1

2
+β2

t∫
0

b2(τ)dτ + C38t
β1−1

2

)
or

b2(t) ≤
C35t

β1+1
2

−β2√
min
[0,T ]

b1(t)
+

C36t
β1
2√

min
[0,T ]

b1(t)

t∫
0

b2(τ)dτ√
t− τ

+ C37t
β1

t∫
0

b2(τ)dτ + C38t
β1−β2 .

It is easy to see that the above inequality has sense if β2 =
β1+1
2
. In this case we obtain

b2(t) ≤
C35√

min
[0,T ]

b1(t)
+

C36t
β1
2√

min
[0,T ]

b1(t)

t∫
0

b2(τ)dτ√
t− τ

+C37t
β1

t∫
0

b2(τ)dτ +C38t
β1−1

2 , t ∈ [0, T ]. (29)

Transform the integral

t∫
0

b2(τ)dτ =

t∫
0

√
t− τb2(τ)dτ√

t− τ
≤ C39

t∫
0

b2(τ)dτ√
t− τ

and reduce the inequality (29) to the form

b2(t) ≤
C35√

min
[0,T ]

b1(t)
+

 C40√
min
[0,T ]

b1(t)
+ C41

 t∫
0

b2(τ)dτ√
t− τ

+ C42, t ∈ [0, T ]. (30)

The inequality (30) is similar to the following one:

v(t) ≤ C43 + C44

t∫
0

v(τ)dτ√
t− τ

, t ∈ [0, T ]. (31)

To solve it, we �nd from (31)

t∫
0

v(σ)dσ√
t− σ

≤ C45 + C44

t∫
0

dσ√
t− σ

σ∫
0

v(τ)dτ√
σ − τ

≤ C45 + C46

t∫
0

v(τ)dτ.
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Applying this estimate to (31) we obtain the Bellman-Gronwall inequality

v(t) ≤ C47 + C48

t∫
0

v(τ)dτ, t ∈ [0, T ], (32)

where C47, C48 are determined by T,C43, C44. The solution of (32) is given by

v(t) ≤ C47e
C48t, t ∈ [0, T ]. (33)

Hence, we have the following inequality for the solution of (30):

b2(t) ≤

 C35√
min
[0,T ]

b1(t)
+ C42

 exp

 C40√
min
[0,T ]

b1(t)
+ C41

 t

 , t ∈ [0, T ]. (34)

Return to the equation (24) and estimate a1(t) from below using (16), (23), (25):

b1(t) ≥
C49t

1−β1
2

√
min
[0,T ]

b1(t)

C27t
1−β1

2 + C28tβ2−β1/2
t∫
0

b2(τ)dτ√
t− τ

+ C29tβ2
√
min
[0,T ]

b1(t)
t∫
0

b2(τ)dτ

.

In virtue of (26) and assumption β2 =
β1+1
2
, we get

b1(t) ≥
C49

√
min
[0,T ]

b1(t)

C27 + C28

√
t

t∫
0

b2(τ)dτ√
t− τ

+ C50tβ1

t∫
0

b2(τ)dτ

. (35)

Note that C28

√
t

t∫
0

b2(τ)dτ√
t− τ

+ C50t
β1

t∫
0

b2(τ)dτ → 0 as t→ 0. Then ∃T0 ∈ (0, T ] :

C28

√
t

t∫
0

b2(τ)dτ√
t− τ

+ C50t
β1

t∫
0

b2(τ)dτ ≤ C27, t ∈ [0, T0]. (36)

One easily derives from here the estimate

b1(t) ≥ B2 > 0, t ∈ [0, T0]. (37)

Applying (37) to (34), we get

b2(t) ≤ B3 <∞, t ∈ [0, T0]. (38)

Here B2, B3 are known constants.

To establish the estimate of a2(t) from below, we �nd from (27)

a2(t) ≥
l∫

0

ux(0, y, t)dy

µ′
32(t)−

∫∫
D

xf(x, y, t)dx dy

∆−1(t).
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After (38), (39) the estimate of ∆(t) from (23) becomes following:

∆(t) ≤ C51t
1−β1

2 + C52.

Similarly we get from (21):

l∫
0

ux(0, y, t)dy ≥ C53t
1−β1

2

.

Finally, we �nd

b2(t) ≥ B4 > 0, t ∈ [0, T0], (39)

where the constant B4 is de�ned by given data.

4 Existence of solution of the problem (1)-(5)

Rewrite the equation (1) as

ut = b1(t)t
β1uxx + b2(t)t

β2uyy + f(x, y, t), (x, y, t) ∈ QT , (40)

and consider the inverse problem (40), (2)-(5) with unknowns (b1(t), b2(t), u(x, y, t)).

Theorem. Suppose that in addition to (A1), (A2), the following assumptions hold:

(A3) hµ′
31(t)−µ′

32(t)+
∫∫
D

(x−h)f(x, y, t)dx dy > 0, µ′
31(t)−

∫∫
D

f(x, y, t)dx dy ≡ κ1(t)t
β1+1

2 ,

µ′
32(t)−

∫∫
D

xf(x, y, t)dx dy ≡ κ2(t)t
β1+1

2 , κi(t) > 0, t ∈ [0, T ], i ∈ {1, 2};

(A4) consistency conditions of zero order and conditions
∫∫
D

φ(x, y)dx dy = µ31(0),∫∫
D

xφ(x, y)dx dy = µ32(0), t ∈ (0, T ].

If β2 =
β1+1
2
, then there exists a solution (b1(t), b2(t), u(x, y, t)) of the problem (40), (2)-

(5) de�ned for (x, y) ∈ D, t ∈ [0, T0] such that (b1, b2, u) ∈
(
C([0, T0])

)2×C2,2,1(D×(0, T0))∩
C1,0,0(D × (0, T0]), bi(t) > 0, t ∈ [0, T0], i ∈ {1, 2}. The number T0 ∈ (0, T ] is determined by

given data.
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Proof. Reduce the system (24), (27) to the form

b1(t) = t
1−β1

2 κ1(t)

h∫
0

(µ22(x, t)− µ21(x, t))dx

µ′
32(t)−

∫∫
D

xf(x, y, t)dx dy,

µ′
31(t)−

∫∫
D

f(x, y, t)dx dy

−

h∫
0

x(µ22(x, t)− µ21(x, t))dx

h∫
0

(µ22(x, t)− µ21(x, t))dx

∆−1(t), t ∈ (0, T ], (41)

b2(t) =

(
(hκ1(t)− κ2(t))

l∫
0

ux(h, y, t)dy + κ2(t)

l∫
0

ux(0, y, t)dy

+ κ1(t)

l∫
0

(µ11(y, t)− µ12(y, t))dy

)
∆−1(t), t ∈ (0, T ]. (42)

Evidently, the system (41), (42) is equivalent to the problem (40), (2)-(5). On the other

hand, the estimates (26), (38)-(40) remain valid for its solution on [0, T0]. Consider the

system (41), (42) as an operator equation

ω = Pω, (43)

where (b1, b2) := ω, (P1, P2) := P and operators P1, P2 are de�ned by the right hand sides

of the equations (41), (42), respectively. Consider the equation (43) in the domain N :=

{(b1, b2) ∈ (C([0, T0]))
2 : B2 ≤ b1 ≤ B1, B4 ≤ b2 ≤ B3} of the Banach space (C([0, T0]))

2.

In virtue of estimates (26), (38)-(40), the operator P maps N onto itself. As it is shown in

[7], [11], the operator is compact on N . Then it follows from Schauder �xed-point theorem

that the operator has at least one �xed point in N . It means that the system (41), (42) has

a solution (b1, b2) ∈ (C([0, T0]))
2. Putting it in (8), we get a solution of the direct problem

(40), (2)-(4) with appropriate smoothness [12].
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Ìèêîëà Iâàí÷îâ, Âiòàëié ÂëàñîâÎáåðíåíà çàäà÷à äëÿ äâîâèìiðíîãî ðiâíÿííÿ òåïëîïðîâiäíîñòi

çi ñèëüíèì âèðîäæåííÿì. Âèïàäîê iíòåãðàëüíèõ óìîâ ïåðåâèçíà÷åííÿ. // Áóêîâèíñüêè�è

ìàòåì. æóðíàë � 2019. � Ò.7, �1. � C. 32�47.

Ðîçãëÿäà¹òüñÿ iñíóâàííÿ êëàñè÷íîãî ðîçâ'ÿçêó îáåðíåíî¨ çàäà÷i çíàõîäæåííÿ äâîõ çà-

ëåæíèõ âiä ÷àñó êîåôiöi¹íòiâ ó äâîâèìiðíîìó ðiâíÿííi òåïëîïðîâiäíîñòi. Ïðèïóñêà¹ìî,

ùî íåâiäîìi êîåôiöi¹íòè çíèêàþòü ó ïî÷àòêîâèé ìîìåíò ÷àñó ÿê ñòåïåíåâà ôóíêöiÿ iç ïî-

êàçíèêîì, áiëüøèì 1. Iñíóâàííÿ äîâîäèòüñÿ ç äîïîìîãîþ òåîðåìè Øàóäåðà ïðî íåðóõîìó

òî÷êó.


