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INVERSE PROBLEM FOR A 2D STRONGLY DEGENERATE HEAT
EQUATION WITH INTEGRAL OVERDETERMINATION CONDITIONS

The existence of a classical solution to the problem of identification of two time-dependent
coefficients in the 2D heat equation is considered. We suppose that unknown coefficients vanish
at the initial moment of time as a power with exponent greater than 1. Existence is established
via Schauder fixed-point theorem:.
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INTRODUCTION

An inverse problem for a 2D strongly degenerate anisotropic heat equation in a rectan-
gular domain is considered. Such problems are of growing importance to various branches of
physics, economics, etc. [1, 2, 3|. The first results on identification of unknown coefficients in
degenerate equations were obtained in [4, 5]. More systematic investigation of inverse prob-
lems for one-dimensional degenerate parabolic equations was made in [6, 7, 8]. The transition
to 2D degenerate equations was realized only in the case when unknown coefficients depend
on the time variable. For weakly degenerate parabolic equations, inverse problems with one
or two unknown leading coefficients |9, 10| were studied. An inverse problem for 2D strongly
degenerate heat equation with one unknown coefficient was investigated in [11].

In this paper we establish conditions for existence of solution to an inverse problem for
a 2D strongly degenerate heat equation with two unknown coefficients that have different
behavior of power type at the initial moment of time.

1 PROBLEM STATEMENT

In the domain Qr := {(z,y,t) : 0 < z < h,0 <y < [,0 <t < T} we consider a
two-dimensional heat equation with two unknown leading coefficients depending on the time
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variable. We suppose that each of unknown coefficients vanishes at the initial moment of
time as a power t% where 3; > 1,7 € {1,2}. We will use mixed Dirichlet-Neumann boundary
conditions, and the additional conditions (also called overdetermination conditions) will be
of integral type. The problem is to find a triplet of functions (ay(t), as(t), u(z,y,t)), a;(t) >
0,t € (0,7],i € {1,2} satisfying the degenerate heat equation

Uy = al(t)u;rx + a2(t)uyy + f(ill', Y, t)? (.’K, Y, t) € QT7 (1)

initial condition
u(z,y,0) = ¢(z,y,0), (z,y) €D :=1[0,h]x[0,1], (2)

boundary conditions

U(an7t) = Mll(yvt)’ u(h7yat) = MIQ(yat)7 (y7t) S [07 l] X [OrTL (3)
Uy (2,0,1) = por(x,t), uy(x, 1, t) = poo(x,t), (z,t) €[0,h] x [0,T] (4)

and overdetermination conditions

// w(z,y, t)de dy = pzi(t), // zu(z,y, t)dx dy = pso(t), te€ (0,T]. (5)

Our aim is to determine the conditions of existence of classical solution to the problem

(1)-(5)-
2 REDUCTION OF THE PROBLEM (1)-(5) TO AN EQUATION SYSTEM FOR a4(t), as(t)

Assume temporarily that coeflicients a; = a;(t) > 0,t € (0,7] from the space C|0,T]
are known. Reduce the problem (1)-(5) to a system of equations with respect to a;(t), as(?)
with the aid of overdetermination conditions (5). Differentiating them with respect to ¢ and
using equation (1) we obtain

l h
myﬂmww»+mmﬁ sy, ) dy + aslt /mmxﬂ i (2, 1))

- :u32 //mf €z y7 dfﬂdy, te [O7T]? (6)

l h
3] <t> /(uw(ha Y, t) - ur(ov ya dy + a2 / ,u22 z, t — H21 (l’, t))dl‘
0 0

=%m—/f@%wm%temﬂ. @)
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Transform the system of equations (6), (7), substituting the values related to w. Using the
Green function Ga(x,y,t,&,n,7) we find the solution to the direct problem (1)-(4)

l

Il h t
gj y7 //G12($ay7t7€777a 0)@(€an)d§dn+//G125(x7yat707n77)a1(7)
0 0

0
t h

l
X m(nﬁ)dndf—//Gmg z,y,t, hyn, T)ar (1) p2(n, )dndT—//Glz r,y,t,£,0,7)
0 O

0
t

X as(F)mn (&, 7)dedT + / / Gl ot €1, 7)an (7)€, 7)ddr

0 0

+O/é/ Gro(x,y,t,&,m,7)f(€,n, T)dédndT,  (2,9,t) € Q. ®)

The Green function is defined by the equality

(T 1 v eX —($_§+2nh)2
A (T oy O 92<T>>m§_m( p( 4<91<t>—91<7>>)

0o (550 3?@)))) (exp <4EZ2“;+922T3§1>>

4 (y+n+2ml)2>> - /
+(—1) ex (— , 1,7 €{1,2},0,(t) = [ arp(o)do, k € {1,2},
(1) e (o € 020,00 = [ano)io, < (1)
where the values 7,7 = 1 correspond to Dirichlet boundary conditions and ¢,7 = 2 to

Neumann conditions by x and y respectively. One can see that 2D Green function Gj;
may be presented as a product of two 1D Green functions for corresponding heat equa-
tions: Gij(z,y,t,6,n,7) = Gi(z,t,&,7)G,(y,t,n, 7). Moreover, it is easy to verify that
G, (2,t,€,7) = =G (2,1, 7).

Suppose that the following assumptions hold:

(A1) ¢ € CY(D), pns € C*([0,1]x(0,T1), pas € CHO([0, h]x (0, T]), f € CHOYQy), pias €
([0, T)),i € {1,2}.

Here we used the notations from [12]. Now, find the derivative u,(x,y,t) and transform
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it by integrating by parts:

ot L//Gmx%tim)%@nﬂwn

l

/G22 z,y, t Oa n, 7_) (P“ll-r (777 7—) - a?(T)lull,m (na 7—) - f(()? , T))dndT
0

G22 (.1', Y, ta ha , 7_) (ul?-r (777 7—) - GQ(T)M]_Q,,W (777 7—) - f(h? 7, 7))d77d7

+
o\W c:\M o\ﬁ*
O\m o\~

t h
- G22(£7 Y, t7 57 07 T)a2<7—)/1’21§ (57 T)dng + / / G22(x7 Ys tu 57 lu 7-)
0 0
t
< ax(Ppas (¢ r)ddr + [ [ [ Gaaloy.t€on. ) el mor)dandr. 9)
0 D
! h
To find [ u,(x,y,t)dy, note that by direct calculation we get [ Ga(z,t, &, 7)dx = 1. Hence,
0 0
we obtain
I h I I
/%@mmp/butuwg pe(€.n)dy - /@waw/mhm
0 0 0
t I
— f(0,m, ))dn+/Gz x,t,h, T dT/ fiiz, (n,7) = f(h,n, 7))dn
0 0

t

+/GQ(Q?,t,0,7’)&2(7’)([1,22(0,7') —Mgl(O,T))dT—/GQ(.CE,t, h,T)CLQ(T)([LQQ(h,T)

t h h

0
— pior(h,7))d //ngtf, Jao(T) pin (&, 7 d§d7+//G2xt§, T)
0

0

X g (T) phaz (§, T)dng—i-//Gg x, t, & T dde/fg &n, T (10)

Return to the system (6), (7). To find its positive solution on (0, 7], consider an auxiliary
algebraic system of equations

a1 x + by =c1, asx + boy = ¢

where a; > 0,b; > 0,¢; > 0,7 € {1,2}. The solution of this system is defined by a formula

baci — bicy a1C2 — aCy

N a1b2 — a2b17 y= a1b2 — a261 ’
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It has a positive solution if
baci — bicg > 0, a1Co — A9C1 > 0, a1by — agby > 0.

In turn, these conditions are fulfilled if

a1 C1 by
— > > 11
o by’ (11)

Apply this result to the system (6), (7). Tt follows that the positive solution of the system
(6), (7) exists if the following conditions hold:

pra(,t) — pon (2, ) > 0, pigp(, ) Z po (0, 1), (z,t) € [0, ] x (0,77, /(Mll(ﬁat)

— paa(n,t))dn >0, i (t / f(z,y,t)dzdy > 0, o (t) — // rf(z,y,t)drdy >0,
D

,ué2(t) - Lgf .1'f(.1', Y, )d$ dya fx<,u22(x t) N21(x7t>)dx

/ — >
11 (t) fo @y, t)dz dy th (p22(,t) — por(z,t))dx

h >

l [
/ a0, , £)dy > 0, /<ux<h,y,t>—ux<o,y,t>>dy>o, te(0,7). (12)
0 0

Note that two last conditions in (12) are expressed via u(x,y,t). In order to study the first
of them, put z = 0 in (10) and consider one of the terms within:

t t

/GQ(O, t, O, T)CZQ(T) (MQQ(O, 7') — U21 (O, T))dT — /GQ(O, t, h, T)CLQ(T) (ﬂgg(h, 7')

0 0

— por(h,7))dT = /(Gg(O,t, 0,7) — Go(0,t, h, 7))as(7)(a2(0, 7) — 21 (0, 7))dr

t

+ /GQ(O, t,hy m)as(T)(pe2(0,7) — p21(0,7) — poo(h, 7) + po1(h, 7))dT.

I
As G5(0,t,0,7) — G2(0,¢,h,7) > 0, we have [ u,(0,y,¢)dy > 0 if the following assumptions
0

are fulfilled:
! l !

/(unt(y,t)—f((),% dy<0,/u12t y,t) — f(h,y,t))dy > 0,t € [0,T] /sox:c y)dy > 0,
0 0 0

”211(3:725) S O,Mggm(ff,t) Z 0,M22($7t) - MZl(Ivt) Z OaM?Q(x>t) 7_é ﬂ?l(xvt)a/fw(xvyat)dy
0

Z 0, (J],t) S [07 h] X (O,T], ,LLQQ(O, t) - Mgl(o,t) — Mgg(h,t> + /,Lgl(h7t) Z 0. (13)
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Find from (10)

[ h l
/wam%w (0,1, 1) /iahtfo Gmw@ﬁmg/%@mMn
0 0 0
t l
—/wam&7%4%®mQTWh/ﬂmxmﬂ—f@mnﬁ+mmwﬁ%<HMmﬂﬂn
0 0

t

/(Gg(h t 0 7') — GQ(O,t, O, T))GQ(T)(/,LQQ(O,T) — ,U21(O, 7') + Mgz(h, T) — ,U21<h,’7'))d’7'

>

0

+//GﬂM£T G0, 1, €, 7))an(r) (s, (€, 7) — pm, (€, 7)) dE
0

>

l
+ //(G2<h7t7§77—> - G2(07t7£77—>>d§d7—/ff(€77777—)d77 (14)
0 0

Taking into account the representation of the Green function, consider

B 1 > e[ (€ + 2nh)?
G044 = Gallnty &) = \/77(91(15)—81(7))”:200( p( 4(91(25)—01(7)))

e _(E+(@2n+1)h)? 1 — non( (€ +nh)?
p( 4(61(t) — 61(7)) >) V(01(t) — 61(7)) n;w( b p( 4(6:(t) — 91(7))>
= G(O,t,f,T).

It is easy to check that é(m, t,&,7) is the Green function for the heat equation
up = ag () gy, (z,t) € (0,h/2) x (0,T)
with boundary conditions
G.(0,t,6,7) =0, G(h/2,t,&,7)=0.

In virtue of properties of Green functions, G(z,t,&,7) > 0, (x,t), (€,7) € [0,h/2] x [0,T].
For some continuous on [0, h] function 1, transform the integral

h o
/(GQ(h>tvf>7-) - G2(0>t7577))¢(€)d€ - \/’/T(el(t)l— ‘91(7_)) / Z (_1)n+1
h/2
X ex — <£ + nh)2 = 1 S _1\n+1
p( 4(0,(t) — 91(7)))¢(€)d§ \/7T(91(t) —01(7)) O/nz_:oo( Y

X exp| — (€ +nh)? 1 o _qyntl
p( 4%@%—%ﬁ»>w@M6+v%wﬂﬂ—eﬂﬂ)/‘Ej( b

v oxo — (€ +nh)?
p( 4&@»—aw»>w@”5




38 MYKOLA IVANCHOV, VITALIY VLASOV

After substitution ¢ = h — £ in the second integral, we obtain

h/2

/ (Galh,t,€,7) — Ga(0, ,€, 7)) (€)dE = / G0, 1., 7)o — €) — p(€))de.

0

The same transformation is applied also to the last integral in (14). Hence, the expression
(14) is reduced to the form

l l

h/2
/ux (h,y,t) — uy(0,y,t) / (0,2,&,7) /(soa(h—f,n) — e(&,m))dn
0

0 0
l

+ é(O,t,O,T)dT (M11T(7h7’> - f(O,T],T) +/v5127(7777—) - f(h7n77—>>dn
faosom |

0
t

—/G‘(O t,§,7)az(7)(122(0, 7) — 21 (0, 7) + paa(h, 7) — o1 (h, 7))dr

t h/2

/ / (0,1, €, 7)aas(r) (pizzg (h — E.7) — pizs (b — €,7) — ping (6, 7) + iz, (€, 7)) dér

¢ h/2 l

+ / / G(0,4,¢, 7)dedr / (Felh — €., 7) — fe(&,m.7))dln. (15)

0

Taking into account (12)-(15), we conclude that the system (6), (7) has a positive solution
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if the following assumptions hold:

l l

<A2) /(pfﬂ(xvy)dy > O7u2lz(x7t) S O,/,ngz(l’,t) Z Oa/fl‘(x7y7t)dy 2 07M22<x7t) 7_é M21(x7t)7
0

0
l l

po2(2,t) — par(z,t) >0, /(%(h —x,1m) — e (x,1))dn > 0, /(unt(n,t) — f(0,n,t)

0 0
+ ,u12t(777t> - f(hﬂ?at))d?? > 07 ,u221(h‘ - xat) - /’Lle(h - $,t) - MQQz(xat) + /Lle(x7 t) > 07

(fo(h —2,n,t) — fulw,n,t))dn > 0, (z,t) € [0,h] x (0,77, /(uu(y, t) — pi2(y, t))dy > 0,

O\N O\N

I
(a1, (y, t) = f(0,y,t))dy <0, / f12,(y, 1) — f(h,y,t))dy > 0, 1122(0, ) — pi21 (0, 2)
0
— pga(hyt) + por(hyt) >0, ps, (t) — //fmytdxdy>0,u32 //xfxytdmdy>0,

(o (t) — ff xf(z,y,t)dr dy, o (pio2(z,t) — poi(,t))dw

>
31 xT dx d h 7
% fff Yy t)da dy {(Mm(l}t) — pan(, t))da

P == 5

h >

te[0,7]. (16)

Now find the solution of the system (6), (7):

0= ( (0 / [ s piisay) / (e 0) = g ) = (4 1)

—//f(a:,y,t)dxdy)/a:(,um(x,t)—ml(x,t))dx)A_l(t),tG [0, 77, (17)
((ugl / flz,y.1) da:dy)/hux(h,y,tHun(y,t)—ulz(y,t))dy

—<u32 -/ a:fx,y,t)dxdy) /<um<h,y,t>—ux<o,y,t>>dy)A1<t>,te[o,T1, (18)

where

Aft) =

O\N

(hug(h,y,t) + pa1(y, t) — 2y, 1)) d’y/ pa2(x, ) — po1 (1)) dx

l

/ ugz(hyy, t) — ug (0, y, t))dy/x(ugg(x,t) — pio1(z,t))dx. (19)

0
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3 INVESTIGATION OF THE SYSTEM (17)-(18)

To establish the behavior of A(t) as t — 0, we present it as

I h I h
A0 = [ sty Oy [ (1= 2)palir ) = (o) + [ 00,0y [ alam(a.)
0 0 0

0
l

h
— pio1(z, 1)) de—i‘/ pai(y,t) — paa(y, t d!// poz(,t) — por(z,t))dx. (20)
0 0

!
Find [ u,(0,y,t)dy from (10) and estimate the expressions
0

h

l h
Ga(0, 1. €, 0)d / e, m)dn < Cy / Ga(0,1, £, 0)de,
0 0

t l t

- /G2(07t7077)d7—/(Mllr(n77—> - f<077777—>>d77 S CQ/GQ(OataoaT)dTa
0 0 0
t l t
2(0,t, h, T dT/ pie, (n, 1) — f(hyn,7))dn < Cs/GQ(O,ty h,7)dr,
0 0 0
t t
G2(0,t,0,7)as(T)(p22(0, 7) — p21(0,7))dr < 04/G2(O,t,0,7)a2(7)d7,
0 0
t t
/ (0,1, b 7)as(r) (aa(h 7) — pion (7)) < C / Ga(0.£, b, T)as(7)dr,
0 0

h

t h
//Gg (0,t,&,m)as(T T)po1 (&, 7 d£d7+//G2 (0,t,&,m)as(T )/ngé(g, T)dEdT
0

0

S Cﬁ//GQ(OatagﬂT)aQ(T)dnga
0 0

h l h
G2(0,¢, &, m)dsdr | fe(&,m,7)dn < Cr G2(0,t, &, 7)ddr.
[onenr] [

Here and below Cj,i = 1,2,3, ..., mean constants depending on given data. Denote a;(t) =
tPib;(t) and suppose that 8; > 1,b;(t) > 0,t € [0,7],i € {1,2}. Taking into account Green
functions estimates [13], we get

o — .

t t

1-8;

011 2
G2(0,t,0,7 dTS/( +C )dTS——i—C T, G5(0,t,h,7) < Chy.
/ 2{ ) 0t —0.(r) minbi (1) 2 ) < Ca

0 0 [0,7]
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On the other hand,

t

/ dr =
t/c&ijLﬂdTEﬂ/\ﬁmm@)—eﬂﬂ)Z max by ()

0 0 [O’T]

Hence, we obtain

Tﬁ2b2

1-84 l
2
max by (t) min 61 min b1 A8+ — 7—6+1
(0,77 0 \/ [0,7] \/ [0,T]

t

+ 019/7'62[)2(7')(17'.

0

Transform the integral

t

Tﬁsz( )dT < (P 51/2/ by (T)dT < Bl/z/bg(T)d
\/m— / ( ) ) Vi-T
t—71| -

\]

Finally, we get

l t
020t62 p1/2 bQ(T)dT

—F— = +(0,y,0)dy <
max by () ~ /u (0,9, t)dy min b (¢ \/mlnbl Vi—T
[0,77] 0 [0,T]
¢
+ Oy t7 / by(T)dr t € (0,T]. (21)
0

Similarly we find

l

A B2—P1/2 f
) = /“x(hay, t)dy < 4 Gt bolr)dr

max by (¢ min by (¢ \/mm by (t Vt—T
(0,77 0 [0,T]
¢
+ 025t62 /bQ(T)dT te (0,T] (22)

0

It means that the following inequality is true:

t
C’zgtBQ—ﬁl/2 bg(T)d

-
<At < + C t52
max by (t) — 1) < min by (t) minb (t) ) Vt—71 2
[0,T7] [0,T7] [0,7] 0
¢
X /bg(T)dT, t e (0,77 (23)

0
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Present (17) as

h
/Mzz (z,t) — por (2, 1) da:<u31 / flz,y,t da:dy)
0

h
MgQ ff If z,Y, )dl’dy, Jx(MQQ(x7t) - /,L21<Ji,t))dl'
x - L te (0,7 (24)
i ( fff x,y,t)dr dy fh (o, £) — pion (, 1)) dax
0

Suppose that the following representations hold:

gy () — flz,y, t)de dy = s ()t = TN xf(z,y,t)de dy = s5(t)t = , (25)
4 N

where s;(t) > 0,t € [0,T],i € {1,2}. In virtue of assumptions (16) and (25), we obtain from
(22):

or

bi(t) < By < oo, te0,T], (26)

where constant B is determined by given data.
Investigate the equation (18). Transform it as follows:

l

ax(t) = /ux(h,y,t)dy Bz (t) / f(z,y,t)de dy — ps,(t +//$f($,y>t)dﬂfdy
D

e

l

l
(0,y,t)dy | pso(t) — [ | af(z,y, t)dedy | + | ph (1) — [ | f(z,y,t)dzedy
-l /
x / i (9. 1) — pa(y, )y | A1), t € (0,7 (27)
0

In addition to the assumptions from above, suppose that

hugy (1) — piso(t // x—h)f(z,y,t)dedy >0, te(0,T] (28)

To estimate aq(t), note that from (15), (16) we have the inequality

l

l
/ux(h,y,t)dy > /ux(O,yJ)dy'
0

0
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Taking it and (20) into account, we obtain from (27)

l l

(t < M31 / f z,y,1 d{L‘dy h/ux(h7yvt>dy+/(:u11(yat) _M12(yvt>)dy

0 0
l -1

| [ w0 / 2, ) — izt (2, 1)

0

In virtue of (21), (22), (25), (26), we conclude

t t
0322562 B2 by(T)dr
1) < th +C tﬁz/b dr + C b (1
aZ( ) B ( mln bl \/mlnbl \/t — T 33 2(7_) T 34 1[101%3]{ 1( )
0
t
Cot™ 7 [ balr)dr 037

t
(s | o i)
1%1%1 1 min 1 T /

t
C'35 Cgﬁ?f 2 b2 (T)dT

t

+Ct&/$ dr + Cygt™ P2,

\/mm by (t \/mln by (t Vt—1 5 2(7)dT o
[0,7] [0,7] 0

B1+1
2

<t

or

It is easy to see that the above inequality has sense if 5 = % In this case we obtain

P ¢
bo(t) < ——2% Gt ? bolm)dr oy / bo(7)dr + Cyst ", t € [0, T). (29)
min by (t) min by (t) J Vit—T1

Transform the integral

¢
/b2 dr — / Vit — Tho(T S ng/bg(T)dT
0

t—T

and reduce the inequality (29) to the form

C C bo(T)d
bo(t) < ——2 | ——— Oy / AT G e 1] (30)
min by (¢) min by (¢) t—7
(0,77 [0,7] 0

The inequality (30) is similar to the following one:

t

v(T)dr

)< Cy3+C . telo,T). 31
U()_ 43 44 \/ﬁ [ ] ( )
To solve it, we find from (31)
¢ (0)d t p o (1)d t
v(o)do o v(T)dT
<C C <C C dr.
—— = 45 1+ Cuyg Vi—o) Vo= 45 1 46/U(T)T

0 0 0 0
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Applying this estimate to (31) we obtain the Bellman-Gronwall inequality

t

U(t) S 047 + 048/U(T)d7, t e [O, T], (32)

0

where Cy7, Cys are determined by 7', Cy3, Cyq. The solution of (32) is given by
v(t) < Cyre®st, € [0,T]. (33)

Hence, we have the following inequality for the solution of (30):

() < [ —2 O | exp | | =2 v | e, tep T ()
min by (¢) min by (¢)
(0,71 (0,77

Return to the equation (24) and estimate a,(t) from below using (16), (23), (25):

049 1 2,8 min b1 (t)
by (t) > d [0,T7]
Cyr = —b1/2 f 7 + Cygth2 /nun b (t f bo (T
In virtue of (26) and assumption (s = 512“ we get

Clo . /minby(t)

0,7
but) > NETE (35)
Cor + C: L4 Cyoth ba(
27 28\/_0f \/m 50 f 2(
Note that ngxff (r)dr + Csot™ fbg Ydt — 0 as t — 0. Then 3T; € (0,71 :
N
t b ( )d t
Chs/ £+Ct51/b dr < Cyr, t€[0,Tyl. 36
Vi [ 22+ Gt [ba(r)ar < G, 1€ 0.7 (30
0 0
One easily derives from here the estimate
b1<t) 2 BZ > 07 te [O7TO] (37)
Applying (37) to (34), we get
b2(t> S BS < 00, le [OaTO] (38)

Here Bs, B3 are known constants.
To establish the estimate of as(t) from below, we find from (27)

l

/Uac (0,y,t)dy | 1yt //wf z,y, t)de dy | A7)

0
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After (38), (39) the estimate of A(t) from (23) becomes following;:

At) <

+ 052

Similarly we get from (21):

l

/umoy7 dy>C53t 2

0

Finally, we find

b2<t) > B4 > 07 te [O>TO]7 (39)

where the constant B, is defined by given data.

4  EXISTENCE OF SOLUTION OF THE PROBLEM (1)-(5)

Rewrite the equation (1) as

wp = by ()t Uy + ba ()20, + f(2,y,1), (7,y,t) € Qr, (40)

and consider the inverse problem (40), (2)-(5) with unknowns (b (%), b2(t), u(z,y,1)).

Theorem. Suppose that in addition to (A1), (A2), the following assumptions hold:

B1+1

(A3) hpuiy (1) — it +ff z—h)f(z,y, t)dvdy > 0, uy, ()= [[ f(z,y, t)dwdy = sa(t)t "2,
D

B1+1

lug’)2(t) - ff .Cl]f z,Y, )d.ﬁl]d’y == %2(t)t 2, %l(t> > O7t € [OvT]7Z € {172}7
D
(A4) consistency conditions of zero order and conditions [[ ¢(z,y)drdy = pus1(0),
D
[ vo(z,y)dz dy = p32(0), ¢ € (0,T].
D

If By = %, then there exists a solution (by(t), ba(t),u(x,y,t)) of the problem (40), (2)-
(5) defined for (z,y) € D,t € [0, Tp] such that (b1, by, u) € (C([0, To]))2 x C22H (D x (0, T))N
CHO9(D x (0, Ty)), bi(t) > 0,t € [0,Tp],i € {1,2}. The number Ty € (0,T] is determined by
given data.
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Proof. Reduce the system (24), (27) to the form

h 3o (t ffxf x,y,t)dz dy,
bl(t> / ILLQQ x, t um(x,t))dx
0

s ( fff z,y,t)dz dy

h
[ x(poz(z,t) — por(z,t))dx
0

- A7), te(0,T], (41)
Ofﬂm x,t) — poi(z,t))dx

l l

ba(t) = <(h%1 — 2o(t /ux (h,y,t)dy + »o(t /uw (0,y,t

0 0
l

#oalt) [t uu(y?t))dy)A_l(t)a te(0.1]. (42)

0

Evidently, the system (41), (42) is equivalent to the problem (40), (2)-(5). On the other
hand, the estimates (26), (38)-(40) remain valid for its solution on [0,7p]. Consider the
system (41), (42) as an operator equation

w = Puw, (43)

where (b1, b2) == w, (P, P,) = P and operators Pj, P, are defined by the right hand sides
of the equations (41), (42), respectively. Consider the equation (43) in the domain N =
{(b1,b) € (C([0,Tp)))? : By < by < By, By < by < B3} of the Banach space (C([0,Tp)))2.
In virtue of estimates (26), (38)-(40), the operator P maps A onto itself. As it is shown in
|7], [11], the operator is compact on N. Then it follows from Schauder fixed-point theorem
that the operator has at least one fixed point in N. It means that the system (41), (42) has
a solution (by,be) € (C(]0,Tp]))?. Putting it in (8), we get a solution of the direct problem
(40), (2)-(4) with appropriate smoothness [12]. O
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Muxoma IBandos, Bitamiit Bnacos Obeprena sadaua 0as 0606UMIPHO20 DPISHAHHA TNENAONPOGIOHOCTI
30 CUALHUM BUPOONHCEHHAM. Bunador inmezpaivrur ymos nepesusnauernns. /| ByKoBHHCHKHI
MareMm. kypraanx — 2019. — T.7, Nel. — C. 32-47.

Posrisimaernhes icHyBaHHS KJIACHIHOTO PO3B 3Ky OOEPHEHOI 3324l 3HAXOMKEHHS IBOX 3a-
JIEXKHUX BiZ 9acy Koedilli€HTiB y ABOBHMIPHOMY piBHAHHI TernonposigHocti. Ilpumyckaemo,
110 HeBigoMi KoedinieHTH 3HNKAIOTh y MOYATKOBUH MOMEHT Jacy siK CTeleHeBa (pyHKIIis i3 mo-
Ka3uukoM, Oisbimm 1. IcnyBannsa mosBonurbes 3 gomnomororo reopemu [laymepa npo mepyxomy
TOYKY.



