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MODELING OF ADSORPTION AND DESORPTION OF HYDROCARBONS
IN NANOPOROUS CATALYTIC ZELITE MEDIA USING NONLINEAR

LANGMUIR ISOTERM
Подано теоретичнi основи математичного моделювання неiзотермiчної адсорбцiї i десорб-

цiї в нанопористих каталiтичних цеолiтних середовищах з використанням нелiнiйної iзотерми
Ленгмюра. Триманi результати найбiльш повно визначають механiзм адсорбцiйної рiвноваги
для нанопористих систем цеолiту ZSM-5. Реалiзується ефективна схема лiнеаризацiї нелiнiй-
ної моделi. Високошвидкiснi аналiтичнi розв’язки системи лiнеаризованих граничних задач
адсорбцiї i десорбцiї в нанопористих середовищах обгрунтованi i отриманi з використанням
операцiйного методу Хевiсайда.

Ключовi слова: операцiйний метод Хевiсайда, iнтегральнi перетворення Лапласа.

The theoretical bases of mathematical modeling of nonisothermal adsorbtion and desorbtion
in nanoporous catalytic zeolite media for the Langmuir’s nonlinear isotherm are given. They most
fully determine the mechanism of adsorption equilibrium for nanoporous systems of ZSM-5 zeolite.
The effective scheme of linearization of a nonlinear model is implemented. High-speed analytical
solutions of the system of linearized boundary problems of adsorption and desorption in nanoporous
media are justified and obtained using the Heviside’s operational method.

Keywords: Heaviside’s operational method, Laplace integral transform.

1. Introduction
The main anthropogenic sources of

atmospheric pollutants are the processes
by which energy is generated for transport
and industry. It has been demonstrated that
the transport sector is the emission source
that contributes the most to global warmi-
ng at present, and it will probably remain
so in the immediate future [1]. The quali-
ty of mathematical models of processes of
adsorption and desorption of hydrocarbons
in nanoporous catalytic media determines
the effectiveness of technological solutions for
neutralizing and reducing exhaust emissions
which is rapidly increasing, contributing to
global warming [2, 3].

At present, many experimental and
theoretical studies of such processes are carri-
ed out, especially studies on the improvement
of their mathematical models, taking into
account the influence of various factors that
limit the internal kinetics of adsorption and
desorption in nanopores of catalytic media
[3-7]. For the first time, it has been possi-

ble to specify all the processes along the
columns during non-isothermal adsorption
and desorption. The proposed work outli-
nes the theoretical foundations for modeling
nonisothermal adsorption and desorption in
nanoporous catalysts for a nonlinear isotherm
obtained by the Nobel laureate E.Langmuir,
which most fully determines the mechanism of
adsorption equilibrium for nanopore systems of
the zeolite. For the modeling we have used the
Heaviside operational method and the Laplace
transform, but the development of calculati-
ons is quite original. This methodology allows
you to get high-speed analytical solutions that
improve the quality of computational paralleli-
ng and the simulation of real process.

Mathematical model of nonisothermal
adsorption and desorption in a mi-
croporous medium

The general hypothesis adopted in the
model development is that the adsorpti-
on interaction between adsorption molecules
and active adsorption centers on the phase
separation surface in crystallites nanopores
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is determined on the basis of the nonli-
near adsorption equilibrium Langmuir functi-
on with allowance of the following physical
assumptions [5-7]:

1. Adsorption is localized and is caused
by forces close to chemical forces: dispersi-
on forces, the interaction of which is establi-
shed by Lenard and the electrostatic forces
of attraction and repulsion, the mechanism of
which is described by Van- Der-Waals [6].

2. Adsorption takes place in active centers
on the adsorbent surface e distributed
throughout the internal surface of the micro-
and nanopores.

3. Each active center adsorbs only one
molecule of adsorbate and its molecular layer
of adsorbate is formed on the surface.

4. Adsorbed molecules are retained by acti-
ve centers duringa certain time, depending on
the temperature.

Proceeding from this, the function of
adsorption equilibrium (adsorption isotherm)
of the Langmuir type describing the phase
adoptive transition from the medium of the
propagating gas stream to the nanopores of the
adsorbent layer and she will be determined by
a nonlinear relationship establishing the relati-
on between the equilibrium concentration Aeq
and the adsorption value a (concentration of
adsorbate in nanoopores of the adsorbent) [6,
7]

a (ceq) = afull
b (T ) ceq
1 + ceq

. (1)

Here ∆H- energy of activation, kJ/mole; R-
gaze constant, kJ.mole/(m3.K); afull, 0 <
b0 < 1, b0– are the empirical coefficients that
depend on the properties of the microporous
adsorbent and the diffused substance: afull- the
concentration (amount) of adsorbate in the mi-
cropores of the zeolite with complete filling of
the adsorption centers, mol/g, b0 - is the coeffi-
cient equal to the ratio of the rate constants of
desorption and adsorption.

The activation energy, having a physi-
cal meaning in this problem as the heat of
adsorption, is defined as:

∆H = φ̄− (Ug − Us)−RT, (2)

where Ug − Us is the difference between the
kinetic energies of the adsorbat molecule in
the gaseous and adsorbed states depending
therefore on the nature of the adsorbed phase,
φ̄ - is the value of the Lennard-Jones potential
averaged over the pore volume of the adsorbent
[8], which is a characteristic of the zeolite.

In addition, since, Ug = ig
2
RT ; Us =

is
2
RT , where ig, is is the number of degrees

of freedom of adsorbate molecules in the
corresponding phase.

Then, using the principle of the uniform di-
stribution of energy in degrees of freedom, we
have

Ug − US =
(ig − is)

2
RT, (2)

Taking into account (2), the activation energy
of the zeolite will be determined ∆H = φ̄ −
2+ig−is

2
RT . (4) The Lennard-Jones potential is

defined as [8]:
φ(r) = 4ε

[(
r0
r

)12 − ( r0
r

)6],where the
parameters ε and rdepend on the nature of the
ascorbate molecules.

Expressing from (1) the equilibrium
concentration function Aeq with respect to the
adsorption concentration a at the interface, we
obtain

ceq(a) =
1

b (T )

a

afull − a
. (5)

The refined kinetics of non-isothermal
adsorption and desorption in nanoporous
zeolites, taking into account the nonlinear
function of adsorption equilibrium and the
given physical justifications, is described by
the following system of nonlinear partial
differential equations [6]:

∂c(t, z)

∂t
+
∂a(t, z)

∂t
+ u

∂c

∂z
= Dinter

∂2c

∂z2
, (6)

−H∂T (t, z)

∂t
−uhg

∂T

∂z
−Q∂a

∂t
−X2T+Λ

∂2T

∂z2
= 0,

(7)

∂a

∂t
= β

(
c− 1

b0 exp
(
−∆H

RT

) a

afull − a
)

)
. (8)

Initial conditions:
a) adsorption: b) desorption:
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c(t, z)|t=o = 0, c(t, z)|t=o = c00, (9)

T (t, z)|t=o = T 0
0 , T (t, z)|t=o = T 0

0 , (10)

Boundary conditions:
a) adsorption: b) desorption:

c(t, z)|z=o = c
in
, c(t, z)|z=0 = c

in
(t), (11)

∂

∂z
c(t, z)|z=∞ = 0,

∂

∂z
c(t, z)|z=∞ = 0, (12)

T (t, z)|z=0 = Tin ,
∂

∂z
T (t, z)|z=∞ = 0,

T (t, z)|z=0 = Tin(t),
∂

∂z
T (t, z)|z=∞ = 0. (13)

The meaning of the terms is given in the
Nomenclature.

We use the same symbol c00 for the adsorpti-
on and desorption because the methodology of
calculation is the same for both.

First of all we obtain the analytical soluti-
on of the eq. (6)-(13), assuming conditions
c(t, z)|z=0 = c

in
≡ const (adsorption). At the

end we generalize this solution to the conditi-
ons c(t, z)|z=0 = c

in
(t) (desorption).

The scheme of nonlinear model li-
nearization and construction of a lineari-
zed problems system solution

We perform some expansions in the seri-
es of elements of the nonlinear component

1

exp
(
−∆H

RT

) a

afull − a
of the differential equati-

on (8).
Given that the value a

afull
< 1, taking into

account the expansion

exp

(
−∆H

RT

)
= 1− R

∆H
T +

(
R

∆H

)2

T 2+ ...+

+

(
− R

∆H

)n
T n + ..., (14)

the expression (2) is represented by the series
of Maclaurin, neglecting members of less than

the second order [9]:

ceq(a) =
1

b (T )

a/afull
1− a/afull

≈
1− R

∆H
T

b0afull
a+

+
1− R

∆H
T

b0(afull)2
a2 = 1

b0afull
a+

1

b0(afull)2
a2−

R

∆H

1

b0afull
aT − R

∆H

T

b0(afull)2
a2ε ≈

≈ γa (t, z) + εa2 (t, z)− R
∆H

εa (t, z)T (t, z) ,
(15)

where γ =
1

b0afull
is the adsorption constant,

which describes the linear component of
the adsorption equilibrium function ceq(a)

(according to Henry’s law), ε =
1

b0(afull)2

is a small parameter that takes into account
the nonlinear component of the adsorption

isotherm, Q =
∆H

Mads

- specific heat of adsorpti-
on.

Fig. 1: ZSM-5 nanoporous zeolite curves for adsorption
equilibrium

Figure 1 shows typical ZSM-5 nanoporous
zeolite curves for adsorption equilibrium
(«convex» adsorption isotherms) in the
temperature range of the adsorption medium
from 0 to 350 0С [5 , 6]. It can be seen from
Fig. 1 that the value of adsorption a increases
according to the nonlinear law of the species
a/afull

1−a/afull
as the concentration of adsorbent

increases in the gas phase c, accompanied
by the "filling"of active adsorption centers
on the surface of micropores and decreases
with increasing temperature of the medium T
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(T! < T2 < T3 < T4) [5].
Substituting the expanded expression (9)

instead of the dependence ceq(a)in the third
equation of system (6)-(8), we obtain

∂a

∂t
= β(c− γa(z, t)− εa(z, t)×

×
(
a (t, z)− R

∆H
T (t, z)

)
. (16)

Scheme of linearization of a nonlinear
model and construction of a solution of
a linearized system of problems

Linearized system of problems with
small parameter. Problem (6)-(13), taking
into account the approximated kinetic equati-
on of phase transformation (16) containing
a small parameter ε, is a mixed boundary
problem for a nonlinear system of second-order
partial differential equations. The solution of
problem (6) - (13) will be sought with the
help of asymptotic expansions in the small
parameter ε in the form of the following power
series [10, 11]:

c (t, z) = c0 (t, z) + εc1 (t, z) + ε2c2 (t, z) + ...,

T (t, z) = T0 (t, z) + εT1 (t, z) + ε2T2 (t, z) + ...,
(17)

a (t, z) = a0 (t, z) + εa1 (t, z) + ε2a2 (t, z) + ....

In the result of substituting the asymptotic
sum (17) into equation (6), considering (10),
the initial nonlinear boundary value problem
(6)-(13) is parallelized into two types of lineari-
zed boundary problems [11]:

The problem A0 (zero approximation wi-
th initial and boundary conditions of the initi-
al problem): to find a solution in the domain
D = {(t, z) : t > 0,_z ∈ (0,∞)}of a system of
partial differential equations : A0

∂c0(t, z)

∂t
+
∂a0(t, z)

∂t
+ u

∂c0
∂x

=

= Dinter
∂2c0
∂z2

, (18)

−H∂T0(t, z)

∂t
− uhg

∂T0
∂z

−Q
∂a0
∂t

− X2T0+

+Λ
∂2T0
∂z2

= 0, (19)

∂a0
∂t

= β (c0 − γa0) . (20)

Initial conditions:
a) adsorption: b) desorption:

c0(t, z)|t=o = 0, c0(t, z)|t=o = c00, (21)

T0(t, z)|t=o = T 0
0 , T0(t, z)|t=o = T 0

0 , (22)

Boundary conditions:
a) adsorption: b) desorption:

c0(t, z)|z=o = c
in
, c0(t, z)|z=0 = c

in
(t), (23)

∂

∂z
c0(t, z)|z=∞ = 0,

∂

∂z
c0(t, z)|z=∞ = 0, (24)

T0(t, z)|z=0 = Tin ,
∂

∂z
T0(t, z)|z=∞ = 0,

T0(t, z)|z=0 = Tin(t),
∂

∂z
T0(t, z)|z=∞ = 0.

(25)
The problemAn;n = 1,∞ (n-th approxi-

mation with zero initial and boundary conditi-
ons): to construct in the domain D a bounded
solution of a system of equations

∂cn(t, z)

∂t
+
∂an(t, z)

∂t
+ u

∂cn
∂z

= Dinter
∂2cn
∂z2

,

(26)

−H∂Tn(t, z)

∂t
− uhg

∂Tn
∂z

−Q
∂an
∂t

− X2Tn+

+Λ
∂2Tn
∂z2

= 0, (27)

∂an
∂t

= β
(
cn − γan −

n−1∑
i=0

(
ai(t, z)×

×
(
an−1−i(t, z)−

R

∆H
Tn−1−i(t, z)

)))
(28)

with zero initial boundary conditions.
The problem A0is linear with respect to zero

approximation a0; The problem An;n = 1,∞
is linear with respect to the n-th approximation
anand nonlinear with respect to all previous n-
1 approximations a0, ..., an−1.

We build the analytic solutions of problems
A0 and An;n = 1,∞ using the Heveside
operationel method on the time variable t [12,
13].
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Having determined L [c(t, z)] ≡ c∗ (p, z) =
∞∫
0

c (t, z) e−ptdt,

L [T (t, z)] ≡ T ∗ (p, z) =
∞∫
0

T (t, z) e−ptdt,

L [a(t, z)] ≡ a∗ (p, z) =
∞∫
0

a (t, z) e−ptdt, where

p is the complex parameter of the Laplace
transform, we obtain the following boundary
problems in Laplace imagesA∗

0 and A∗
n:

The problem A∗
0: to construct in the area

D∗ = {z ∈ (0,∞)}a limited solution of equati-
ons system

d2A∗
0(p, z)

dz2
− u1

dA∗
0

dz
− q21 (p) c

∗
0 = −F∗

c0
(p) ,

(29)
d2

dz2
T ∗
0 −u2

d

dz
T ∗
0 −q22(p)T ∗

0 = −FT0
∗ (p) , (30)

a∗0 (p, z) = β
1

p+ βγ
c∗0 (p, z) , (31)

Boundary conditions:
a) adsorption: b) desorption:

c∗(p, z)|z=o = c∗in (p) ,
d

dz
c∗(p, z)|z=∞ = 0,

(32)
∂

∂z
c∗(p, z)|z=∞ = 0, c∗(p, z)|z=o =

1

p
cin, (33)

T ∗(p, z)|z=0 =
1

p
Tin,

∂

∂z
T ∗(p, z)|z=∞ = 0,

∂

∂z
T ∗(p, z)|z=∞ = 0, T ∗(p, z)|z=0 = T ∗

in(p).

(34)
The problem A∗

n;n = 1,∞: to construct
in the area D∗ = {z ∈ (0,∞)}a solution of
equations systems

d2c∗n
dz2

− u1
dc∗n
dz

− q21 (p) c
∗
n = −Fcn

∗ (p, z) , (35)

d2

dz2
T ∗
n − u2

d

dz
T ∗
n − q22(p)T

∗
n =

= −FTn
∗ (p, z) , (36)

a∗n(p, z) = β
1

p+ βγ

(
c∗n−

−
( n−1∑
i=0

aian−1−i

)∗
(p, z)

)
, (37)

where u1 = u
Dinter

, q21 (p) =
p(p+β(γ+1))
Dinter(p+βγ)

, q22 (p) =
Hp+X2

Λ
,

F∗
c0
=

c00
Dinter

,FT0
∗ (p, z) =

=
1

Λ

(
HT 0

0 −Qβ

(
1− βγ

p+ βγ

)
c∗0(p, z)

)
,

Fcn
∗ (p, z) =

β

Dinter

(
1− βγ

p+ βγ

)
×

×

(
n−1∑
i=0

ai

(
an−1−i −

R

∆H
Tn−1−i

))∗

(p, z) ,

FTn
∗ (p, z) = −Qβ

Λ

(
1− βγ

p+ βγ

)
×

×
(
c∗n(p, z)−

( n−1∑
i=0

ai

(
an−1−i−

− R

∆H
Tn−1−i

))∗
(p, z)

)
.

The solution of the non-homogeneous
boundary problem of zero -
approximationA∗

0

We construct a solution of the
heterogeneous boundary problem A∗

0 (usi-
ng the Cauchy method) [11, 14, 15]:

c∗0 (p, z) = c∗in(p)e
(u1

2
−ω1(p))z +

c00
Dinter

×

×
∞∫
0

e
u1
2
(z−ξ)

(
e−ω1(p)|z−ξ|

2ω1 (p)
− e−ω1(p)(z+ξ)

2ω1 (p)

)
dξ,

(38)

T ∗
0 (p, z) = pT ∗

in(p)
e(

u2
2
−ω2(p))z

p
+

∞∫
0

e
u2
2
(z−ξ)×

×
(
e−ω2(p)|z−ξ|

2ω2(p)
− e−ω2(p)(z+ξ)

2ω2(p)

)
F∗
T0
(p, z, ξ) dξ,

(39)
After integrating the second term in (38),

we obtain:

c∗0(p, z) = (pc∗in(p))e
u1
2
z e

−ω1(p)z

p
+ c00

γ

γ + 1
×

×
(
1

p
+

1

p+ β (γ + 1)
− γ + 1

γ
e

u1
2
z e

−ω1(p)z

p

)
+
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+c00
β

(p+ β(γ + 1))

e−ω1(p)z

p
e

u1
2
z. (40)

Here ω1 (p) =
(
u21
4
+ q21 (p)

)1/2
, ω2 (p) =(

u22
4
+ q22 (p)

)1/2
, Reω1 > 0, Reω2 > 0.

Applying the integral operator of the
inverse Laplace transform L−1

[
...

∗
(p, z)

]
=

1

2πi

σ0+i∞∫
σ0−i∞

...∗ (p, z) ept to formulas (38), (39),

we obtain turning formulas for determining the
distributions of the adsorbtive concentration in
the gas phase c0 (t, z), the temperature of the
layer T0 (t, z) and the adsorbate concentration
in the nanopores of the zeolite a0 (t, z) :

c0(t, z) = e
u1
2
zL−1[pc∗in(p)] ∗ L−1

[
e−ω1(p)z

p

]
+

+c00
γ

γ + 1

(
L−1

[
1

p

]
+ L−1

[
1

p+ β (1 + γ)

]
−

−γ + 1

γ
e

u1
2
zL−1

[e−ω1(p)z

p

])
+

+c00βL
−1

[
1

p+ β(γ + 1)

]
∗L−1

[
e−ω1(p)z

p

]
e

u1
2
z,

(41)

T0 (t, z) = e
u2
2
zL−1 [pT ∗

in(p)] ∗ L−1

[
e−ω2(p)z

p

]
+

+

∞∫
0

e
u2
2
(z−ξ)

(
L−1

[
e−ω2(p)|z−ξ|

2ω2(p)

]
−

−L−1

[
e−ω2(p)(z+ξ)

2ω2 (p)

])
∗ L−1

[
F∗
T0
(p, z, ξ)

]
dξ,

(42)

a0 (t, z) = L−1

[
β

p+ γβ

]
∗ c0 (t, z) . (43)

Here L−1 - the symbol of the integral operator
of the inverse Laplace transformation, i - the
imaginary unit, * - the symbol of the convoluti-
on operator of the two functions.

The calculation of the originals of the
expression components (41)-(43)

Φ0
c (t, z) ≡ L−1

[
e−ω(p)z

p

]
=

=
1

2πi

σ0+i∞∫
σ0−i∞

e−ω(p)z

p
eptdp =

1

π

π∫
0

e−φ1(ν)z×

×sin (νt− zφ2(ν)
2)

ν
dν + e

− u
2Dinter

z
, (45)

ΦA (t, z) ≡ L−1

[
e−ω1(p)z

2ω1(p)

]
=

=
1

2π

∞∫
0

(φ1(ν)cos (νt− φ2(ν)z)

(Γ2
1(ν) + ν2Γ2

2(ν))
1/2

+

+
φ2(ν) sin (νt− φ2(ν)z)

(Γ2
1(ν) + ν2Γ2

2(ν))
1/2

)
dν. (46)

Φ0
T (t, z) ≡ L−1

[
e−ω2(p)z

p

]
=

=
1

π

∞∫
0

e−ϕ1(ν)z
sin
(
νt− zϕ2 (ν)

2)
ν

dν+e
− u

2Dinter
z
,

(47)

ΦT (t, z) ≡ L−1

[
e−ω2(p)z

2ω2(p)

]
=

=
1

2π

∞∫
0

( ϕ1(ν)cos (νt− ϕ2(ν)z)(
Γ2
T1
(ν) + ν2Γ2

T2
(ν)
)1/2+

+
φ2(ν) sin (νt− ϕ2(ν)z)(
Γ2
T1
(ν) + ν2Γ2

T2
(ν)
)1/2)dν, (48)

L−1

[
e−ω2(p)|z−ξ|

2ω2 (p)

]
=

1

2πi

σ0+i∞∫
σ0−i∞

e−ω2(p)|z−ξ|

2ω2(p)
eptdp ≡

≡ ΦT (t, |z − ξ|), L−1

[
e−ω2(p)(z+ξ)

2ω2 (p)

]
≡

≡ ΦT (t, z + ξ) .

Here φ1,2(ν) =

[
(Γ2

1(ν)+ν
2Γ2

2(ν))
1/2

±Γ2
1(ν)

2

]1/2
,

Γ1(ν) = u2

4D2
inter

+ ν2β
D2

inter(ν
2+β2γ2)

,

Γ2(ν) = ν3+νβ2(γ+1)γ
Dinter(ν2+β2γ2)

, ϕ1,2(ν) =[
(Γ2

T1
(ν)+ν2Γ2

T2
(ν))

1/2
±Γ2

T1
(ν)

2

]1/2
,

ΓT1(ν) =
u2 + 4ΛX2

4Λ2
,ΓT2(ν) =

Hν

Λ
.
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Applying the expressions (45), (47), (48)
into formulas (41) - (43), we obtain an
analytic solution of the zero approximation
problemA0, which describes the dependence
of the adsorptive concentration in the gas
phase (interparticle space), of the temperature
and of adsorbate concentration in nanoporous
zeolite particles along the coordinate of the
catalytic bed and in time for the adsorption
(c0(t, z)|t=o = 0,c(t, z)|z=o = c

in
,T0(t, z)|z=0 =

Tin) and desorption cycles (c0(t, z)|t=o = c00,
c(t, z)|z=0 = c

in
(t), T0(t, z)|z=0 = Tin(t)) :

c0 (t, z) = cin (0) e
u

2Dinter
z
Φ0
c (t, z)+

+e
u

2Dinter
z

t∫
0

d

dτ
cin (τ) Φ

0
c (t− τ, z) dτ+

+c00
γ

1 + γ

(
1 +

1

γ
e−β(γ+1)t−

−γ + 1

γ
e

u
2Dinter

z
Φ0
c (t, z)

)
+ βc00e

u
2Dinter

z×

×
t∫

0

e−β(γ+1)(t−s)Φ0
c(τ, z)dτ (49)

T0 (t, z) = Tin (0)Φ
0
T (t, z) +

t∫
0

d

dτ
Tin(τ)×

×Φ0
T (t− τ, z) +

1

Λ

t∫
0

∞∫
0

[
HT 0

0HT (t− τ ; z, ξ)−

−Qβ
(
HT (t− τ ; z, ξ)− βγ

t−τ∫
0

e−βγ(t−τ−s)×

×HT (τ − s; z, ξ)ds
)
c∗0(p, ξ)

]
dξdτ, (50)

a0(t, z) = β

t∫
0

e−γβ(t−τ)c0 (τ, z) dτ. (51)

If cin = const, the formula (49) well be the
forme :

c0 (t, z) = cine
u1
2
zΦ0

c (t, z) + c00
γ

γ + 1

(
1+

+
1

γ
e−β(γ+1)t − γ + 1

γ
e

u1
2
zΦ0

c (t, z)
)
+

+βc00e
u1
2
z

t∫
0

e−β(γ+1)(t−τ)Φ0
c (τ, z) ds .

In the transition to the original of Laplace
in formula (41), the circulation of its first
component was carried out with the using the
Duamel integral [13].
Here HT (τ ; z, ξ) =

e−
u2
2
(z−ξ) (ΦT (τ, |z − ξ|)− ΦT (τ, z + ξ)).

Тhe solution of the inhomogeneous
boundary problem of then-th
approximationA∗

n, n = 1,∞
The solutions An (t, z) , Tn (t, z) , an (t, z) of

the problems A∗
n (20)- (22) are the functions

[11, 13]:

c∗n (p, z) =

∞∫
0

e
u1
2
(z−ξ)

(e−ω1(p)|z−ξ|

2ω1(p)
−

−e
−ω1(p)(z+ξ)

2ω1(p)

)
Fcn

∗(p, ξ)dξ, (52)

T ∗
n (p, z) =

∞∫
0

e
u2
2
(z−ξ)

(e−|z−ξ|ω2(p)

2ω2 (p)
−

−e
−(z+ξ)ω2(p)

2ω2(p)

)
F∗
Tn(p, ξ)dξ, (53)

a∗n(p, z) =
β

p+ γβ

[
c∗n(p, z)−

( n−1∑
i=0

ai×

×
(
an−1−i −

R

∆H
Tn−1−i

))∗
(p, z)

]
. (54)

Substituting the values Fcn
∗ (p, ξ) и

FTn
∗ (p, ξ) accordingly in the eq. (52), (53)

and applying the integral operator of the
inverse Laplace transform L−1 [...] to formulas
(52)-(54), we obtain the turning formulas for
determining the n-th approximations for the
concentrations distributions cn (t, z), an (t, z)
and the temperature distribution Tn (t, z) in
the layer:

cn (t, z) =
β

Dinter

∞∫
0

e
u1
2
(z−ξ)L−1

[e−ω1(p)|z−ξ|

2ω (p)
−

−e
−ω1(p)(z+ξ)

2ω(p)

]
∗
( n−1∑
i=0

ai

(
an−1−i−
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− R

∆H
Tn−1−i

))
(τ, ξ)dξ− β

Dinter

βγ

∞∫
0

e
u1
2
(z−ξ)×

×L−1

[
1

p+ βγ

(
e−ω1(p)|z−ξ|

2ω1 (p)
− e−ω1(p)(z+ξ)

2ω1 (p)

)]
∗

∗
( n−1∑
i=0

ai

(
an−1−i −

R

∆H
Tn−1−i

))
(τ, ξ)dξ,

(55)

Tn (t, z) =
Qβ

Λ

∞∫
0

e
u2
2
(z−ξ)×

×
(
L−1

[
e−|z−ξ|ω2(p)

2ω2 (p)
− e−(z+ξ)ω2(p)

2ω2 (p)

])
∗

∗
((n−1∑

i=0

ai

(
an−1−i −

R

∆H
Tn−1−i

))
(t, ξ)−

−cn(t, ξ)
)
dξ − Qβ

Λ
βγ

∞∫
0

e
u2
2
(z−ξ)×

×L−1
[ 1

p+ βγ

(e−|z−ξ|ω2(p)

2ω2(p)
−

−e
−(z+ξ)ω2(p)

2ω2 (p)

)]
∗
(( n−1∑

i=0

ai

(
an−1−i−

− R

∆H
Tn−1−i

))
(t, ξ)− cn(t, ξ)

)
dξ, (56)

an (t, z) = βL−1

[
1

p+ βγ

]
∗ L−1

[
c∗n(p, z)−

−
( n−1∑
i=0

ai

(
an−1−i −

R

∆H
Tn−1−i

))∗
(p, z)

]
.

(57)
In the formulas (55) - (57), using the inverse

Laplace transformation formulas (46), (48) for
their components, we obtain an analytic soluti-
on of the problem A∗

n, n = 1,∞ describing
the temporal spatial distributionsn-th approxi-
mations of adsorption condensations in the
gas phase An (t, z), of temperature Tn (t, z)and
of adsorption (the adsorbate concentration
in particle nanopores) an (t, z) for desorption
adsorption stages [11, 13]:

cn (t, z) =
β

Dinter

τ∫
0

∞∫
0

[
Hc (t− τ ; z, ξ)−

−βγ
t−τ∫
0

e−βγ(τ−s)Hc(s; z, ξ)ds
]
×

×

(
n−1∑
i=0

ai

(
an−1−i −

R

∆H
Tn−1−i

))
(τ, ξ)dξdτ,

(58)

Tn(t, z) =
Qβ

Λ

t∫
0

∞∫
0

(
HT (t− τ ; z, ξ)−

−βγ
t−τ∫
e−βγ(t−τ−s)HT (s; z, ξ) ds

)[ n−1∑
i=0

ai×

×
(
an−1−i −

R

∆H
Tn−1−i

)
(s, ξ)−cn(τ, ξ)

]
dξdτ,

(59)

an (t, z) = β

t∫
0

e−βγ(t−τ)
(
cn(τ, z)−

n−1∑
i=0

ai×

×
(
an−1−i −

R

∆H
Tn−1−i

)
(τ, z)

)
dτ. (60)

Here Hc (τ ; z, ξ) =

e−
u1
2
(z−ξ) (Φc(τ, |z − ξ|)− Φc(τ, z + ξ)).

For the first approximation of the solution
of the nonlinear boundary problem (3) - (8),
formulas (58) - (60) have the form:

c1(t, z) =
β

Dinter

τ∫
0

∞∫
0

[
Hc(t− τ ; z, ξ)−

−βγ
t−τ∫
0

e−βγ(τ−s)Hc (s; z, ξ) ds
]
×

×a0(τ, ξ)
(
a0 (τ, z)−

R

∆H
T0(τ, z)

)
dξdτ,

T1 (t, z) =
Qβ

Λ

t∫
0

∞∫
0

(
HT (t− τ ; z, ξ)−

−βγ
t−τ∫
e−βγ(t−τ−s)HT (s; z, ξ) ds

)[
a0(τ, ξ)×

×
(
a0(τ, z)−

R

∆H
T0 (τ, z)

)
− c1(τ, ξ)

]
dξdτ,
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a1 (t, z) = β

t∫
0

e−βγ(t−τ)
(
c1(τ, z)− a0(τ, z)×

×
(
a0(τ, z)−

R

∆H
T0(τ, z)

))
dτ.

Discussion of results
Еhe purpose final of our investigation is to

study the possibilities of model proposed for
its further use in purification technologies of
the carbon emissions into the atmosphere by
energy and transport objects (propane, CO2
and other products of combustion). It is today
one of the key ways to solve global warming
and create a safe energy strategy energy and
transport systems [2].

As a model adsorbate, we have selected to
start the propane, the volume of which covers
about 30% of the total flow of gas emanati-
ng from the engine of the car during the first
minute of its operation [3].

Using the developed theory, the modeli-
ng and calculation of the concentration
dependences of non-isothermal adsorption and
desorption curves in nanoporous catalytic
beds was carried out. The calculations were
performed for an experimentally nanoporous
sample [8]. The physical parameters of the
zeolite are known from the literature [5-7].
Fig. 2 shows the logarithmic dependence of
the error σ = |cn+1(t, z)− cn(t, z)| /cn(t, z) in
calculating the concentration c(t, z)as a functi-
on of the approximation number n.

Fig. 2: logarithmic dependence of the error
σ = |cn+1(t, z) − cn(t, z)| /cn(t, z) in calculating
the concentration c(t, z)as a function of the approxi-
mation number n

Fig. 3: The dependences of the adsorbate concentration
in the gas phaseA = A(t, z) for fixed values z (z/z0 =
0, 25; 0, 5 : 0, 75), calculated at the temperature 200С
(a), 50 0С (b), 100 0С (c), 300 0С (d)

From Fig.1 it can be seen that the error,
adopted in the subsequent calculations σ =
10−5 is achieved by the approximation n ≈ 50s.
Fig. 2 shows the results of calculating the
adsorption isotherms for propane at different
temperatures: 300 !; 500 !; 750 !; 1000 ! (usi-
ng eq. (50), (59)).

Fig. 2. Isotherms of propane adsorption
From Fig. 2 it can be seen that for each the

temperature values the adsorption isotherms
are located lower with increasing temperature.
In addition, with increasing propane pressure,
each of the isotherms goes to saturation (equi-
librium).

Conclusion
The theoretical foundations of mathemati-

cal modeling of nonisothermal adsorption and
desorption in nanoporous catalysts for the
nonlinear Langmuir isotherm that best descri-
bes the mechanism of adsorption equilibrium
for micro- and nanopore systems of the ZSM-
5 zeolite class are outlined. An effective li-
nearization scheme for the nonlinear model is
realized. High-speed analytical solutions of the
system of linearized boundary-value problems
of adsorption and desorption in nanoporous
media are substantiated and obtained using
the Heaviside operational method.

Nomenclature
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Fig. 4: Dependence of the concentration in the pores
of the adsorbent a = a(t, z) for fixed valuesz (z/z0 =
0, 25; 0, 5 : 0, 75), calculated at a temperature of 200
C (a), 50 C(b), 100C(c), 300C (d).

c- concentration of moisture in the gas phase
in the column, kg/kg (mol/m−3)
a- concentration of moisture adsorbed in the
solid phase, kg/kg
T - temperature of gas phase flow, K;
u- velocity of gas phase flow, m/s;
ρads - density of adsorbent, kg/km3;
Mads - molar mass of adsorbent, kg/mole;
Dinter- effective longitudinal diffusion coeffici-
ent, m2/s
Λ - coefficient of thermal diffusion along the
columns, kJ/kg.m2/s.
hg - gas heat capacity, kJ/kg·K
H- total heat capacity of the adsorbent and
gas, kJ/kg·K
∆H- energy of activity, kJ/mole;
Q = 1

Mads
∆H- specific heat of sorption

(adsorption heat capacity), kJ/kg;
R - gaze constant, kJ/(mol·K) ; radius of
adsorbent of solid particles, m;
X2 = 2αn/R- coefficient of heat loss through
the wall of the adsorbent, kJ/(kg·K.s)
αh - heat transfer coefficient, kJ/(kg·K.m.s)
γ - Henry’s constant;
β - mass transfer coefficient, m/s
z - distance from the top of the bed for
mathematical simulation, m;
in - index of parameter names (concentration,
temperature) in the inlet of the column.
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