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Sheremeta M.M.

ON PSEUDOSTARLIKE AND PSEUDOCONVEX DIRICHLET SERIES

The concepts of the pseudostarlikeness of order α ∈ [0, 1) and type β ∈ (0, 1] and the pseu-

doconvexity of the order α and type β are introduced for Dirichlet series of the form F (s) =

e−sh +
∑n

j=1 aj exp{−shj} +
∑∞

k=1 fk exp{sλk}, where h > hn > · · · > h1 ≥ 1 and (λk) is an

increasing to +∞ sequence of positive numbers. Criteria for pseudostarlikeness and pseudocon-

vexity in terms of coe�cients are proved. The obtained results are applied to the study of mero-

morphic starlikeness and convexity of the Laurent series

f(s) = 1/zp +
∑p−1

j=1 aj/z
j +

∑∞
k=1 fkz

k. Conditions, under which the di�erential equation

w′′ + γw′ + (δe2sh + τ)w = 0 has a pseudostarlike or pseudoconvex solution of the order α and

the type β = 1 are investigated.
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1 Introduction

Let S be a class of functions

f(z) = z +
∞∑
n=2

fnz
n (1)

analytic univalent in D = {z : |z| < 1}. Function f ∈ S is said to be starlike if f(D) is

starlike domain concerning of the origin. It is well known [1, p. 202] that the condition

Re {zf ′(z)/f(z)} > 0 (z ∈ D) is necessary and su�cient for the starlikeness of f . A.W.

Goodman [2] ( see also [3, p. 9]) proved that if
∑∞

n=2 n|fn| ≤ 1 then function (1) is starlike.

The concept of the starlikeness of function (1) got the series of generalizations. I.S.

Jack [4] studied starlike functions of order α ∈ [0, 1), i. e. such functions (1), for which

Re {zf ′(z)/f(z)} > α (z ∈ D). It is proved [4], [3, p. 13] that if
∑∞

n=2(n − α)|fn| ≤ 1 − α
then function (1) is starlike function of order α. V.P. Gupta [5] introduced the concept of
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starlike function of order α ∈ [0, 1) and type β ∈ (0, 1]. We point out that the concept of

p-valent starlike function f(z) = zp +
∑∞

n=p+1 fnz
n have appeared comparatively recently

(see, for example, [6], [7] and [3, p. 14]).

Let Σ be a class of functions

f(z) =
1

z
+
∞∑
n=1

fnz
n (2)

analytic in D0 = {z : 0 < |z| < 1}. The function f ∈ Σ is said to be meromorphically

starlike of the order α ∈ [0, 1) if Re {−zf ′(z)/f(z)} > α (z ∈ D0). O.P. Juneja and T.R.

Reddy [8] proved (see also [3, p. 14]) that if
∑∞

n=2(n + α)|fn| ≤ 1 − α then function

(2) is meromorphically starlike function of order α. According to B.A. Uralegaddi [9] the

function (2) is said meromorphically starlike function of order β ∈ (0, 1] if |zf ′(z) + f(z)| <
β|zf ′(z) − f(z)| for all z ∈ D0. Finally, combining these de�nitions, M.L. Mogra, T.R.

Reddy and O.P. Juneja [10] call a function f ∈ Σ to be meromorphically starlike of the

order α ∈ [0, 1) and the type β ∈ (0, 1] if

|zf ′(z) + f(z)| < β|zf ′(z) + (2α− 1)f(z)|, z ∈ D0,

and prove that if
∞∑
n=1

((1 + β)n+ β(2α− 1) + 1)|fn| ≤ 2β(1− α),

then the function (2) is meromorphic starlike of the order α and the type β. Using this

statement, O.M. Mulyava and Yu.S. Trukhan [11] indicated conditions on the parameters

a
(1)
1 , a

(1)
2 , a(0), a

(0)
2 , a

(0)
3 of the di�erential equation of S. Shah z2w′′ + (a

(1)
1 z2 + a

(1)
2 z)w′ +

+(a
(0)
1 z2 + a

(0)
2 z + a

(0)
3 )w = 0, under which this equation has a meromorphically starlike

solution of the order α and the type β.

W.C. Royster [12] began to study the meromorphically starlikiness of the

f(z) = 1/zp +
∞∑
n=1

fnz
n (p ∈ N) type species. Studies were continued by various authors

(see, for example, the bibliography in [13]).

Since Dirichlet series with positive increasing to +∞ exponents are direct generalizations

of power series, here was a necessity of a construction of the geometrical theory for the class

of Dirichlet series, absolutely convergent in half-plane Π0 = {s : Re s < 0}. To the decision

this problem the article [14] is sancti�ed to (see also [3, p. 135-154]).

So, let h ≥ 1, Λ = (λk) be an increasing to +∞ sequence of positive numbers (λ1 > h)

and SD(Λ, 0) be a class of Dirichlet series

F (s) = esh +
∞∑
k=1

fk exp{sλk}, s = σ + it, (3)

with the exponents Λ and the abscissa of absolute convergence σa[F ] = 0. It is known

[14] that each function F ∈ SD(Λ, 0) is non-univalent in Π0, but there exist conformal in

Π0 functions (3), and if
∞∑
k=2

λk|fk| ≤ λ1 then function (3) is conformal in Π0. A conformal
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function (3) in Π0 is said to be pseudostarlike if Re{F ′(s)/F (s)} > 0 for s ∈ Π0. In [14] (see

also [3, p. 139]) it is proved that if
∞∑
k=2

λk|fk| ≤ λ1 then function (3) is pseudostarlike.

A conformal function (3) in Π0 is said to be pseudostarlike of the order

α ∈ [0, 1) if [15] Re{F ′(s)/F (s)} > α for all s ∈ Π0 and is said to be pseudostarlike of

the order α ∈ [0, 1) and the type β ∈ (0, 1] if |F ′(s)/F (s)− h| < β|F ′(s)/F (s)− (2α − h)|
for all s ∈ Π0.

Proposition 1 [15]. In order for function (3) to be pseudostarlike of the order α and

the type β it is su�cient and in the case when fk ≤ 0 for all k ≥ 1 it is necessary that
∞∑
k=1

{(1 + β)λk − 2βα− h(1− β)}|fk| ≤ 2β(h− α).

In [15] the properties of absolutely convergent in Π0 Dirichlet series of the form

F (s) = e−sh +
∞∑
k=1

fk exp{sλk}, s = σ + it, (4)

were also studied, where h ≥ 1 and (λk) is an increasing to +∞ sequence of positive numbers.

Dirichlet series (4) is called Σ-pseudostarlike of order α ∈ [0, 1) if

Re{F ′(s)/F (s)} < −α, s ∈ Π0 (5)

and is called Σ-pseudostarlike of order α ∈ [0, 1) and the type β ∈ (0, 1] if∣∣∣∣F ′(s)F (s)
+ h

∣∣∣∣ < β

∣∣∣∣F ′(s)F (s)
+ (2α− h)

∣∣∣∣ , s ∈ Π0. (6)

Proposition 2 [15]. In order for function (4) to be Σ-pseudostarlike of the order α and

the type β it is su�cient and in the case when fk ≥ 0 for all k ≥ 1 it is necessary that
∞∑
k=1

{(1 + β)λk + 2βα + h(1− β)} ≤ 2β(h− α).

In proposed article we consider Dirichlet series of the form

F (s) = e−sh +
n∑
j=1

aj exp{−shj}+
∞∑
k=1

fk exp{sλk}, s = σ + it, (7)

where h > hn > · · · > h1 ≥ 1, (λk) is an increasing to +∞ sequence of positive numbers and

σa[F ] = 0.

2 Pseudostarlikeness

Dirichlet series (7) is called Σ-pseudostarlike of order α ∈ [0, 1) if (5) holds and is called

Σ-pseudostarlike of order α ∈ [0, 1) and the type β ∈ (0, 1] if (6) holds.

Theorem 1. If

n∑
j=1

{β(h+ hj − 2α) + h− hj}|aj|+
∞∑
k=1

{(1 + β)λk + 2βα + h(1− β)} ≤ 2β(h− α) (8)

then function (7) is Σ-pseudostarlike of the order α and the type β.
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Proof. Clearly, (6) holds if and only if

|F ′(s) + hF (s)| − β|F ′(s) + (2α− h)F (s)| < 0, s ∈ Π0. (9)

On the other hand, in view of (8)

|F ′(s) + hF (s)| − β|F ′(s) + (2α− h)F (s)| =

=

∣∣∣∣∣
n∑
j=1

aj(h− hj)e−shj +
∞∑
k=1

(λk + h)fke
sλk

∣∣∣∣∣−
−β

∣∣∣∣∣2(α− h)e−sh +
n∑
j=1

(2α− h− hj)aje−shj +
∞∑
k=1

(λk + 2α− h)fke
sλk

∣∣∣∣∣ =

= e−σh

(∣∣∣∣∣
n∑
j=1

(h− hj)ajes(h−hj) +
∞∑
k=1

(λk + h)fke
s(λk+h)

∣∣∣∣∣−
−β

∣∣∣∣∣2(α− h) +
n∑
j=1

(2α− h− hj)ajes(h−hj) +
∞∑
k=1

(λk + 2α− h)fke
s(λk+h)

∣∣∣∣∣
)
≤

= e−σh

(∣∣∣∣∣
n∑
j=1

(h− hj)ajes(h−hj) +
∞∑
k=1

(λk + h)fke
s(λk+h)

∣∣∣∣∣−
−β

(
2(h− α)−

∣∣∣∣∣
n∑
j=1

(2α− h− hj)ajes(h−hj) +
∞∑
k=1

(λk + 2α− h)fke
s(λk+h)

∣∣∣∣∣
))
≤

= e−σh

(∣∣∣∣∣
n∑
j=1

(h− hj)ajes(h−hj) +
∞∑
k=1

(λk + h)fke
s(λk+h)

∣∣∣∣∣+
+β

∣∣∣∣∣
n∑
j=1

(2α− h− hj)ajes(h−hj) +
∞∑
k=1

(λk + 2α− h)fke
s(λk+h)

∣∣∣∣∣− 2β(h− α)

)
≤

≤ e−σh

(
n∑
j=1

{β(h+ hj − 2α) + h− hj}|aj|eσ(h−hj)+

+
∞∑
k=1

{(β + 1)λk + 2αβ + (1− β)h)|fk|eσ(λk+h) − 2β(h− α)

)
<

< e−σh

(
n∑
j=1

{β(h+ hj − 2α) + h− hj}|aj|+

+
∞∑
k=1

{(β + 1)λk + 2αβ + (1− β)h)|fk| − 2β(h− α)

)
≤ 0,

i. e. (9) holds, and Theorem 1 is proved.

Theorem 2. Let fk ≥ 0 for all k ≥ 1 and aj ≥ 0 for all 1 ≤ j ≤ n. If function (7) is

Σ-pseudostarlike of the order α and the type β then (8) holds.
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Proof. Since function (7) is Σ-pseudostarlike of the order α and the type β, fk = |fk| for
all k ≥ 1 and aj = |aj| for all 1 ≤ j ≤ n, in view of (9) we have for all s ∈ Π0

Re

n∑
j=1

aj(h− hj)e−shj +
∞∑
k=1

(λk + h)fke
sλk

2(h− α)e−sh −
n∑
j=1

(2α− h− hj)aje−shj −
∞∑
k=1

(λk + 2α− h)fkesλk
≤

≤

∣∣∣∣∣∣∣∣
n∑
j=1

aj(h− hj)e−shj +
∞∑
k=1

(λk + h)fke
sλk

2(h− α)e−sh +
n∑
j=1

(2α− h− hj)aje−shj +
∞∑
k=1

(λk + 2α− h)fkesλk

∣∣∣∣∣∣∣∣ =

=

∣∣∣∣ F ′(s) + hF (s)

F ′(s) + (2α− h)F (s)

∣∣∣∣ < β,

and, therefore, since fk = |fk| and aj = |aj|, for all σ < 0 we obtain

n∑
j=1

aj(h− hj)e−σhj +
∞∑
k=1

(λk + h)fke
σλk

2(h− α)e−σh −
n∑
j=1

(h+ hj − 2α)aje−σhj −
∞∑
k=1

(λk + 2α− h)fkeσλk
< β.

Letting σ → 0 from here we get

n∑
j=1

aj(h− hj) +
∞∑
k=1

(λk + h)fk

2(h− α)−
n∑
j=1

(h+ hj − 2α)aj −
∞∑
k=1

(λk + 2α− h)fk

≤ β.

whence we get
n∑
j=1

|aj|(h− hj) +
∞∑
k=1

(λk + h)|fk| ≤

≤ β

(
2(h− α)−

n∑
j=1

(h+ hj − 2α)|aj| −
∞∑
k=1

(λk + 2α− h)|fk|

)
,

i. e. (8) follows. Theorem 2 is proved.

Since the inequality |w + h| < |w + (2α − h)| holds if and only if Rew < −α, function

(7) is Σ-pseudostarlike of the order α if and only if

∣∣∣∣F ′(s)F (s)
+ h

∣∣∣∣ < ∣∣∣∣F ′(s)F (s)
+ (2α− h)

∣∣∣∣ for
all s ∈ Π0, i. e. (6) holds with β = 1. Therefore, Theorems 1 and 2 imply the following

statement.

Corollary 1. In order for function (7) to be Σ-pseudostarlike of the order α ∈ [0, 1) it is

su�cient and in the case, when fk ≥ 0 for all k ≥ 1 and aj ≥ 0 for all 1 ≤ j ≤ n, it is

necessary that
n∑
j=1

(h− α)|aj|+
∞∑
k=1

(λk + α)|fk| ≤ h− α. (10)
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3 Pseudoconvexity

A conformal function (3) in Π0 is said to be pseudoconvex if Re{F ′′(s)/F ′(s)} >

> 0 for s ∈ Π0. In [14] and [3, p. 139] it is proved that if
∞∑
k=2

λ2k|fk| ≤ λ21 then function

(3) is pseudoconvex. Here we call the function (7) Σ-pseudoconvex of the order α ∈ [0, 1) if

Re{F ′′(s)/F ′(s)} < −α, and Σ-pseudoconvex of the order α and the type β ∈ (0, 1] if∣∣∣∣F ′′(s)F ′(s)
+ h

∣∣∣∣ < β

∣∣∣∣F ′′(s)F ′(s)
+ 2α− h

∣∣∣∣ , s ∈ Π0. (11)

Since F ′′(s)/F ′(s) = G′(s)/G(s), where

G(s) = e−sh +
n∑
j=1

hj
h
aj exp{sh} −

∞∑
k=1

λk
h
fk exp{sλk},

the function F is Σ-pseudoconvex of the order α ∈ [0, 1) and the type β ∈ (0, 1] if and only if

the function G is Σ-pseudostarlike of the order α ∈ [0, 1) and the type β ∈ (0, 1]. Therefore,

from Theorems 1 and 2 one can easily obtain the corresponding results for Σ-pseudoconvex

functions.

Proposition 3. In order for function (7) to be Σ-pseudoconvex of the order α ∈ [0, 1) and

the type β ∈ (0, 1] it is su�cient and in the case, when fk ≤ 0 for all k ≤ 1 and aj ≥ 0 for

all 1 ≤ j ≤ n, it is necessary that

n∑
j=1

hj{(β(h+ hj − 2α) + h− hj)}|aj|+

+
∞∑
k=1

λk{(1 + β)λk + 2βα + h(1− β)}|fk| ≤ 2hβ(h− α).

For β = 1 hence we obtain the following statement.

Proposition 4. In order for function (7) to be Σ-pseudoconvex of the order α ∈ [0, 1) it

is su�cient and in the case, when fk ≤ 0 for all k ≤ 1 and aj ≥ 0 for all 1 ≤ j ≤ n, it is

necessary that
n∑
j=1

hj(h− α)|aj|+
∞∑
k=1

λk{λk + α}|fk| ≤ h(h− α).

4 eromorphical starlikeness and convexity of Laurent series.

Let the function f analytic in D0 = {0 < |z| < 1} represented by the Laurent series

f(s) =
1

zp
+

p−1∑
j=1

aj
zj

+
∞∑
k=1

fkz
k (12)



On pseudostarlike and pseudoconvex Dirichlet series 85

Function (12) is called meromorphically starlike of the order α ∈ [0, 1) if

Re {zf ′(z)/f(z)} < −α for all z ∈ D0, and is called meromorphically starlike of the or-

der α ∈ [0, 1) and the type β ∈ (0, 1] if∣∣∣∣zf ′(z)

f(z)
+ p

∣∣∣∣ < β

∣∣∣∣zf ′(z)

f(z)
+ 2α− p)

∣∣∣∣ , z ∈ D0, (13)

Making in (12) a replacement z = es, we obtain Dirichlet series

F (s) = f(es) = e−ps +

p−1∑
j=1

aje
−js +

∞∑
k=1

fke
ks (14)

i. e. we obtain Dirichlet series (7) with λk = k, hj = j, h = p and n = p− 1.

Since
F ′(s)

F (s)
=

esf ′(es)

f(es)
=

zf ′(z)

f(z)
, conditions (13) and (6) are equivalent. Therefore,

Theorems 1 and 2 imply the following statement.

Proposition 5. In order for function (12) to be meromorphically starlike of the order

α ∈ [0, 1) and of the type β ∈ (0, 1] it is su�cient and in the case, when fk ≥ 0 for all k ≤ 1

and aj ≥ 0 for all 1 ≤ j ≤ n, it is necessary that

p−1∑
j=1

{(1 + β)p− 2βα− j(1− β)}|aj|+
∞∑
k=1

{(1 + β)λk + 2βα + p(1− β)}|fk| ≤ 2β(p− α).

The following proposition also is true.

Proposition 6. In order for function (12) to be meromorphically starlike of the order

α ∈ [0, 1) it is su�cient and in the case when fk ≥ 0 for all k ≤ 1 and aj ≥ 0 for all

1 ≤ j ≤ n it is necessary that

p−1∑
j=1

(p− α)|aj|+
∞∑
k=1

(λk + α)|fk| ≤ p− α.

Finally, function (12) is called meromorphically convex of the order

α ∈ [0, 1) if Re {zf ′′(z)/f ′(z)} < −α for all z ∈ D0, and is called meromorphically con-

vex of the order α ∈ [0, 1) and the type β ∈ (0, 1] if∣∣∣∣zf ′′(z)

f ′(z)
+ p

∣∣∣∣ < β

∣∣∣∣zf ′′(z)

f ′(z)
+ 2α− p)

∣∣∣∣ , z ∈ D0, (15)

Since conditions (15) and (11) are equivalent, from Propositions 3 and 4 we get the

following statements.

Proposition 7. In order for function (12) to be meromorphically convex of the order

α ∈ [0, 1) and the type β ∈ (0, 1] it is su�cient and in the case, when fk ≤ 0 for all k ≤ 1

and aj ≥ 0 for all 1 ≤ j ≤ n, it is necessary that

p−1∑
j=1

{(β(p+ j − 2α) + p− j)}|aj|+
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+
∞∑
k=1

λk{(1 + β)λk + 2βα + p(1− β)}|fk| ≤ 2pβ(p− α).

Proposition 8. In order for function (12) to be meromorphically convex of the order

α ∈ [0, 1) it is su�cient and in the case, when fk ≤ 0 for all k ≤ 1 and aj ≥ 0 for all

1 ≤ j ≤ n, it is necessary that

p−1∑
j=1

p(p− α)|aj|+
∞∑
k=1

λk{λk + α}|fk| ≤ p(p− α),

5 Addition. Properties of some differential equation

In [14] the conditions were studied, under which the di�erential equation w′′ + (γ0e
2sh +

+γ1e
sh + γ2)w = 0 has an entire solution F (s) = e−sh +

∞∑
k=1

fk exp{sλk}, pseudostarlike or

pseudoconvex in Π0.

Here we consider a di�erential equation

w′′ + γw′ + (δe2sh + τ)w = 0, (16)

where the parameters γ, δ, τ are real numbers, and study the conditions, under which this

equation has Σ-pseudostarlike or Σ-pseudoconvex solution of the form

F (s) = e−sh + a1e
−sh1 +

∞∑
k=1

fk exp{sλk}, s = σ + it, (17)

where h > h1 ≥ 1. Substituting (17) in (16) we get

h2e−sh + h21a1e
−sh1 +

∞∑
k=1

λ2kfke
sλk + γ

(
−he−sh − h1a1e−shj +

∞∑
k=1

λkfke
sλk

)
+

+(δe2sh + τ)

(
e−sh + a1e

−sh1 +
∞∑
k=1

fke
sλk

)
≡ 0,

i. e.

(h2 − γh+ τ)e−sh + (h21 − γh1 + τ)e−sh1 + δa1e
s(2h−h1) + δesh+

+
∞∑
k=1

(λ2k + γλk + τ)fke
sλk +

∞∑
k=1

δfke
s(λk+2h) ≡ 0. (18)

Suppose that

τ = γh− h2, h+ 1 ≤ γ ≤ 2h, h1 = γ − h. (19)

Then h2 − γh+ τ = 0, h21 − γh1 + τ = 0, h > h1 ≥ 1 and from (18) we get

δa1e
s(2h−h1) + δesh +

∞∑
k=1

(λ2k − h2 + γ(λk + h))fke
sλk +

∞∑
k=1

δfke
s(λk+2h) ≡ 0. (20)
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Since eas = o(ebs) as σ → −∞ for a > b and 2h− h1 > h, from (20) we get

(1 + o(1))δesh + +(λ21 − h2 + γ(λ1 + h))f1e
sλ1 = 0, σ → −∞,

whence

λ1 = h, f1 = − δ

2γh
(21)

and
∞∑
k=2

(λ2k − h2 + γ(λk + h))fke
sλk +

∞∑
k=1

δfke
s(λk+2h) ≡ 0. (22)

From (22) we get

(λ22 − h2 + γ(λ2 + h))f2e
sλ2 + (1 + o(1))δf1e

s(λ1+2h) = 0, σ → −∞,

whence

λ2 = 3h, f2 = − δ

λ22 − h2 + γ(λ2 + h)
f1 =

δ2

8γh3(2h+ γ)
.

Continuing this process, we will come to the equality

∞∑
k=n

(λ2k − h2 + γ(λk + h))fke
sλk +

∞∑
k=n−1

δfke
s(λk+2h) ≡ 0,

whence we obtain

(λ2n − h2 + γ(λn + h))fne
sλn + (1 + o(1))δfn−1e

s(λn−1+2h) = 0, σ → −∞,

and, thus, λn = λn−1 + 2h = (2n− 1)h and

fn = − δ

λ2n − h2 + γ(λn + h)
fn−1 = − δ

2nh(2(n− 1)h+ γ)
fn−1 (23)

for n ≥ 2. Therefore, the following lemma is valid.

Lemma 1. Let the parameters γ, τ and h1 satisfy conditions (19). Then function (17) is a

solution to equation (16) if and only if λk = (2k − 1)h and for the coe�cients fk formulas

(21) and (23) are correct.

Corollary 1 and Proposition 4 imply the following lemma.

Lemma 2. Let h ≥ 1, λk = (2k − 1)h and α ∈ [0, 1). If

(h− α)|a1|+
∞∑
k=1

((2k − 1)h+ α)|fk| ≤ h− α. (24)

then function (17) is Σ-pseudostarlike of the order α, and if

h1(h− α)|a1|+
∞∑
k=1

(2k − 1)h{(2k − 1)h+ α}|fk| ≤ h(h− α). (25)

then function (17) is Σ-pseudoconvex of the order α.
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Using these lemmas now prove the following theorem.

Theorem 3. Let α ∈ [0, 1), λk = (2k − 1)h and conditions (19) hold. Suppose that

4h(2h+ γ)(h+ α) > (3h+ α)|δ|. (26)

Then di�erential equation (16) has solution (17), which by condition

(h− α)|a1|+
2(2h+ γ)(h+ α)2|δ|

4h(2h+ γ)(h+ α)− (3h+ α)|δ|
≤ h− α (27)

is Σ-pseudostarlike of the order α, and by condition

h1(h− α)|a1|+
2h(2h+ γ)(h+ α)2|δ|

γ(4h(2h+ γ)(h+ α)− (3h+ α)|δ|)
≤ h(h− α) (28)

is Σ-pseudoconvex of the order α.

Proof. From (21) and (23) we get

∞∑
k=1

((2k − 1)h+ α)|fk| = (h+ α)|f1|+
∞∑
k=2

((2k − 1)h+ α)|fk| ≤

≤ (h+ α)|δ|
2γh

+
∞∑
k=2

((2k − 1)h+ α)|δ|
2kh(2(k − 1)h+ γ)

|fk−1| =

=
(h+ α)|δ|

2γh
+
∞∑
k=1

((2k + 1)h+ α)|δ|
2(k + 1)h(2kh+ γ)

|fk| =

=
(h+ α)|δ|

2γh
+
∞∑
k=1

((2k + 1)h+ α)|δ|
2(k + 1)h(2kh+ γ)((2k − 1)h+ α)

((2k − 1)h+ α)|fk| <

=
(h+ α)|δ|

2γh
+
∞∑
k=1

(3h+ α)|δ|
4h(2h+ γ)(h+ α)

((2k − 1)h+ α)|fk|,

because the sequence

(
((2k + 1)h+ α)|δ|

2(k + 1)h(2kh+ γ)((2k − 1)h+ α)

)
is decreasing. Hence it follows

that
∞∑
k=1

(
1− (3h+ α)|δ|

4h(2h+ γ)(h+ α)

)
((2k − 1)h+ α)fk| <

(h+ α)|δ|
2γh

.

Condition (26) implies 1− (3h+ α)|δ|
4h(2h+ γ)(h+ α)

> 0. Therefore,

(
1− (3h+ α)|δ|

4h(2h+ γ)(h+ α)

) ∞∑
k=1

((2k − 1)h+ α)fk| <
(h+ α)|δ|

2γh

and by condition (27)

(h− α)|a1|+
∞∑
k=1

((2k − 1)h+ α)fk| < (h− α)|a1|+
h(h+ α)|δ|

2γh

(
1− (3h+ α)|δ|

4h(2h+ γ)(h+ α)

) =
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= (h− α)|a1|+
2(2h+ γ)(h+ α)2|δ|

γ(4h(2h+ γ)(h+ α)− (3h+ α)|δ|)
≤ h− α

In view of Lemma 2 function (17) is Σ-pseudostarlike of the order α.

Similarly,

∞∑
k=1

(2k − 1)h((2k − 1)h+ α)|fk| = (h+ α)|f1|+
∞∑
k=2

(2k − 1)h((2k − 1)h+ α)|fk| ≤

≤ h(h+ α)|δ|
2γh

+

+
∞∑
k=1

(2k − 1)h((2k + 1)h+ α)|δ|
2(k + 1)h(2kh+ γ)(2k − 1)h((2k − 1)h+ α)

(2k − 1)h((2k − 1)h+ α)|fk| <

<
h(h+ α)|δ|

2γh
+
∞∑
k=1

h(3h+ α)|δ|
4h(2h+ γ)(h+ α)

(2k − 1)h((2k − 1)h+ α)|fk|,

whence in view of (27) as above we get(
1− (3h+ α)|δ|

4(2h+ γ)(h+ α)

) ∞∑
k=1

(2k − 1)h((2k − 1)h+ α)|fk| <
h(h+ α)|δ|

2γ

and, thus, in view of (??)

h1(h− α)|a1|+
∞∑
k=1

(2k − 1)h((2k − 1)h+ α)|fk| <

< h1(h− α)|a1|+
2h(2h+ γ)(h+ α)2|δ|

γ(4h(2h+ γ)(h+ α)− (3h+ α)|δ|)
≤ h(h− α).

By Lemma 2 function (17) is Σ-pseudoconvex of the order α. The proof of Theorem 3 is

completed.
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Øåðåìåòà Ì.Ì. Ïðî ïñåâäîçiðêîâi i ïñåâäîîïóêëi ðÿäè Äiðiõëå // Áóêîâèíñüêè�è ìàòåì.

æóðíàë � 2021. � Ò.9, �1. � C. 79�90.

Ââåäåíî ïîíÿòòÿ ïñåâäîçiðêîâîñòi ïîðÿäêó α ∈ [0, 1) i òèïó β ∈ (0, 1] i ïñåâäîîïó-

êëîñòi ïîðÿäêó α i òèïó β äëÿ ðÿäiâ Äiðiõëå âèãëÿäó F (s) = e−sh +
n∑

j=1

aj exp{−shj} +

+
∞∑
k=1

fk exp{sλk}, äå h > hn > · · · > h1 ≥ 1 i (λk) � çðîñòàþ÷à äî +∞ ïîñëiäîâíiñòü äîäà-

òíèõ ÷èñåë. Äîâåäåíî êðèòåði¨ ïñåâäîçiðêîâîñòi i ïñåâäîîïóêëîñòi ó òåðìiíàõ êîåôiöi¹íòiâ.

Îòðèìàíi ðåçóëüòàòè çàñòîñîâàíî äî âèâ÷åííÿ ìåðîìîðôíî¨ çiðêîâñòi òà îïóêëîñòi ðÿäiâ

Ëîðàíà f(s) = 1/zp+
∑p−1

j=1 aj/z
j+
∑∞

k=1 fkz
k. Äîñëiäæåíî óìîâè, çà ÿêèõ äèôåðåíöiàëüíå

ðiâíÿííÿ w′′ + γw′ + (δe2sh + τ)w = 0 ìà¹ ïñåâäîçiðêîâèé, àáî ïñåâäîîïóêëèé ðîçâ'ÿçîê

ïîðÿäêó α òèïó β = 1.


