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SHEREMETA M. M.

ON PSEUDOSTARLIKE AND PSEUDOCONVEX DIRICHLET SERIES

The concepts of the pseudostarlikeness of order « € [0, 1) and type 5 € (0, 1] and the pseu-
doconvexity of the order « and type 8 are introduced for Dirichlet series of the form F(s) =
e+ 370 ajexp{—sh;} + 332, frexp{sAx}, where b > hy, > --- > hy > 1 and () is an
increasing to +oo sequence of positive numbers. Criteria for pseudostarlikeness and pseudocon-
vexity in terms of coefficients are proved. The obtained results are applied to the study of mero-
morphic starlikeness and convexity of the Laurent series
f(s) = 1/2P + Zf;ll aj/z? + > po, fuz®. Conditions, under which the differential equation
w” +yw' + (5" 4+ 7)w = 0 has a pseudostarlike or pseudoconvex solution of the order a and
the type f =1 are investigated.
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1 INTRODUCTION

Let S be a class of functions
fR) =2+ fa" (1)
n=2

analytic univalent in D = {z : |z| < 1}. Function f € S is said to be starlike if f(D) is
starlike domain concerning of the origin. It is well known [1, p. 202] that the condition
Re{zf'(2)/f(2)} > 0 (2 € D) is necessary and sufficient for the starlikeness of f. A.W.
Goodman |2| ( see also |3, p. 9]|) proved that if Y >, n|f,| <1 then function (1) is starlike.

The concept of the starlikeness of function (1) got the series of generalizations. I.S.
Jack [4] studied starlike functions of order av € [0, 1), i. e. such functions (1), for which
Re{zf'(z)/f(2)} > a (z € D). It is proved [4], [3, p. 13| that if >~ ,(n —a)|f,| <1—a
then function (1) is starlike function of order a. V.P. Gupta [5] introduced the concept of
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starlike function of order a € [0, 1) and type § € (0, 1]. We point out that the concept of
p-valent starlike function f(z) = 27 + 3377 ., f,z" have appeared comparatively recently
(see, for example, [6], [7] and [3, p. 14]).

Let X be a class of functions

&) =2+ 3 fur" )

analytic in Dy = {z : 0 < |z| < 1}. The function f € ¥ is said to be meromorphically
starlike of the order a € [0, 1) if Re{—2f'(2)/f(2)} > a (2 € Dy). O.P. Juneja and T.R.
Reddy [8] proved (see also [3, p. 14]) that if > ° (n + a)|f,] < 1 — « then function
(2) is meromorphically starlike function of order a. According to B.A. Uralegaddi [9] the
function (2) is said meromorphically starlike function of order 5 € (0, 1] if |2f'(2) + f(2)| <
Blzf'(z) — f(2)| for all z € Dy. Finally, combining these definitions, M.L. Mogra, T.R.
Reddy and O.P. Juneja [10] call a function f € 3 to be meromorphically starlike of the
order « € [0, 1) and the type 8 € (0, 1] if

12f'(2) + f(2)] < Bl2f'(2) + 2a = 1) f(2)], = €Dy,

and prove that if

o0

D (L4 B)n+ B(2a — 1)+ 1)| fo] < 28(1 — ),

n=1
then the function (2) is meromorphic starlike of the order o and the type 3. Using this
statement, O.M. Mulyava and Yu.S. Trukhan [11] indicated conditions on the parameters
agl),aél),a(o),ago),aéo) of the differential equation of S. Shah z%w” + (a(ll)z2 + agl)z)w’ +
+(a§0)22 + aéo)z + aéo))w = 0, under which this equation has a meromorphically starlike
solution of the order o and the type f.

W.C. Royster [12] began to study the meromorphically starlikiness of the

f(z) = 1/2P + > f.2" (p € N) type species. Studies were continued by various authors
n=1

(see, for example, the bibliography in [13]).

Since Dirichlet series with positive increasing to +0o exponents are direct generalizations
of power series, here was a necessity of a construction of the geometrical theory for the class
of Dirichlet series, absolutely convergent in half-plane Il = {s: Res < 0}. To the decision
this problem the article [14] is sanctified to (see also [3, p. 135-154]).

So, let h > 1, A = () be an increasing to +oo sequence of positive numbers (A\; > h)
and SD(A,0) be a class of Dirichlet series

F(s)=e™+ ) frexp{sh}, s=o+it, (3)
k=1
with the exponents A and the abscissa of absolute convergence o,[F] = 0. It is known

[14] that each function F' € SD(A,0) is non-univalent in Ily, but there exist conformal in

IIy functions (3), and if > Ag|fx| < A1 then function (3) is conformal in IIy. A conformal
k=2
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function (3) in Iy is said to be pseudostarlike if Re{F’(s)/F(s)} > 0 for s € II. In [14] (see
also [3, p. 139]) it is proved that if > Ag|fx| < A; then function (3) is pseudostarlike.
=2

A conformal function (3) in kHO is said to be pseudostarlike of the order
a € [0, 1) if |15] Re{F'(s)/F(s)} > « for all s € I, and is said to be pseudostarlike of
the order a € [0, 1) and the type g € (0, 1] if |F'(s)/F(s) — h| < B|F'(s)/F(s) — (2ac — h)|
for all s € II,.
Proposition 1 [15]. In order for function (3) to be pseudostarlike of the order o and
the type (B it is sufficient and in the case when fr < 0 for all k > 1 it is necessary that

gfl{u + B)M — 280 — h(1 = B} ful < 28(h — a).

In [15] the properties of absolutely convergent in Iy Dirichlet series of the form
F(s)=e "+ Z frexp{sc}, s=o0+it, (4)
k=1
were also studied, where i > 1 and (\;) is an increasing to 4+o00 sequence of positive numbers.
Dirichlet series (4) is called Y-pseudostarlike of order a € [0, 1) if
Re{F'(s)/F(s)} < —a, s€ll (5)
and is called 3-pseudostarlike of order o € [0, 1) and the type 5 € (0, 1] if

£(s)
F(s)

’F/(S) (20— h)|, sell. (6)

F(s) h’“‘

Proposition 2 [15]. In order for function (4) to be Y-pseudostarlike of the order a and
the type B it 1s sufficient and in the case when fi, > 0 for all k > 1 it is necessary that

S+ B+ 200+ (1= )} < 25(h ).

In proposed article we consider Dirichlet series of the form
F(s) =e "+ Z ajexp{—sh;} + Z frexp{sic}, s=o0+it, (7)
j=1 k=1

where h > h,, > -+ > h; > 1, (\;) is an increasing to +00 sequence of positive numbers and
o.[F] = 0.

2 PSEUDOSTARLIKENESS

Dirichlet series (7) is called Y-pseudostarlike of order a € [0, 1) if (5) holds and is called
Y-pseudostarlike of order « € [0, 1) and the type g € (0, 1] if (6) holds.
Theorem 1. If

Z{B(h Ry —20) +h— hy}lagl + S {(L+ B +28a+ h(1 - B)} < 26(h —a)  (8)

then function (7) is Y-pseudostarlike of the order a and the type (.
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Proof. Clearly, (6) holds if and only if
|F'(s) + hF(s)| — B|F'(s) + (2a — h)F(s)| <0, s € Ily. 9)
On the other hand, in view of (8)

[F'(s) + hF(s)| = BIF'(s) + 20 = ) F(s)| =

> aj(h—hy)e ™ 4 (At h) fre| -
j=1

k=1

—p

2o — h) ’Sh+22a—h hi)aje shJ+ZAk+2a— h) fre®™
j=1

_ e—ah (

2(a — h) + 2(204 —h — hy)a e 4
=1

— e—ah (

n

Z(h — hy)aeh=h) 4 Z()\k + h) fret et

Jj=1 k=1

-3 (A + 200 — h) fre®Peth)

NE

T
I

)<

n

Z(h — hy)aeh=h) 4 Z()\k + h) fre et | —

Jj=1 k=1
—f (2(h —a) - h— hj)aje*™ ") + Z()\k + 200 — h) fe* Mt )) <
= k=1
_ 6—0h ( Z(h . hj)ajes(h—hj) + Z(/\k + h)fkes(/\k-I-h) +
Jj=1 k=1
+B > (20— h— hy) Ty (Mt 20— ) fret O EP) 25(h—@)> <
Jj=1 k=1

S e—ah (Z{ﬁ(h —|— hj — 20[) —|— h — hj}laj|€a(h_hj)+

Jj=1

+ Z{(ﬁ + DAk + 208 + (1 = B)h)| fule?™FM —28(h — a)) <
=1

<ot (zwm +hy = 20) + b — h}laj|+

Jj=1

+Z{(5 + DA +2a8 + (1= B)h)| fi] — 2B(h — 04)) <0,

k=1

i. e. (9) holds, and Theorem 1 is proved.

Theorem 2. Let fi, > 0 for all k > 1 and a; > 0 for all 1 < j < n. If function (7) is
Y.-pseudostarlike of the order a and the type B then (8) holds.
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Proof. Since function (7) is Y-pseudostarlike of the order o and the type 3, fr = |fx| for
all £ > 1 and a; = |a;] for all 1 < j < n, in view of (9) we have for all s € Il

n

Z aj(h — hj)e_Shj + i ()\k + h)fkes)\k

=1 k=1

Re - = <
2(h — a)e=sh — 3> (2a — h — hj)aze=shi — 3" (A, + 200 — h) fres
j=1 k=1
> aj(h —hy)e™ + 37 (A + h) fre™
- j=1 k=1 _
2(h —a)e™" + >~ (20 — h — hj)aje=" + > (Mg + 2a — h) fresw
= k=1
B F'(s) + hF(s) <8
| F'(s) + (2a— h)F(s) ’
and, therefore, since f, = |fi| and a; = |a;|, for all ¢ < 0 we obtain
> aj(h —hy)e= + 37 (A, + h) fre
j=1 =1
m = < B.
2(h —a)e=@" — > (h+ hj — 2a)aje=" — > (A\p 4+ 2 — h) freo™*
j=1 k=1

Letting 0 — 0 from here we get

a;(h—hy)+ 3 O + h) fi

k=1

-

Il
—

J

2(h —a) = > (h+ hj —2a)a; — > (A + 2a — h) fi
J=1 =
whence we get
|aj|(h — h;) +Z Ak 4R fi] <
j=1 k=1
<f <2<h—a> =D _(h+hy=2a)lag] = ) (A +20 - h)\fﬂ) :
j=1 k=1

i. e. (8) follows. Theorem 2 is proved.

Since the inequality |w + h| < |w + (2ac — k)] holds if and only if Rew < —q, function
F'(s) F'(s)
m‘i‘h < ‘m—k(Za—h)
all s € Iy, i. e. (6) holds with § = 1. Therefore, Theorems 1 and 2 imply the following
statement.
Corollary 1. In order for function (7) to be X-pseudostarlike of the order o € [0, 1) it is
sufficient and in the case, when f, > 0 for all k > 1 and a; > 0 for all 1 < 5 < mn, it is
necessary that

(7) is X-pseudostarlike of the order « if and only if for

n

Y (h=a)la| + ) (M +a)lfil <h —a (10)

j=1 k=1
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3 PSEUDOCONVEXITY

A conformal function (3) in Ily is said to be pseudoconvex if Re{F"(s)/F'(s)} >

> 0 for s € Ip. In [14] and [3, p. 139] it is proved that if > AZ|fi| < A? then function
k=2
(3) is pseudoconvex. Here we call the function (7) ¥-pseudoconvex of the order o € [0, 1) if

Re{F"(s)/F'(s)} < —a, and ¥-pseudoconvex of the order o and the type § € (0, 1] if

F//(S)
F(s)

+2a—h

‘FU(S) , seTl. (11)

/() *h' <5‘

Since F"(s)/F'(s) = G'(s)/G(s), where
G(s) =e "+ Z %aj exp{sh} — Z %fk exp{si},
j=1 k=1

the function F is X-pseudoconvex of the order o € [0, 1) and the type 8 € (0, 1] if and only if
the function G is X-pseudostarlike of the order a € [0, 1) and the type 8 € (0, 1]. Therefore,
from Theorems 1 and 2 one can easily obtain the corresponding results for >-pseudoconvex
functions.

Proposition 3. In order for function (7) to be X-pseudoconvex of the order o € [0, 1) and
the type 5 € (0, 1] it is sufficient and in the case, when f, <0 for all k <1 and a; > 0 for
all 1 < 5 <mn, it is necessary that

Zhj{(ﬁ(h + hj = 20) + h — hj) }a;|+

+ 3 {1+ Bk + 28+ k(1 = B)}| fi| < 20B8(h — «).

k=1

For 5 =1 hence we obtain the following statement.
Proposition 4. In order for function (7) to be X-pseudoconver of the order a € [0, 1) it
is sufficient and in the case, when fi, <0 for all k <1 and a; > 0 for all 1 < j < n, it is
necessary that

D> hith = las + - Mfhi+ a} il < h(h = a).

k=1

4 EROMORPHICAL STARLIKENESS AND CONVEXITY OF LAURENT SERIES.

Let the function f analytic in Dy = {0 < |z| < 1} represented by the Laurent series

f(s) =2 +3 243 f (12)
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Function (12) is called meromorphically starlike of the order a« € [0, 1) if
Re{zf'(2)/f(2)} < —a for all z € Dy, and is called meromorphically starlike of the or-
der @ € [0, 1) and the type 8 € (0, 1] if

2(2) ol
e 702 +2 p)‘ , € Dy, (13)

Making in (12) a replacement z = e®, we obtain Dirichlet series

2f'(2)

+p| <B

p—1 00
F(s)=f(e) =e ™+ aje? + > frek (14)
j=1 k=1

i. e. we obtain Dirichlet series (7) with A\, =k, h; =j, h=pand n=p— 1.
F'(s) _ e'f'(e’) _ z2f'(2)
F(s) — fle?) :

Theorems 1 and 2 imply the following statement.

Since , conditions (13) and (6) are equivalent. Therefore,

Proposition 5. In order for function (12) to be meromorphically starlike of the order
a € [0, 1) and of the type 5 € (0, 1] it is sufficient and in the case, when fi, > 0 for all k <1
and a; > 0 for all 1 < j <n, it is necessary that

p—1

D A0+ B)p =280 = (1= B)}ag| + D {1+ B)Me + 28a +p(1 = B} ful < 28(p — a).

j=1 k=1

The following proposition also is true.
Proposition 6. In order for function (12) to be meromorphically starlike of the order
a € [0, 1) it is sufficient and in the case when fr > 0 for all k < 1 and a; > 0 for all
1 < j <n it is necessary that

p—1 0o
S -l + Y+ a)lfil <p-a
Jj=1 k=1

Finally, function (12) 1is called meromorphically convex of the order
a € 1[0,1)if Re{zf"(2)/f'(2)} < —a for all z € Dy, and is called meromorphically con-
vex of the order o € [0, 1) and the type 5 € (0, 1] if

2f"(2) 2f"(z)
f'(2) f'(2)

Since conditions (15) and (11) are equivalent, from Propositions 3 and 4 we get the

+2a—p)|, z €Dy, (15)

+p‘<6

following statements.

Proposition 7. In order for function (12) to be meromorphically convexr of the order
a € [0, 1) and the type B € (0, 1] it is sufficient and in the case, when fr <0 for all k <1
and aj > 0 for all 1 < j < n, it is necessary that

-1

{(B(p+j —2a)+p—j)}a|+

3

<.
Il
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+ > {1+ B + 280+ p(1 — B)}H il < 2pB(p — o).

k=1

Proposition 8. In order for function (12) to be meromorphically conver of the order
a € [0, 1) it is sufficient and in the case, when fi < 0 for all k < 1 and a; > 0 for all
1 <7 <mn, it is necessary that

p—1 00
> oo —a)lajl + Y Mefh + alfil < plp— ),
j=1 k=1

5 ADDITION. PROPERTIES OF SOME DIFFERENTIAL EQUATION

In [14] the conditions were studied, under which the differential equation w” + (ype?" +
o0

+71" + ¥5)w = 0 has an entire solution F(s) = e™*" + Y frexp{s\;}, pseudostarlike or
k=1

pseudoconvex in IIj.
Here we consider a differential equation

w4 yw' + (§e*" + 1)w = 0, (16)

where the parameters ~, J, 7 are real numbers, and study the conditions, under which this
equation has Y-pseudostarlike or Y-pseudoconvex solution of the form

F(s)=e*" + aje*" + Z frexp{sic}, s=o0+it, (17)
k=1
where h > hy > 1. Substituting (17) in (16) we get

h2esh + hfalefshl + Z )\ifke”‘k + (—heSh — hyaye M + Z )\kfkes’\’“> +
k=1

k=1 _

+(0e*h 4 1) (eSh +ae M 4 Z fkeS)‘k> =0,
k=1

(B — yh 4+ 1)e " + (h? — yhy + 7)e™ M + Jae* M) 4 seshy

+ Z(/\z + YAk + 7) fre™ + Z 0 fres Pt = (18)
k=1 k=1
Suppose that
T=~h—h* h+1<~y<2h, hi=v—h. (19)

Then h*> —yh+7 =0, h —vhy +7 =0, h > hy > 1 and from (18) we get

daye*Ch=m) o gesh 4 Z(Ai — W2+ v\ + h)) fre®™M + Z O fresPet2) =0 (20)
k=1 k=1
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Since € = o(e") as ¢ — —oo for a > b and 2h — hy > h, from (20) we get

(1+0(1))5e*" + +(A\F — h? + y(\1 + h)) freM =0, o — —o0,

whence 5
M =h 21
1 ) fl 2’)/h ( )
and -
D (F = B2y (e + b)) fuet + de e*Qwt2h) = (22)
k=2 k=1

From (22) we get

(A2 — B2 + (g + h)) f2e™2 + (1 4+ 0(1)) fre* ™2 =0, ¢ — —o0,

whence
Ay =3h, fo=— i fi= i
T N 2+ k)T 8RS 2R+ )
Continuing this process, we will come to the equality
S % =B+ (e + R) fre™ + D b fret ) =,
k=n k=n—1

whence we obtain
()\,2I — R2 (M + h))fnes’\” +(1+ 0(1))5fn_1es()‘”‘1+2h) =0, 0— —oo,

and, thus, \, = \,_1 +2h = (2n — 1)h and

5 5
TR A0 ) T T 2@ = DR £ )

fn - fnfl (23)

for n > 2. Therefore, the following lemma is valid.
Lemma 1. Let the parameters vy, 7 and hy satisfy conditions (19). Then function (17) is a
solution to equation (16) if and only if \r, = (2k — 1)h and for the coefficients fi. formulas
(21) and (23) are correct.

Corollary 1 and Proposition 4 imply the following lemma.
Lemma 2. Let h > 1, \y = 2k — 1)h and e € [0, 1). If

(h—a)lar| + > ((2k = Dh+a)|fil < h —a. (24)
k=1
then function (17) is X-pseudostarlike of the order o, and if
hi(h —a)lar] + ) (2k = DA{(2k — Dh+ a}|fi] < h(h —a). (25)
k=1

then function (17) is X-pseudoconvex of the order a.
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Using these lemmas now prove the following theorem.
Theorem 3. Let a € [0, 1), Ay, = (2k — 1)h and conditions (19) hold. Suppose that

4h(2h +v)(h + «) > (3h + a)|d]. (26)
Then differential equation (16) has solution (17), which by condition
2(2h +7) (h + a)|9]

h— <h-— 27
(=)l G ) +a) = Ghrayp] =@ (27)
s X-pseudostarlike of the order o, and by condition
2h(2h h 215
ha(h — a)|as] + (2h + 7)(h + a)7)9 < h(h - a) (28)

v(4h(2h +~)(h + o) — (3h + @)|4])

s X-pseudoconver of the order a.
Proof. From (21) and (23) we get

((2k = Dh+ ) ful = (h+ )il + D ((2k = Dh+a)|fi <

NE

k=1 k=2
h+a |5] > ( h+a)](5]
h—i—oz ) > (2k + 1)h 4+ a)|0
"+Z( >|||fk|:

2(k + 1)h(2kh + )

=1

_ (h+a)l Z ((2k + 1)h + a)[d]
2vh (k+ Dh(2kh +7)((2k — D)h + a)

(2k = Dh+a)lfil <

_ (h+ a)|d] f: (3h + )|d]
4h(

((2k + 1)h + )|d]
2(k + 1)h(2kh +)((2k — 1)h + )

because the sequence (

that

) is decreasing. Hence it follows

> (3h + a)ld| (h+oz)|c5|
; (1 - 4h(2h+7)(h+a)> (k= Dh+a)ful < 2vh

(3h + )4
4h(2h +7)(h + a)

(3h 4+ «)|d] > (h 4+ )9
(1  4h(2h+ ) (h + a)) ;«% —Dhta)fil < =50

Condition (26) implies 1 — > (. Therefore,

and by condition (27)

= b+ )] _
(h = a)as] + ) _((2k = Dh+a) fi] < (h—a)|ay| + (3h + )9 ) -

= 27h ( ~ 4h(2h + ) (h + )
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2(2h +7)(h + @)?|9)| <
~v(4h(2h +7)(h + @) — Bh 4+ a)[d]) =

In view of Lemma 2 function (17) is X-pseudostarlike of the order a.

= (h—a)laa| +

Similarly,
> 2k = Dh((2k — Dh+a)|fil = (h+ )il + > (2k — DA((2k — D)+ )| fi] <
k=1 pt
h(h + a)|d|
ST on
N 2k— 1)h((2k + 1A+ a)|d]
+Z 20k + D)h(2kh +7)(@2k — Dh((2k — Db+ a2~ DAER= DR a)lfil <

hh+a)ls] S h(3h+a)|d]
< >

2vh Oh )+ a) 2k~ DAEE = D+ a)lfil,

whence in view of (27) as above we get

(3h + o) 0] > h(h+ a)|d]
(1 T ARh )t a>) D (2h — (2 = Db+ o)l fe] < =5 =

and, thus, in view of (?7?)
h—a)las] + ) (2k — DA((2k — Dh + a)| fi] <

2h(2h + v)(h 4 a)?|d]|
Y(4h(2h + v)(h + ) — (3h + «)|0])
By Lemma 2 function (17) is X-pseudoconvex of the order ar. The proof of Theorem 3 is
completed.

<h1( )|CL1’—|—

< h(h — ).
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Beezneno nousirrs ncesnosipkosocti mopsaaky « € [0, 1) i runy S € (0, 1] i ncesnoorry-

n
kyiocti nopaaky o i tuny B ama paxis Hipixae surasay F(s) = e " + 3 a;exp{—sh;} +
j=1

oo
+ > frexp{sAr}, me h > h, > --- > hy > 11 (\;) — 3pocraroda 70 +00 HOCTITOBHICTH J10/a-
k=1

THUX gucesn. JJoBemeHo Kpurepil mceB103ipKOBOCTI i ICeBI00MYKIOCT] y TepMiHax KoeditieHTis.
Orpumani pe3ysbraTu 3aCTOCOBAHO J0 BUBYEHHS MEPOMOPGHOI 3iDKOBCTI Ta OMyKJIOCTI Psi/iiB
Jlopana f(s) = l/z”—i—zg;} aj/z7+>"r2, frz®. docminzxkeno ymosn, 3a sxux mudepeniabhe
pisrgEng w” 4 yw' + (0e®*" + T)w = 0 Mae mceBIO3ipKOBHIl, a60 TICEBIOOMYKIMH PO3B’A30K
nopsaaky o tumy 3 = 1.



