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Äîâîëi åôåêòèâíèì ìåòîäîì äîñëiäæåííÿ ðiçíîìàíiòíèõ êðàéîâèõ çàäà÷ äëÿ ñèñòåì

äèôåðåíöiàëüíèõ ðiâíÿíü ¹ äîáðå âiäîìèé ÷èñåëüíî-àíàëiòè÷íèé ìåòîä À.Ì. Ñàìîéëåí-

êà [1, 2, 3].

Ó ïðàöi [4] çà äîïîìîãîþ ñòàíäàðòíî¨ ñõåìè öüîãî ìåòîäó äîñëiäæåíî ïèòàííÿ iñíó-

âàííÿ òà íàáëèæåíî¨ ïîáóäîâè ðîçâ'ÿçêó äâîòî÷êîâî¨ êðàéîâî¨ çàäà÷i äëÿ ñèñòåìè äè-

ôåðåíöiàëüíèõ ðiâíÿíü iç ñêií÷åííîþ êiëüêiñòþ ïåðåòâîðåíèõ àðãóìåíòiâ âèãëÿäó

ẋ(t) = f(t, x(t), x(λ1(t)), . . . , x(λk(t))), (1)

Ax(0) +Bx(T ) = d, (2)

äå t ∈ [0, T ], T = const > 0; x, f ∈ Rn; λi : [0, T ]→ [0, T ] (i = 1, k) � äîâiëüíi íåïåðåðâíi

âiäîáðàæåííÿ, A i B � ñòàëi n× n ìàòðèöi, d � ñòàëèé n-âèìiðíèé âåêòîð.
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Ïðè öüîìó ïðèïóñêàëîñÿ, ùî äëÿ äåÿêèõ ôiêñîâàíèõ äiéñíèõ ÷èñåë k1 6= k2 âèêîíó-

¹òüñÿ ñïiââiäíîøåííÿ

det(k1A+ k2B) 6= 0. (3)

Íåñêëàäíî ïåðåêîíàòèñÿ, ùî ÿêùî óìîâà (3) âèêîíóâàòèìåòüñÿ ïðè k1 = k2, òîáòî

det(A+B) 6= 0, (4)

òî âèêîðèñòàòè ñõåìó ç [4] â öüîìó âèïàäêó íå âäàñòüñÿ, îñêiëüêè ïîáóäîâàíi â íié

ïîñëiäîâíi íàáëèæåííÿ xm(t, x0) i âèçíà÷àëüíi ôóíêöi¨ ∆m(x0) óæå íå çàëåæàòèìóòü

âiä øóêàíîãî ïàðàìåòðà x0, âíàñëiäîê ÷îãî áóäå íåìîæëèâî çàäîâîëüíÿòè âiäïîâiäíi

âèçíà÷àëüíi ðiâíÿííÿ ìåòîäó.

Âèÿâëÿ¹òüñÿ, äëÿ êðàéîâî¨ çàäà÷i (1), (2), (4) ìîæíà çàïðîïîíóâàòè ìîäèôiêîâàíó

ñõåìó ÷èñåëüíî-àíàëiòè÷íîãî ìåòîäó, äå âçàãàëi íå âèíèêàòèìå âèçíà÷àëüíå ðiâíÿííÿ,

òîáòî ìåòîä ìàòèìå ëèøå àíàëiòè÷íó ñêëàäîâó.

1 Îñíîâíèé ðåçóëüòàò: ìîäèôiêîâàíà ñõåìà ìåòîäó

ßê i ðàíiøå [4], ôóíêöiþ f(t, x, y1, . . . , yk) ââàæàòèìåìî âèçíà÷åíîþ òà íåïåðåðâíîþ

â îáëàñòi

(t, x, y1, . . . , yk) ∈ [0, T ]×Dk+1,

äåD � çàìêíåíà îáìåæåíà îáëàñòü â Rn, îáìåæåíîþ âåêòîðîìM ∈ Rn,Mi > 0 (i = 1, n),

i çàäîâîëüíÿþ÷îþ óìîâó Ëiïøiöà ïî x, y1, . . . , yk ç ìàòðèöåþ K = {kij ≥ 0; i, j = 1, n}:

|f(t, x, y1, . . . , yk)| ≤M, (5)

|f(t, x, y1, . . . , yk)− f(t, x, y1, . . . , yk)| ≤ K

(
|x− x|+

k∑
i=1

|yi − yi|

)
. (6)

Òóò

|f(t, x, y1, . . . , yk)| = (|f1(t, x, y1, . . . , yk)|, . . . , |fn(t, x, y1, . . . , yk)|)

i íåðiâíiñòü ìiæ âåêòîðàìè ðîçóìi¹òüñÿ ïîêîìïîíåíòíî.

Äîñòàòíi óìîâè ðîçâ'ÿçíîñòi êðàéîâî¨ çàäà÷i (1), (2), (4) äà¹ íàñòóïíå òâåðäæåííÿ.

Òåîðåìà. Íåõàé âèêîíóþòüñÿ óìîâè:

1) âåêòîð w0 = S−1d ëåæèòü â îáëàñòi D ðàçîì çi ñâî¨ì β = TCM -îêîëîì, äå

S = A+B, C = max{|S−1A|, |S−1B|}

(max áåðåòüñÿ ïîêîìïîíåíòíî);

2) íàéáiëüøå âëàñíå çíà÷åííÿ ìàòðèöi Q = (k + 1)TCK íå ïåðåâèùó¹ îäèíèöi:

λmax(Q) < 1.

Òîäi êðàéîâà çàäà÷à (1), (2), (4) ìà¹ â îáëàñòi D ¹äèíèé ðîçâ'ÿçîê x∗(t), ÿêèé ¹

ðiâíîìiðíîþ ãðàíèöåþ ïîñëiäîâíèõ íàáëèæåíü

x0(t) = w0,
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xm(t) = w0 + S−1A

t∫
0

f(s, xm−1(s), xm−1(λ1(s)), . . . , xm−1(λk(s)))ds−

−S−1B
T∫
t

f(s, xm−1(s), xm−1(λ1(s)), . . . , xm−1(λk(s)))ds, m = 1, 2, . . . , (7)

ïðè÷îìó

|x∗(t)− xm(t)| ≤ Qm(E −Q)−1β (8)

äëÿ âñiõ m = 1, 2, . . . i t ∈ [0, T ].

Äîâåäåííÿ. Ïîêàæåìî, ùî â ïðîñòîði íåïåðåðâíèõ âåêòîð-ôóíêöié ïîñëiäîâíiñòü (7) ¹

ôóíäàìåíòàëüíîþ, à îòæå, i ðiâíîìiðíî çáiæíîþ.

Âñòàíîâèìî ñïî÷àòêó, ùî âñi ôóíêöi¨ xm(t) ìiñòÿòüñÿ â îáëàñòi D. Íà ïiäñòàâi (7),

âðàõîâóþ÷è (5), ìà¹ìî:

|x1(t)− w0| ≤ |S−1A|Mt+ |S−1B|M(T − t) ≤ TCM = β. (9)

Òîìó, ç âðàõóâàííÿì óìîâè 1), x1(t) ∈ D. Iíäóêöi¹þ íåñêëàäíî ïîêàçàòè, ùî äëÿ âñiõ

m = 1, 2, . . . i t ∈ [0, T ] ôóíêöi¨ xm(t) âèãëÿäó (7) íå âèõîäÿòü çà ìåæi îáëàñòi D.

Ïîêëàäàþ÷è rm+1(t) = |xm+1(t)− xm(t)|, íà ïiäñòàâi (7) iç âðàõóâàííÿì (6) ìà¹ìî:

rm+1(t) ≤ |S−1A|K
t∫

0

ωm(s)ds+ |S−1B|K
T∫
t

ωm(s)ds. (10)

äå ωm(s) = rm(s) +
k∑

i=1

rm(λi(s)).

Çãiäíî ç (9),

r1(t) = |x1(t)− w0| ≤ β,

òîìó ç (10) ïðè m = 1 çíàõîäèìî:

r2(t) ≤ (k + 1)|S−1A|Kβt+ (k + 1)|S−1B|Kβ(T − t) =

= (k + 1)
[
|S−1A|t+ |S−1B|(T − t)

]
Kβ ≤ (k + 1)TCKβ = Qβ.

Iíäóêöi¹þ ìîæíà äîâåñòè, ùî äëÿ âñiõ t ∈ [0, T ]

rm+1(t) ≤ Qmβ, m = 0, 1, . . . .

Òîìó äëÿ j ≥ 1 ìà¹ìî íåðiâíiñòü:

|xm+j(t)− xm(t)| ≤
j∑

i=1

rm+i(t) ≤

(
j−1∑
i=0

Qm+i

)
β = Qm

(
j−1∑
i=0

Qi

)
β. (11)

Óìîâà 2) ãàðàíòó¹ âèêîíàííÿ ñïiââiäíîøåíü

lim
m→∞

Qm = 0,

j−1∑
i=0

Qi ≤ (E −Q)−1. (12)
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Òîäi ç (11) òà (12) íà ïiäñòàâi êðèòåðiþ Êîøi âèïëèâà¹, ùî ïîñëiäîâíiñòü xm(t) âè-

ãëÿäó (7) ðiâíîìiðíî çáiãà¹òüñÿ ïðè m→∞ äëÿ âñiõ t ∈ [0, T ] i

lim
m→∞

xm(t) = x∗(t). (13)

Îñêiëüêè, â ÷îìó íåñêëàäíî ïåðåêîíàòèñÿ áåçïîñåðåäíüîþ ïåðåâiðêîþ, âñi ïîñëiäîâíi

íàáëèæåííÿ xm(t) çàäîâîëüíÿþòü êðàéîâi óìîâè (2), òî i ãðàíè÷íà ôóíêöiÿ x∗(t) òàêîæ

¨õ çàäîâîëüíÿ¹.

Ïðè j → ∞ iç (11), âðàõîâóþ÷è (13) òà (12), äëÿ âñiõ m = 1, 2, . . . i t ∈ [0, T ]

îòðèìó¹ìî îöiíêó (8).

Êðiì öüîãî, ïåðåõîäÿ÷è ç âðàõóâàííÿì (13) ó (7) äî ãðàíèöi ïðè m → ∞, áà÷èìî,

ùî ôóíêöiÿ x∗(t) ¹ ðîçâ'ÿçêîì iíòåãðàëüíîãî ðiâíÿííÿ

x(t) = w0 + S−1A

t∫
0

f(s, x(s), x(λ1(s)), . . . , x(λk(s)))ds−

−S−1B
T∫
t

f(s, x(s), x(λ1(s)), . . . , x(λk(s)))ds.

Îòæå, ãðàíè÷íà ôóíêöiÿ x∗(t) ñïðàâäi ¹ ðîçâ'ÿçêîì êðàéîâî¨ çàäà÷i (1), (2), (4).

Äîâåäåìî òåïåð ¹äèíiñòü öüîãî ðîçâ'ÿçêó.

Íåõàé y(t) � äîâiëüíèé ðîçâ'ÿçîê êðàéîâî¨ çàäà÷i (1), (2), (4). Òîäi, ÿê íåñêëàäíî

ïåðåâiðèòè, âií ¹ ðîçâ'ÿçêîì iíòåãðàëüíîãî ðiâíÿííÿ

y(t) = w0 + S−1A

t∫
0

f(s, y(s), y(λ1(s)), . . . , y(λk(s)))ds−

−S−1B
T∫
t

f(s, y(s), y(λ1(s)), . . . , y(λk(s)))ds.

Àíàëîãi÷íî, ÿê i âèùå, íåñêëàäíî âñòàíîâèòè, ùî äëÿ âñiõ t ∈ [0, T ]

|y(t)− x0(t)| = |y(t)− w0| ≤ TCM = β,

|y(t)− x1(t)| ≤ (k + 1)TCKβ = Qβ,

i, çà iíäóêöi¹þ,

|y(t)− xm(t)| ≤ Qmβ, m = 0, 1, . . . .

Òàêèì ÷èíîì, xm(t) → y(t) ïðè m → ∞ ðiâíîìiðíî íà [0, T ]. Ç ¹äèíîñòi ãðàíèöi

ïîñëiäîâíîñòi âèïëèâà¹, ùî y(t) = x∗(t) äëÿ âñiõ t ∈ [0, T ]. �äèíiñòü ðîçâ'ÿçêó x∗(t)

äîâåäåíî. Òåîðåìó äîâåäåíî.

Çàóâàæåííÿ. Ïðè k = 1 (ó âèïàäêó íàÿâíîñòi â ñèñòåìi ëèøå îäíîãî ïåðåòâîðåíîãî

àðãóìåíòó) îòðèìàíi ðåçóëüòàòè ñïiâïàäàþòü ç ðåçóëüòàòàìè, íàâåäåíèìè â [5], à ïðè

k = 0 (ó âèïàäêó âiäñóòíîñòi â ñèñòåìi ïåðåòâîðåíèõ àðãóìåíòiâ) � ç ðåçóëüòàòàìè,

íàâåäåíèìè â [6].



288 Ôiëiï÷óê Ì.Ï.

2 Ïðèêëàäè âèêîðèñòàííÿ ìîäèôiêîâàíî¨ ñõåìè ìåòîäó

Ïðîiëþñòðó¹ìî âèêîðèñòàííÿ ðîçðîáëåíî¨ ìîäèôiêîâàíî¨ ñõåìè ÷èñåëüíî-àíàëiòè÷-

íîãî ìåòîäó íà êîíêðåòíèõ ïðèêëàäàõ. Äëÿ ïðîñòîòè îáìåæèìîñÿ ðîçãëÿäîì ñêàëÿðíèõ

âèïàäêiâ.

Ïðèêëàä 1. Ðîçãëÿíåìî êðàéîâó çàäà÷ó

ẋ(t) =
1

3
x(t)− 1

3
x(
t

2
)− 1

2
x(
t

3
) + 6,

x(0) + x(1) = 6,

äå t ∈ [0, 1], D = [−3, 9].

Ëåãêî áà÷èòè, ùî â öüîìó âèïàäêó

k = 2, T = 1, A = 1, B = 1, d = 6,

A+B = 2 6= 0, M =
23

2
, K =

1

2
,

S = 2, S−1 =
1

2
, C =

1

2
,

w0 = 3, β =
23

4
, Q =

3

4
,

à òîìó âèêîíóþòüñÿ âñi óìîâè òåîðåìè.

Ïîñëiäîâíi íàáëèæåííÿ, çíàéäåíi çãiäíî ç (7), ìàþòü âèãëÿä:

x0(t) = 3,

x1(t) =
9

2
t+

3

4
= 4.5 t+ 0.75,

x2(t) =
45

8
t+

3

16
= 5.625 t+ 0.1875,

x3(t) =
189

32
t+

3

64
= 5.90625 t+ 0.046875,

x4(t) =
765

128
t+

3

256
= 5.9765625 t+ 0.01171875,

x5(t) =
3069

512
t+

3

1024
= 5.994140625 t+ 0.0029296875,

x6(t) =
12285

2048
t+

3

4096
= 5.99853515625 t+ 0.000732421875,

. . .

xm(t) =
3 (4m − 1)

(4m) / 2
t+

3

4m
= 6 t

(
1− 1

4m

)
+

3

4m
,

. . . .

Äàíà ïîñëiäîâíiñòü ðiâíîìiðíî çáiãà¹òüñÿ â îáëàñòiD äî ãðàíè÷íî¨ ôóíêöi¨ x∗(t) = 6 t,

ÿêà i ¹ òî÷íèì ðîçâ'ÿçêîì ðîçãëÿäóâàíî¨ êðàéîâî¨ çàäà÷i.
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Ïðèêëàä 2. Ðîçãëÿíåìî êðàéîâó çàäà÷ó

ẋ(t) =
1

3
x(t)− 1

3
x(t2) +

1

3
x(t3)− 1,

x(0) + x(1) = 6,

äå t ∈ [0, 1], D = [0, 6].

Ëåãêî áà÷èòè, ùî â öüîìó âèïàäêó

k = 2, T = 1, A = 1, B = 1, d = 6,

A+B = 2 6= 0, M = 3, K =
1

3
,

S = 2, S−1 =
1

2
, C =

1

2
,

w0 = 3, β =
3

2
, Q =

1

2
,

à òîìó âèêîíóþòüñÿ âñi óìîâè òåîðåìè.

Ïîñëiäîâíi íàáëèæåííÿ, çíàéäåíi çãiäíî ç (7), ìàþòü âèãëÿä:

x0(t) = 3,

xm(t) = 3, m = 1, 2, . . . .

Äàíà ïîñëiäîâíiñòü ðiâíîìiðíî çáiãà¹òüñÿ â îáëàñòi D äî ãðàíè÷íî¨ ôóíêöi¨ x∗(t) = 3,

ÿêà i ¹ òî÷íèì ðîçâ'ÿçêîì ðîçãëÿäóâàíî¨ êðàéîâî¨ çàäà÷i.
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A.M. Samoilenko's numerical-analytic method is a well-known and e�ective research method

of solvability and approximate construction of the solutions of various boundary value problems

for systems of di�erential equations.

The investigation of boundary value problems for new classes of systems of functional-

di�erential equations by this method is still an actual problem.

A boundary value problem for a system of di�erential equations with �nite quantity of

transformed arguments in the case of linear two-point boundary conditions is considered at

this paper.

In order to study the questions of the existence and approximate construction of a solution of

this problem, we used a modi�cation of A.M. Samoilenko's numerical-analytic method without

determining equation, i.e. the method has an analytical component only.

Su�cient conditions for the existence of a unique solution of the considered boundary value

problem and an error estimation of the constructed successive approximations are obtained.

The use of the developed modi�cation of the method is illustrated by concrete examples.


