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Äîâåäåíî òåîðåìè ïðî iíòåãðàëüíå çîáðàæåííÿ ðîçâ'ÿçêiâ íåîäíîðiäíîãî âèðîäæåíîãî

ðiâíÿííÿ òèïó Êîëìîãîðîâà, ÿêi ÿê ôóíêöi¨ x ìîæóòü çðîñòàòè, à ïðè t → 0 ïîâîäÿòüñÿ

âiäïîâiäíèì ñïîñîáîì çàëåæíî âiä òèïó âèðîäæåííÿ ðiâíÿííÿ ïðè t = 0.
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Âñòóï

Ó ïðàöÿõ [1, 2] çðîáëåíî îãëÿä ïðàöü, â ÿêèõ ðîçãëÿäàþòüñÿ â Π(0,T ] := (0, T ]×Rn ïà-

ðàáîëi÷íi çà Ïåòðîâñüêèì, ïàðàáîëi÷íi çà Åéäåëüìàíîì òà óëüòðàïàðàáîëi÷íi ðiâíÿííÿ

òà ñèñòåìè ðiâíÿíü, ÿêi ìiñòÿòü âèðîäæåííÿ íà ïî÷àòêîâié ãiïåðïëîùèíi. Öi âèðîäæåí-

íÿ êëàñèôiêóþòüñÿ çà âåëè÷èíàìè

A(t, τ) :=

t∫
τ

dθ

α(θ)
i B(t, τ) :=

t∫
τ

β(θ)

α(θ)
dθ,

äå α i β � íåïåðåðâíi íà [0, T ] ôóíêöi¨, äëÿ ÿêèõ α(t) > 0, β(t) > 0 ïðè t > 0 i α(0)β(0) =

0, ïðè÷îìó ôóíêöiÿ β ìîíîòîííî íåñïàäíà.

Ó âèïàäêó, êîëè A(T, 0) < +∞, ðiâíÿííÿ ìà¹ ñëàáêå âèðîäæåííÿ, à êîëè A(T, 0) =

+∞, òî � ñèëüíå. ßêùî A(T, 0) = +∞ i B(T, 0) = +∞, òî ìà¹ìî âèïàäîê äóæå ñèëüíîãî

âèðîäæåííÿ.
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Ó öié ñòàòòi ðîçãëÿäà¹òüñÿ óëüòðàïàðàáîëi÷íå ðiâíÿííÿ òèïó Êîëìîãîðîâà, â ÿêîìó

¹ íåñêií÷åííî çðîñòàþ÷i ïðè |x| → ∞ ìîëîäøi êîåôiöi¹íòè òà âèðîäæåííÿ ïðè t = 0.

Çàçíà÷èìî, ùî â [1] äëÿ ðîçãëÿäóâàíîãî ðiâíÿííÿ äîâåäåíî òåîðåìè ïðî iíòåãðàëüíå

çîáðàæåííÿ ðîçâ'ÿçêiâ íåîäíîðiäíîãî ðiâíÿííÿ, ÿêi ¹ îáìåæåíèìè, ÿê ôóíêöi¨ x, à ïðè

t → 0 ïîâîäÿòüñÿ âiäïîâiäíèì ñïîñîáîì çàëåæíî âiä òèïó âèðîäæåííÿ ðiâíÿííÿ ïðè

t = 0. Òóò äîâîäÿòüñÿ àíàëîãi÷íi òåîðåìè äëÿ ðîçâ'ÿçêiâ, ÿêi, ÿê ôóíêöi¨ x, ìîæóòü

íåîáìåæåíî çðîñòàòè ïåâíèì ÷èíîì.

1 Ïîñòàíîâêà çàäà÷i i äîïîìiæíi âiäîìîñòi

Íåõàé n1, n2, n3 � çàäàíi íàòóðàëüíi ÷èñëà òàêi, ùî n3 ≤ n2 ≤ n1; n := n1 + n2 +

n3; çìiííà x ∈ Rn ñêëàäà¹òüñÿ ç òðüîõ ãðóï çìiííèõ xl := (xl1, . . . , xlnl
) ∈ Rnl , l ∈

{1, 2, 3}, òàê ùî x := (x1, x2, x3). Ó øàði Π(0,T ] := (0, T ] × Rn ñêií÷åííî¨ òîâùèíè T > 0

ðîçãëÿäàòèìåìî òàêi ðiâíÿííÿ:

(Lu)(t, x) := α(t)∂tu(t, x)− β(t)

( n2∑
j=1

x1j∂x2ju(t, x) +

n3∑
j=1

x2j∂x3ju(t, x)+

+

n1∑
j,s=1

ajs∂x1j∂x1su(t, x) + b

n1∑
j=1

∂x1j

(
x1ju(t, x)

))
− au(t, x) = 0, (t, x) ∈ Π(0,T ], (1)

i

(L∗v)(τ, ξ) := −α(τ)∂τv(τ, ξ) + β(τ)

( n2∑
j=1

ξ1j∂ξ2jv(τ, ξ) +

n3∑
j=1

ξ2j∂ξ3jv(τ, ξ)−

−
n1∑

j,s=1

ajs∂ξ1j∂ξ1sv(τ, ξ) + b

n1∑
j=1

ξ1j∂ξ1jv(τ, ξ)

)
− a v(τ, ξ) = 0, (τ, ξ) ∈ Π(0,T ], (2)

äå ajs, b i a � äiéñíi ñòàëi, ïðè÷îìó ajs = asj, {j, s} ⊂ {1, ..., n1}, i b 6= 0, òà âèêîíó¹òüñÿ

óìîâà ïàðàáîëi÷íîñòi

∃ δ > 0 ∀σ1 := (σ11, ..., σ1n1) ∈ Rn1 :

n1∑
j,s=1

ajsσ1jσ1s ≥ δ|σ1|2.

Ðiâíÿííÿ (1) ¹ óëüòðàïàðàáîëi÷íèì ðiâíÿííÿì òèïó Êîëìîãîðîâà, â ÿêîìó êîåôiöi¹íòè

ãðóïè ñòàðøèõ ÷ëåíiâ ñòàëi, à êîåôiöi¹íòè â ãðóïi ìîëîäøèõ ÷ëåíiâ ¹ çðîñòàþ÷èìè

íà íåñêií÷åííîñòi, ïðè÷îìó ðiâíÿííÿ ìiñòèòü âèðîäæåííÿ íà ïî÷àòêîâié ãiïåðïëîùèíi

{t = 0}.
Îñêiëüêè ðiâíÿííÿ (1) i (2) ïðè t = 0 âèðîäæóþòüñÿ, òî äëÿ íèõ íå çàâæäè ìîæíà

ðîçãëÿäàòè çàäà÷ó Êîøi ç ïî÷àòêîâèìè äàíèìè ïðè t = 0 ó çâè÷àéíîìó ðîçóìiííi, àëå

ìîæíà ãîâîðèòè ïðî ôóíäàìåíòàëüíèé ðîçâ'ÿçîê çàäà÷i Êîøi çãiäíî ç òàêèìè îçíà÷å-

ííÿìè.

Îçíà÷åííÿ 1. Ôóíäàìåíòàëüíèì ðîçâ'ÿçêîì çàäà÷i Êîøi äëÿ ðiâíÿííÿ (1) íàçèâà¹òüñÿ

ôóíêöiÿ G(t, x; τ, ξ), 0 < τ < t ≤ T , {x, ξ} ⊂ Rn, òàêà, ùî ôîðìóëà

u(t, x) =

∫
Rn

G(t, x; τ, ξ)ϕ(ξ) dξ, (t, x) ∈ Π(τ,T ],
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âèçíà÷à¹ ðîçâ'ÿçîê ðiâíÿííÿ (1) äëÿ (t, x) ∈ Π(τ,T ], ÿêèé çàäîâîëüíÿ¹ ïî÷àòêîâó óìîâó

u(t, x)

∣∣∣∣
t=τ

= ϕ(x), x ∈ Rn,

äëÿ áóäü-ÿêîãî τ ∈ (0, T ) i äîâiëüíî¨ íåïåðåðâíî¨ òà îáìåæåíî¨ ôóíêöi¨ ϕ.

Îçíà÷åííÿ 2. Ôóíäàìåíòàëüíèì ðîçâ'ÿçêîì çàäà÷i Êîøi äëÿ ðiâíÿííÿ (2) íàçèâà¹òüñÿ

ôóíêöiÿ G∗(τ, ξ; t, x), 0 < τ < t ≤ T , {ξ, x} ⊂ Rn, òàêà, ùî ôîðìóëîþ

v(τ, ξ) =

∫
Rn

G∗(τ, ξ; t, x)ϕ(x) dx, (τ, ξ) ∈ Π(τ,t),

âèçíà÷à¹òüñÿ â Π(τ,t) ðîçâ'ÿçîê ðiâíÿííÿ (2), ÿêèé çàäîâîëüíÿ¹ óìîâó

v(τ, ξ)

∣∣∣∣
τ=t

= ϕ(ξ), ξ ∈ Rn,

äëÿ áóäü-ÿêîãî t ∈ (0, T ] i äîâiëüíî¨ íåïåðåðâíî¨ òà îáìåæåíî¨ ôóíêöi¨ ϕ.

Ó ïðàöi [1] çíàéäåíî â ÿâíîìó âèãëÿäi ôóíêöi¨ G i G∗ òà âèâ÷åíî ¨õ âëàñòèâîñòi, ç

ÿêèõ, çîêðåìà, âèïëèâà¹ äîäàòíiñòü ôóíêöi¨ G, ïðàâèëüíiñòü ðiâíîñòi∫
Rn

G(t, x; τ, ξ) dξ = Ea,b(t, x), 0 < τ < t ≤ T, x ∈ Rn, (3)

òà îöiíîê

|∂k1x1∂
k2
x2
∂k3x3G(t, x; τ, ξ)| ≤ Ck1k2k3E

a,b(t, τ)
3∏
l=1

(pl(B(t, τ)))−(nl+|kl|)/2×

×Êc(t, x; τ, ξ), 0 ≤ τ < t ≤ T, {x, ξ} ⊂ Rn, (4)

â ÿêèõ kl � nl-âèìiðíèé ìóëüòèiíäåêñ, l ∈ {1, 2, 3}, Ck1k2k3 i c � äîäàòíi ñòàëi, ÿêi çàëåæàòü
ëèøå âiä êîåôiöi¹íòiâ ajl, b, n1, n2 i n3, à òàêîæ âiä T òiëüêè ó âèïàäêó, êîëè b > 0;

Ea,b(t, τ) := exp{aA(t, τ) + n1bB(t, τ)},

Êc(t, x; τ, ξ) := exp

{
− c

( |ebB(t,τ)X1(B(t, τ))− ξ1|2

p1(B(t, τ))
+

3∑
l=2

|Xl(B(t, τ))− ξl|2

pl(B(t, τ))

)}
,

äå X1(t) := x1, X2(t) := x2 + αb(t)x̂1, X3(t) := x3 + tx′2 + αb(t)−t
b

x′1, x1 := (x′1, x
′′
1, x

′′′
1 ),

x̂1 := (x′1, x
′′
1), x′1 := (x11, ..., x1n3), x

′′
1 := (x1(n3+1), ..., x1n2), x

′′′
1 := (x1(n2+1), ..., x1n1), x2 :=

(x′2, x
′′
2), x′2 := (x21, ..., x2n3), x

′′
2 := (x2(n3+1), ..., x2n2),

αb(t) :=
ebt − 1

b
, p1(t) :=

e2bt − 1

2b
,

p2(t) :=
t

b2
− 2(ebt − 1)

b3(ebt + 1)
, p3(t) :=

t

b4
+

t3

12b2
− t2(ebt + 1)

2b3(ebt − 1)
.
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Çàóâàæèìî, ùî â îöiíêàõ (4) çàìiñòü Ea,b(t, τ) ó âèïàäêó ñëàáêîãî âèðîäæåííÿ ìîæíà

áðàòè 1, à êîëè âèðîäæåííÿ íå äóæå ñèëüíå, òî Ea,0(t, τ).

Ôóíêöi¨ αb(t), pj(t), t ≥ 0, j ∈ {1, 2, 3}, ìîíîòîííî çðîñòàþòü, ïðè÷îìó pj(0) = 0,

j ∈ {1, 2, 3}, i ñïðàâäæóþòüñÿ ðiâíiñòü

p1(τ) + e2bτp1(t− τ) = p1(t), 0 ≤ τ ≤ t <∞, (5)

i íåðiâíîñòi

pj(τ) + pj(t− τ) ≤ pj(t), 0 ≤ τ ≤ t <∞, j ∈ {2, 3}. (6)

Ðîçãëÿíåìî ôóíêöi¨ ç [3]

k1(t, a1) :=
c0a1e

2bt

c0 − alpl(t)
, kj(t, aj) :=

c0aj
c0 − ajpj(t)

, j ∈ {2, 3}, 0 ≤ t ≤ T,

äå c0 ∈ (0, c), c � ñòàëà ç îöiíîê (3), a1, a2, a3 � íàáið òàêèõ íåâiä'¹ìíèõ ÷èñåë, ùî

pj(T ) <
c0
aj
, j ∈ {1, 2, 3}. Öi ôóíêöi¨ ìàþòü òàêi âëàñòèâîñòi:

kj(0, aj) = aj, kj(t, aj) > aj, t ∈ (0, T ], j ∈ {1, 2, 3}; (7)

k1(t− τ, k1(τ, a1)) = k1(t, a1), kj(t− τ, kj(τ, aj)) ≤ kj(t, aj),

0 ≤ τ ≤ t ≤ T, j ∈ {2, 3}; (8)

−c0
|ebtX1(t− τ)− ξ1|2

p1(t− τ)
+k1(τ, a1)|ξ1|2 ≤ k1(t, a1) |X1(t)|2,

−c0
|Xj(t− τ)− ξj|2

pj(t− τ)
+kj(τ, aj)|ξj|2 ≤ kj(t, aj) |Xj(t− τ)|2, j ∈ {2, 3}.

0 ≤ τ ≤ t ≤ T, {x, ξ} ⊂ Rn.

(9)

Çàóâàæèìî, ùî ïðè äîâåäåííi (8) i (9) êîðèñòîâóþòüñÿ (5) i (6).

Ñêîðèñòàâøèñü âëàñòèâîñòÿìè αb, íåðiâíîñòÿìè (8) i (9) òà îçíà÷åííÿì Xj(t), îòðè-

ìà¹ìî îöiíêè

Ec0(t− τ, x, ξ) Φ1(τ, ξ) ≤ exp{
3∑
j=1

kj(t, aj)|Xj(t− τ)|2} ≤ Ψ1(t, x),

0 ≤ τ < t ≤ T, {x, ξ} ⊂ Rn, (10)

äå

Ec0(t, x, ξ) := exp

{
− c0

( |ebtX1(t)− ξ1|2

p1(t)
+

3∑
l=2

|Xl(t)− ξl|2

pl(t)

)}
;

Φν(τ, ξ) := exp
{
ν

3∑
l=1

kl(τ, al)|ξj|2
}
, Ψν(t, x) := exp

{
ν

3∑
l=1

nl∑
j=1

slj(t) |xlj|2
}
,

ν ∈ R.
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Òóò slj(t), l ∈ {1, 2, 3}, j ∈ {1, . . . , nl}, òi ñàìi, ùî é â [3].

Ðîçãëÿíåìî ôóíêöi¨

k̂1(t, a1) :=
c0a1e

2bB(t,0)

c0 − a1p1(B(t, 0))
, k̂j(t, aj) :=

c0aj
c0 − ajpj(B(t, 0))

, j ∈ {2, 3},

0 ≤ t ≤ T,

äå a1, a2, a3 � íàáið òàêèõ íåâiä'¹ìíèõ ÷èñåë, ùî pj(B(T, 0)) <
c0
aj
, ÿêùî B(T, 0) <∞, i

aj = 0, ÿêùî B(T, 0) =∞, j ∈ {1, 2, 3};

Φ̂ν(τ, ξ) := exp
{
ν

3∑
l=1

k̂l(τ, al)|ξl|2
}
, Ψ̂ν(t, x) := exp

{
ν

3∑
l=1

nl∑
j=1

ŝlj(t) |xlj|2
}
,

0 ≤ τ ≤ T, 0 ≤ t ≤ T, {x, ξ} ⊂ Rn, ν ∈ R,

äå ŝlj(t) := slj(β)|β=B(t,0), j ∈ {1, . . . , nl}, l ∈ {1, 2, 3}.
Çàçíà÷èìî, ùî ó âèïàäêó äóæå ñèëüíîãî âèðîäæåííÿ, òîáòî êîëèB(T, 0) =∞, ìà¹ìî

k̂j(t, aj) ≡ 0, ŝlj(t) ≡ 0, Φ̂ν(τ, ξ) ≡ 1 i Ψ̂ν(t, x) ≡ 1.

Çà äîïîìîãîþ (10) îäåðæó¹ìî îöiíêè

Êc0(t, x; τ, ξ) Φ̂1(τ, ξ) ≤ exp{
3∑
j=1

k̂j(t, aj)|Xj(B(t, τ))|2} ≤ Ψ̂1(t, x),

0 ≤ τ < t ≤ T, {x, ξ} ⊂ Rn, (11)

Êîðèñòóâàòèìåìîñü íîðìàìè

‖u(τ, ·)‖a,b := Ea,b(T, τ) sup
ξ∈Rn

(
|u(τ, ξ)|Φ̂−1(τ, ξ)

)
, τ ∈ (0, T ],

äå a i b � ñòàëi ç îöiíîê (4). Âiäçíà÷èìî, ùî ó âèïàäêó äóæå ñèëüíîãî âèðîäæåííÿ

‖u(τ, ·)‖a,b := Ea,b(T, τ) sup
ξ∈Rn

|u(τ, ξ)|.

2 Iíòåãðàëüíi çîáðàæåííÿ ðîçâ'ÿçêiâ íåîäíîðiäíîãî ðiâíÿííÿ

Íàâåäåìî òâåðäæåííÿ ïðî iíòåãðàëüíi çîáðàæåííÿ ðîçâ'ÿçêiâ íåîäíîðiäíîãî ðiâíÿí-

íÿ

Lu = f, (12)

(äå Lu � âèðàç iç (1)), ÿêi, ÿê ôóíêöi¨ x, ìîæóòü çðîñòàòè, à ïðè t→ 0 ïîâîäÿòüñÿ ïåâíèì

÷èíîì çàëåæíî âiä õàðàêòåðó âèðîäæåííÿ ðiâíÿííÿ íà ïî÷àòêîâié ãiïåðïëîùèíi.

Ó íàñòóïíèõ òåîðåìàõ u � íåïåðåðâíèé â îáëàñòi Π(0,T ] ðîçâ'ÿçîê ðiâíÿííÿ (12) ç

íåïåðåðâíîþ ôóíêöi¹þ f , ïðè÷îìó u i f çàäîâîëüíÿþòü äîäàòêîâi óìîâè, âêàçàíi ó

âiäïîâiäíèõ òåîðåìàõ; ϕ � íåïåðåðâíà â Rn ôóíêöiÿ òàêà, ùî |ϕ(x)| exp{−
3∑
l=1

al|xl|2} <

∞, x ∈ Rn; G � ôóíäàìåíòàëüíèé ðîçâ'ÿçîê çàäà÷i Êîøi äëÿ ðiâíÿííÿ (1).
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Òåîðåìà 1. ßêùî âèêîíóþòüñÿ óìîâè:

11) A(T, 0) <∞,

21) ∃M > 0 ∀ t ∈ (0, T ] : ‖u(t, ·)‖0,0 ≤M,

31) lim
t→0

u(t, x) = ϕ(x), x ∈ Rn,

41)
T∫
0

‖f(τ, ·)‖0,0 dτ
α(τ)

<∞,

òî ïðàâèëüíå çîáðàæåííÿ

u(t, x) :=

∫
Rn

G(t, x; 0, ξ)ϕ(ξ)dξ +

t∫
0

dτ

α(τ)

∫
Rn

G(t, x; τ, ξ) f(τ, ξ) dξ, (t, x) ∈ Π(0,T ]. (13)

Òåîðåìà 2. Íåõàé âèêîíóþòüñÿ óìîâè:

12) A(T, 0) =∞, B(T, 0) <∞,

22) ∃M > 0 ∀ t ∈ (0, T ] : ‖u(t, ·)‖a,0 ≤M,

32) lim
t→0

(
u(t, x)Ea,0(T, t)

)
= ϕ(x), x ∈ Rn,

42)
T∫
0

‖f(τ, ·)‖a,0 dτ
α(τ)

<∞.

Òîäi ñïðàâäæó¹òüñÿ ðiâíiñòü

u(t, x) =

∫
Rn

G0(t, x; ξ)ϕ(ξ)dξ +

t∫
0

dτ

α(τ)

∫
Rn

G(t, x; τ, ξ) f(τ, ξ) dξ, (t, x) ∈ Π(0,T ], (14)

äå

G0(t, x; ξ) := lim
τ→0

(
G(t, x; τ, ξ)E−a,0(T, τ)

)
. (15)

Òåîðåìà 3. Çà òàêèõ óìîâ:

13) A(T, 0) =∞, B(T, 0) =∞,

23) ∃M > 0 ∀ t ∈ (0, T ] : ‖u(t, ·)‖a,b ≤M,

33) lim
t→0
‖u(t, ·)‖a,b = 0,

43)
T∫
0

‖f(τ, ·)‖a,b dτ
α(τ)

<∞

¹ ïðàâèëüíîþ ôîðìóëà

u(t, x) =

t∫
0

dτ

α(τ)

∫
Rn

G(t, x; τ, ξ) f(τ, ξ) dξ, (t, x) ∈ Π(0,T ]. (16)

Äîâåäåííÿ òåîðåì 1�3. Íåõàé u � ðîçâ'ÿçîê ðiâíÿííÿ (12), ÿêèé çàäîâîëüíÿ¹ óìîâè

òåîðåì 1,2 àáî 3; VR := (0, T ] × BR, äå BR � êóëÿ â ïðîñòîði Rn ðàäióñà R ç öåíòðîì ó

ïî÷àòêó êîîðäèíàò; ς � íåñêií÷åííî äèôåðåíöiéîâíà íà (0,∞) ôóíêöiÿ òàêà, ùî ς = 1

íà [0, 1/2], ς = 0 íà [3/4,∞) i ς ′ ≤ 0; ςR(ξ) := ς(|ξ|/R); (t, x) � ôiêñîâàíà òî÷êà ç VR0/4,



Çîáðàæåííÿ ðîçâ'ÿçêiâ ðiâíÿííÿ òèïó Êîëìîãîðîâà ... 195

äå R0 � çàäàíå äîäàòíå ÷èñëî. Ïîäiáíî äî [1] îòðèìó¹òüñÿ ôîðìóëà

u(t, x) =

∫
Rn

G(t, x;h, ξ)ςR(ξ)u(h, ξ)dξ −
t∫

h

dτ

α(τ)

∫
Rn

u(τ, ξ)L∗(G(t, x; τ, ξ)ςR(ξ)) dξ+

+

t∫
h

dτ

α(τ)

∫
Rn

G(t, x; τ, ξ)ςR(ξ))f(τ, ξ) dξ =: I
(R)
1 + I

(R)
2 + I

(R)
3 , 0 < h <

t

2
. (17)

Ïåðåéäåìî â (17) äî ãðàíèöi ïðè R→∞. Ìà¹ìî

lim
R→∞

I
(R)
1 = I1 :=

∫
Rn

G(t, x;h, ξ)u(h, ξ)dξ,

ùî âèïëèâà¹ ç îöiíîê (4) i (11) òà íåðiâíîñòåé∫
Rn

Êc1(t, x; τ, ξ)
3∏
l=1

(
pl(B(t, τ))

)−nl/2

dξ ≤ C, 0 < τ < t ≤ T, x ∈ Rn, (18)

i

|I1 − I(R)
1 | ≤

≤ C ‖u(h, ·)‖a,bE−a,−b(T, t)
∫

Rn\BR/2

Êc(t, x;h, ξ)
3∏
l=1

(
pl(B(t, h))

)−nl/2

Φ̂1(h, ξ) dξ ≤

≤ C ‖u(h, ·)‖a,bE−a,−b(T, t)Ψ̂1(t, x)

∫
Rn\BR/2

Êc−c0(t, x;h, ξ)
3∏
l=1

(
pl(B(t, h))

)−nl/2

dξ −→
R→∞

0.

(19)

Àíàëîãi÷íî îòðèìó¹ìî, ùî

lim
R→∞

I
(R)
3 = I3 :=

t∫
h

dτ

α(τ)

∫
Rn

G(t, x; τ, ξ)f(τ, ξ)dξ,

îñêiëüêè

|I3 − I(R)
3 | ≤ C E−a,−b(T, t)Ψ̂1(t, x)×

×
t∫

h

‖f(τ, ·)‖a,b dτ
α(τ)

∫
Rn\BR/2

Êc−c0(t, x; τ, ξ)
3∏
l=1

(
pl(B(t, τ))

)−nl/2

dξ −→
R→∞

0. (20)

Äëÿ îòðèìàííà îöiíêè I
(R)
2 ñêîðèñòà¹ìîñÿ òàêèìè îöiíêàìè, àíàëîãi÷íèìè íåðiâíî-

ñòÿì (30) i (32) ç [1]:∣∣∣L∗(G(t, x; τ, ξ)ςR(ξ))
∣∣∣ ≤ C Ea,b(t, τ)β(τ)

(
p1(B(t, τ))

)−(n1+1)/2
3∏
l=2

(
pl(B(t, τ))

)−nl/2

×

×Êc(t, x; τ, ξ), (21)

Êc1(t, x; τ, ξ) ≤ exp
{
−c1

(R/4)2

q(B(t, h))

}
, h ≤ τ < t ≤ T, x ∈ BR0/4, ξ ∈ Rn \BR/2, (22)
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â ÿêèõ R � äîñèòü âåëèêå ÷èñëî, R0 � ôiêñîâàíå ÷èñëî, ïðè÷îìó 0 < R0 < R, q(t) :=

max
l∈{1,2,3}

pl(t).

Çà äîïîìîãîþ íåðiâíîñòåé (11), (18), (21) i (22) ç c1 = (c− c0)/2 ìà¹ìî

|I(R)
2 | ≤ C

t∫
h

Ea,b(t, τ)
(
p1(B(t, τ))

)−1/2β(τ)

α(τ)
dτ

∫
Rn

3∏
l=1

(
pl(B(t, τ))

)−nl/2

Êc−c0(t, x; τ, ξ)×

×
(
u(τ, ξ)Φ̂−1(τ, ξ)

)(
Êc0(t, x; τ, ξ))Φ̂1(τ, ξ)

)
dξ ≤

≤ CΨ̂1(t, x)E−a,−b(T, t) exp
{
−c1

(R/4)2

q(B(t, h))

} t∫
h

(
p1(B(t, τ))

)−1/2
‖u(τ, ·)‖a,b β(τ)

α(τ)
dτ×

×
∫
Rn

3∏
l=1

(
pl(B(t, τ))

)−nl/2

Êc1(t, x; τ, ξ) dξ ≤

≤ CΨ̂1(t, x)E−a,−b(T, t) exp
{
−c1

(R/4)2

q(B(t, h))

}
sup
τ∈[h,t]

‖u(τ, ·)‖a,b×

×
t∫

h

β(τ)

α(τ)

(
p1(B(t, τ))

)−1/2
dτ −→

R→∞
0, (23)

îñêiëüêè
t∫

h

β(τ)

α(τ)

(
p1(B(t, τ))

)−1/2
dτ ≤ 2

(
p1(B(t, h))

)−1/2
.

Çàóâàæèìî, ùî â îöiíêàõ (19), (20) i (23) ó âèïàäêó âèêîíàííÿ óìîâè 11) áåðåòüñÿ

a = 0, b = 0, à óìîâè 12) � b = 0.

Ïiñëÿ ïåðåõîäó â (17) äî ãðàíèöi ïðè R→∞ îòðèìó¹ìî

u(t, x) =

∫
Rn

G(t, x;h, ξ)u(h, ξ)dξ +

t∫
h

dτ

α(τ)

∫
Rn

G(t, x; τ, ξ)f(τ, ξ) dξ =: J
(h)
1 + J

(h)
2 . (24)

Ó ðiâíîñòi (24) ïåðåéäåìî äî ãðàíèöi ïðè h → 0. Ðåçóëüòàò òàêîãî ïåðåõîäó çàëå-

æèòü âiä òîãî, ÿêà ç óìîâ 1j), j ∈ {1, 2, 3}, âèêîíó¹òüñÿ. Âèêîðèñòîâóâàòèìåìî òàêå

òâåðäæåííÿ, äîâåäåíå â [1]: äëÿ äîâiëüíî ôiêñîâàíèõ (t, x) ∈ Π(0,T ] iñíóþòü òàêi ñòàëi

C1 > 0, c1 ∈ (0, c−c0) i h0 ∈ (0, t/2), ùî äëÿ äîâiëüíèõ h ∈ (0, h0) i ξ ∈ Rn ñïðàâäæó¹òüñÿ

íåðiâíiñòü

3∏
l=1

(
pl(B(t, h))

)−nl/2

Êc−c0(t, x;h, ξ) ≤ C1

3∏
l=1

(
pl(B(t, t/2))

)−nl/2

Êc1(t, x; 0, ξ) (25)

çà óìîâè, ùî B(T, 0) <∞.
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Çà äîïîìîãîþ îöiíîê (4), (11) i (25), óìîâ 21) i 22) òà îçíà÷åííÿ íîðì ó âèïàäêó

âèêîíàííÿ 11) i 12) âiäïîâiäíî îòðèìó¹ìî∣∣∣G(t, x;h, ξ)u(h, ξ)
∣∣∣ ≤ C0

3∏
l=1

(
pl(B(t, h))

)−nl/2

Êc−c0(t, x;h, ξ)×

×
(
|u(h, ξ)| Φ̂−1(h, ξ)

)(
Êc0(t, x;h, ξ)Φ̂1(h, ξ)

)
≤

≤ C0C1||u(h, ·)||0,0Φ̂1(t, x)
3∏
l=1

(
pl(B(t, t/2))

)−nl/2

Êc1(t, x; 0, ξ) ≤

≤ ĈΦ̂1(t, x)
3∏
l=1

(
pl(B(t, t/2))

)−nl/2

Êc1(t, x; 0, ξ) (26)

i ∣∣∣G(t, x;h, ξ)u(h, ξ)
∣∣∣ ≤ C0E

a,0(t, h)
3∏
l=1

(
pl(B(t, h))

)−nl/2

Êc−c0(t, x;h, ξ)×

×
(
Ea,0(T, h)|u(h, ξ)| Φ̂−1(h, ξ)

)
E−a,0(T, h)

(
Êc0(t, x;h, ξ)Φ̂1(h, ξ)

)
≤

≤ C0C1E
−a,0(T, t)||u(h, ·)||−a,0Φ̂1(t, x)

3∏
l=1

(
pl(B(t, t/2))

)−nl/2

Êc1(t, x; 0, ξ) ≤

≤ ĈE−a,0(T, t)Φ̂1(t, x)
3∏
l=1

(
pl(B(t, t/2))

)−nl/2

Êc1(t, x; 0, ξ), (27)

äå Ĉ := C0C1M .

Ç îöiíîê (26) i (27) âèïëèâà¹, ùî ïiäiíòåãðàëüíà ôóíêöiÿ â iíòåãðàëi J
(h)
1 ç (24) ìà¹

iíòåãðîâíó ìàæîðàíòó. Âðàõîâóþ÷è óìîâè 31) i 32), çà äîïîìîãîþ òåîðåìè Ëåáåãà ïðî

ìàæîðàíòíó çáiæíiñòü ïiñëÿ ïåðåõîäó äî ãðàíèöi ïðè h→ 0 ïiä çíàêîì iíòåãðàëà â J
(h)
1

îòðèìà¹ìî ïåðøi äîäàíêè ç ôîðìóë (13) i (14).

Ãðàíèöÿ ïðè h→ 0 iíòåãðàëà â J
(h)
1 ó âèïàäêó âèêîíàííÿ óìîâè 13) äîðiâíþ¹ íóëåâi,

îñêiëüêè ç îãëÿäó íà óìîâè 23) i 33), äîäàòíiñòü ôóíêöi¨ G òà ðiâíiñòü (3) ìà¹ìî

|J (h)
1 | ≤ ||u(h, ·)||a,b

∫
Rn

G(t, x;h, ξ) dξ E−a,−b(T, h) =

= Ea,b(t, h)E−a,−b(T, h) ||u(h, ·)||a,b = E−a,−b(T, t) ||u(h, ·)||a,b−→
h→0

0.

Íà ïiäñòàâi óìîâ 4j), j ∈ {1, 2, 3}, îöiíîê (4) i (11), ðiâíîñòi (3) i ðiâíîñòi∫
Rn

3∏
l=1

(
pl(B(t, τ))

)−nl/2

Êc−c0(t, x; τ, ξ) dξ = C2, 0 < τ < t ≤ T, x ∈ Rn,

iíòåãðàëè J
(h)
2 ïðè h → 0 ïðÿìóþòü äî äðóãèõ äîäàíêiâ ç ôîðìóë (13), (14) i (16)

âiäïîâiäíî. Ñïðàâäi, ðîçãëÿíåìî ðiçíèöþ

P (h) := J
(h)
2 −

t∫
0

dτ

α(τ)

∫
Rn

G(t, x; τ, ξ) f(τ, ξ) dξ = −
h∫

0

R(t, τ, x)
dτ

α(τ)
,
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äå

R(t, τ, x) :=

∫
Rn

G(t, x; τ, ξ) f(τ, ξ) dξ.

Ó âèïàäêó âèêîíàííÿ óìîâè 12) ìà¹ìî

|R(t, τ, x)| ≤ C0E
a,0(t, τ)

∫
Rn

3∏
l=1

(
pl(B(t, τ))

)−nl/2

Êc−c0(t, x; τ, ξ)×

×
(
Êc0(t, x; τ, ξ) Φ̂1(τ, ξ)

)(
|f(τ, ξ)| Φ̂−1(τ, ξ)Ea,0(T, τ)

)
E−a,0(T, τ) dξ ≤

≤ C0E
−a,0(T, t) ||f(τ, ·)||a,0 Φ̂1(t, x)

∫
Rn

3∏
l=1

(
pl(B(t, τ))

)−nl/2

Êc−c0(t, x; τ, ξ) dξ ≤

≤ C0C2E
−a,0(T, t) Φ̂1(t, x) ||f(τ, ·)||a,0

i íà ïiäñòàâi óìîâè 42) îòðèìó¹ìî

|P (h)| ≤ C0C2E
−a,0(T, t) Φ̂1(t, x)

h∫
0

||f(τ, ·)||a,0 dτ

α(τ)
−→
h→0

0. (28)

ßêùî âèêîíó¹òüñÿ óìîâà 11), òî ïðàâèëüíå çîáðàæåííÿ (28) ç a = 0. Ó âèïàäêó, êîëè

âèêîíó¹òüñÿ óìîâà 13), ìà¹ìî

|P (h)| ≤
h∫

0

dτ

α(τ)

∫
Rn

G(t, x; τ, ξ)
(
Ea,b(T, τ) |f(τ, ξ)|

)
E−a,−b(T, τ) dξ ≤

≤
h∫

0

||f(τ, ·)||a,bEa,b(t, τ)E−a,−b(T, τ)
dτ

α(τ)
=

= E−a,−b(T, t)

h∫
0

||f(τ, ·)||a,b dτ
α(τ)

−→
h→0

0.

Îòæå, òåîðåìè 1�3 äîâåäåíî.

2

3 Âèñíîâêè

Ó íàâåäåíèõ òåîðåìàõ óñòàíîâëåíî iíòåãðàëüíå çîáðàæåííÿ ðîçâ'ÿçêiâ íåîäíîðiäíî-

ãî ðiâíÿííÿ (12). Ðîçãëÿíóòi ðîçâ'çêè, ÿê ôóíêöi¨ x, ìîæóòü íåîáìåæåíî çðîñòàòè ïðè

|x| → ∞, à ïðè t → 0 ïîâîäÿòüñÿ ïåâíèì ÷èíîì çàëåæíî âiä õàðàêòåðó âèðîäæåííÿ

ðiâíÿííÿ íà ïî÷àòêîâié ãiïåðïëîùèíi. Çàçíà÷èìî, ùî ó âèïàäêó äóæå ñèëüíîãî âèðî-

äæåííÿ ðîçãëÿäóâàíi ðîçâ'ÿçêè ¹ îáìåæåíèìè ôóíêöiÿìè âiä x. Öi ðåçóëüòàòè ìîæóòü

âèêîðèñòîâóâàòèñÿ äëÿ âñòàíîâëåííÿ êîðåêòíî¨ ðîçâ'ÿçíîñòi ðiâíÿííÿ (12) ç êëàñè÷íîþ

ïî÷àòêîâîþ óìîâîþ ó âèïàäêó ñëàáêîãî âèðîäæåííÿ ðiâíÿííÿ ïðè t = 0, âàãîâîþ ïî-

÷àòêîâîþ óìîâîþ àáî áåç ïî÷àòêîâî¨ óìîâè, ÿêùî âèðîäæåííÿ ñèëüíå.
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The nonhomogeneous model Kolmogorov type ultraparabolic equation with in�nitely increa-

sing coe�cients at the lowest derivatives as |x| → ∞ and degenerations for t = 0 is considered in

the paper. Theorems on the integral representation of solutions of the equation are proved. The

representation is written with the use of Poisson integral and the volume potential generated

by the fundamental solution of the Cauchy problem. The considered solutions, as functions of

x, could in�nitely increase as |x| → ∞, and could behave in a certain way as t→ 0, depending

on the type of the degeneration of the equation at t = 0. Note that in the case of very strong

degeneration, the solutions, as functions of x, are bounded. These results could be used to

establish the correct solvability of the considered equation with the classical initial condition

in the case of weak degeneration of the equation at t = 0, weight initial condition or without

the initial condition if the degeneration is strong.


