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ÏÐÎ ÐIÂÍÎÑÈËÜÍIÑÒÜ ÄÅßÊÈÕ ÇÃÎÐÒÊÎÂÈÕ ÑÏIÂÂIÄÍÎØÅÍÜ

Ó ÏÐÎÑÒÎÐÀÕ ÏÎÑËIÄÎÂÍÎÑÒÅÉ

Âñòàíîâëåíî ðiâíîñèëüíiñòü ìiæ ñîáîþ äâîõ ñèñòåì ç n ðiâíîñòåé ó ïðîñòîðàõ ôóíêöié,

àíàëiòè÷íèõ ó êðóãîâèõ îáëàñòÿõ. Âèêîðèñòîâóþ÷è öå òâåðäæåííÿ, äîâåäåíî ðiâíîñèëü-

íiñòü àíàëîãi÷íèõ ñèñòåì çãîðòêîâèõ ðiâíîñòåé äëÿ ïåâíîãî êëàñó ïðîñòîðiâ ïîñëiäîâíîñ-

òåé.
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Âñòóï

Ïðè äîñëiäæåííi óìîâ åêâiâàëåíòíîñòi â ïðîñòîðàõ ïîñëiäîâíîñòåé îïåðàòîðiâ, ÿêi

¹ ëiâèìè îáåðíåíèìè äî n-ãî ñòåïåíÿ îïåðàòîðà óçàãàëüíåíîãî iíòåãðóâàííÿ, âèíèêëà

çàäà÷à ïðî ðiâíîñèëüíiñòü äåÿêèõ äâîõ ñèñòåì ç n çãîðòêîâèõ ñïiââiäíîøåíü. Äàíà ðî-

áîòà ïðèñâÿ÷åíà ðîçâ'ÿçàííþ öi¹¨ çàäà÷i. Âiäçíà÷èìî, ùî ñïî÷àòêó äîâîäèòüñÿ ðiâíî-

ñèëüíiñòü äâîõ ñèñòåì ç n âiäïîâiäíèõ ðiâíîñòåé ó ïðîñòîðàõ àíàëiòè÷íèõ ôóíêöié, à

ïîòiì, âèêîðèñòîâóþ÷è öå òâåðäæåííÿ, îòðèìó¹òüñÿ îñíîâíèé ðåçóëüòàò ðîáîòè. Çàóâà-

æèìî òàêîæ, ùî äëÿ âèïàäêó, êîëè îïåðàòîð óçàãàëüíåíîãî iíòåãðóâàííÿ çáiãà¹òüñÿ

ç îïåðàòîðîì çâè÷àéíîãî iíòåãðóâàííÿ, öÿ çàäà÷à äîñëiäæóâàëàñÿ ó äèïëîìíié ðîáîòi

Ì. Ìèöêàíà [3].

ÍåõàéX � äåÿêèé âåêòîðíèé ïðîñòið ïîñëiäîâíîñòåé êîìïëåêñíèõ ÷èñåë x = (xm)
∞
m=0

íàä ïîëåì C, ùî ìiñòèòü óñi ôiíiòíi ïîñëiäîâíîñòi, à

Xα = {u = (um)
∞
m=0 :

∞∑
m=0

|umxm| < +∞, ∀x ∈ X}−

äâî¨ñòèé äî íüîãî ïðîñòið. Äëÿ êîæíîãî u ∈ Xα ÷åðåç pu ïîçíà÷àòèìåìî ïåðåäíîðìó íà

X, ÿêà âèçíà÷à¹òüñÿ ôîðìóëîþ

pu(x) =
∞∑
m=0

|umxm|, x ∈ X.
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Ââàæàòèìåìî íàäàëi, ùî ïðîñòið X íàäiëåíèé íîðìàëüíîþ òîïîëîãi¹þ Êåòå [2, c. 410],

ÿêà çàäà¹òüñÿ íàáîðîì ïåðåäíîðì {pu : u ∈ Xα}.
Çàôiêñó¹ìî ïîñëiäîâíiñòü âiäìiííèõ âiä íóëÿ êîìïëåêñíèõ ÷èñåë α = (αm)

∞
m=0 i ÷åðåç

Dα òà Iα ïîçíà÷èìî îïåðàòîðè óçàãàëüíåíîãî äèôåðåíöiþâàííÿ òà óçàãàëüíåíîãî iíòå-

ãðóâàííÿ â X, ÿêi ïîðîäæóþòüñÿ ïîñëiäîâíiñòþ α i íà åëåìåíò x ∈ X äiþòü âiäïîâiäíî

çà ïðàâèëàìè:

Dαx =

(
α0

α1

x1,
α1

α2

x2, ...,
αm
αm+1

xm+1, ...

)
, Iαx =

(
0,
α1

α0

x0,
α2

α1

x1, ...,
αm
αm−1

xm−1, ...

)
.

Ïðèïóñòèìî, ùî ïðîñòið X ìà¹ òàêi âëàñòèâîñòi:

Â1) X � äîñêîíàëèé, òîáòî Xαα = X;

Â2) ∀x ∈ X : x′ = (mxm)
∞
m=0 ∈ X;

Â3) ∀x ∈ X : Dαx ∈ X;

Â4) ∀ v ∈ Xα ∃u ∈ Xα ∀m, k = 0, 1, ... :

∣∣∣∣α0 αm+k+1

αm αk

∣∣∣∣ |vm+k+1| < |um uk|.

Âiäçíà÷èìî, ùî äîñêîíàëiñòü ïðîñòîðó X ðiâíîñèëüíà äî éîãî ïîâíîòè âiäíîñíî íîð-

ìàëüíî¨ òîïîëîãi¨ Êåòå [2, c. 416]. Âëàñòèâiñòü Â2) ìàþòü ïðè äîñèòü çàãàëüíèõ óìîâàõ

ïðîñòîðè, ùî âõîäÿòü ó êëàñèôiêàöiþ [1, ñ. 31] (çîêðåìà, é ïðîñòîðè ïîñëiäîâíîñòåé,

ùî içîìîðôíi äî ðiçíèõ ïðîñòîðiâ àíàëiòè÷íèõ ôóíêöié). Ç íàâåäåíîãî âèùå îçíà÷åííÿ

îïåðàòîðiâ Dα òà Iα, à òàêîæ ç óìîâ Â3) i Â4) âiäïîâiäíî âèïëèâà¹, ùî öi îïåðàòîðè

ëiíiéíî òà íåïåðåðâíî äiþòü ó ïðîñòîði X.

Äëÿ m = 0, 1, 2, ... ïîêëàäåìî

e(m) = (0, . . . , 0, 1︸ ︷︷ ︸
m+1

, 0, . . . ) ∈ X,

i çàóâàæèìî, ùî ñèñòåìà âñiõ îðòiâ
(
e(m)

)∞
m=0

óòâîðþ¹ áàçèñ ïðîñòîðó X [2, c. 416].

Ó ðîáîòi [4] äîâåäåíî, ùî ïðè çðîáëåíèõ âèùå ïðèïóùåííÿõ ùîäî ïîñëiäîâíîñòi α òà

ïðîñòîðó X äëÿ âñiõ x, y ∈ X ôîðìóëîþ

x ∗ y =
∞∑
m=1

(
m−1∑
k=0

α0 αm xm−k−1 yk
αm−k−1 αk

)
e(m), (1)

âèçíà÷à¹òüñÿ íåòðèâiàëüíà çãîðòêà äëÿ îïåðàòîðà Iα íà X, ïðè÷îìó Iαx = e(0) ∗ x äëÿ

x ∈ X. Ïðèãàäà¹ìî, ùî çãîðòêîþ äëÿ ëiíiéíîãî íåïåðåðâíîãî îïåðàòîðà M : X → X

ó òîïîëîãi÷íîìó âåêòîðíîìó ïðîñòîði X íàçèâà¹òüñÿ íàðiçíî íåïåðåðâíà, áiëiíiéíà, êî-

ìóòàòèâíà é àñîöiàòèâíà îïåðàöiÿ ∗ : X ×X → X, äëÿ ÿêî¨

M(x ∗ y) = (Mx) ∗ y, x, y ∈ X.

Êàæóòü, ùî çãîðòêà ∗ íåòðèâiàëüíà, ÿêùî âîíà íå ìà¹ â ïðîñòîði X àíóëÿòîðiâ, òîáòî

òàêèõ íåíóëüîâèõ åëåìåíòiâ x ∈ X, ùî x ∗ y = 0 äëÿ âñiõ y ∈ X.

Çàôiêñó¹ìî íàòóðàëüíå ÷èñëî n ≥ 2. Äëÿ êîæíîãî q = 0, 1, ..., n− 1 ÷åðåç Pq ïîçíà-

÷èìî ïðîåêòîð íà X, ÿêèé íà ïîñëiäîâíiñòü x ∈ X äi¹ çà ïðàâèëîì

Pqx =
∞∑
m=0

xmn+q e
(mn+q).
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Çàâäÿêè äîñêîíàëîñòi ïðîñòîðó X, ìà¹ìî, ùî Pqx ∈ X äëÿ âñiõ x ∈ X i q = 0, 1, ..., n−1.

Çðîçóìiëî òàêîæ, ùî äëÿ êîæíîãî x ∈ X

x =
n−1∑
q=0

Pqx.

Îñíîâíèì çàâäàííÿì äàíî¨ ðîáîòè ¹ äîâåäåííÿ òîãî ôàêòó, ùî êîëè ïîñëiäîâíîñòi

a(j) = (a
(j)
m )∞m=0 ç ïðîñòîðó X, äå j = 0, 1, ... , n− 1, çàäîâîëüíÿþòü óìîâó

M = max
0≤j≤n−1

 lim
m→∞

m

√√√√∣∣∣∣∣a(j)mαm
∣∣∣∣∣
 <∞, (2)

òî äëÿ äâîõ íàáîðiâ (a(j))n−1j=0 òà (b(j))n−1j=0 åëåìåíòiâ ïðîñòîðó X ñèñòåìà ñïiââiäíîøåíü

b(j) = a(j) +
n−1∑
k=0

(In−k−1α a(k)) ∗ (Pkb(j)), j = 0, 1, ..., n− 1, (3)

ðiâíîñèëüíà äî ñèñòåìè ñïiââiäíîøåíü

b(j) = a(j) +
n−1∑
k=0

(In−k−1α b(k)) ∗ (Pka(j)), j = 0, 1, ..., n− 1. (4)

1 Ðiâíîñèëüíiñòü äåÿêèõ ñèñòåì ðiâíîñòåé ó ïðîñòîðàõ àíàëiòè÷íèõ

ôóíêöié

Íåõàé R > 0, à AR � ïðîñòið óñiõ àíàëiòè÷íèõ ó êðóçi |z| < R ôóíêöié, ùî íàäiëåíèé

òîïîëîãi¹þ êîìïàêòíî¨ çáiæíîñòi. Âií òîïîëîãi÷íî içîìîðôíèé äî ïðîñòîðó ïîñëiäîâ-

íîñòåé

XR =

{
x = (xm)

∞
m=0 : lim

m→∞
m
√
|xm| ≤

1

R

}
ç íîðìàëüíîþ òîïîëîãi¹þ Êåòå [1, c. 28-35]. ßêùî αm = 1 äëÿ âñiõ m = 0, 1, 2, ... , òî

âiäïîâiäíèé îïåðàòîð Iα óçàãàëüíåíîãî iíòåãðóâàííÿ â ïðîñòîði AR çáiãà¹òüñÿ ç îïåðà-

òîðîì Uz ìíîæåííÿ íà íåçàëåæíó çìiííó, ÿêèé íà ôóíêöiþ f ∈ AR äi¹ çà ïðàâèëîì

Uzf(z) = zf(z), à àíàëîã çãîðòêè (1) ó ïðîñòîði AR âèçíà÷à¹òüñÿ ôîðìóëîþ

(f ∗ g)(z) = z f(z) g(z), f, g ∈ AR.

Äëÿ êîæíîãî q = 0, 1, ..., n− 1 ðîçãëÿíåìî â ïðîñòîði AR ïðîåêòîð Pq, äëÿ ÿêîãî

(Pqf)(z) =
∞∑
m=0

fnm+qz
nm+q, äå f(z) =

∞∑
m=0

fmz
m.

Òîäi äëÿ äâîõ íàáîðiâ ôóíêöié (f (j))n−1j=0 òà (g(j))n−1j=0 ç ïðîñòîðó AR ñèñòåìè ðiâíîñòåé

g(j)(z) = f (j)(z) +
n−1∑
k=0

zn−k f (k)(z) (Pkg
(j))(z), j = 0, 1, ..., n− 1, (5)

i

g(j)(z) = f (j)(z) +
n−1∑
k=0

zn−k g(k)(z) (Pkf
(j))(z), j = 0, 1, ..., n− 1, (6)

¹ àíàëîãàìè ñèñòåì çãîðòêîâèõ ñïiââiäíîøåíü (3) i (4). Äîâåäåìî, ùî ïðè ïåâíié óìîâi

ñèñòåìè (5) i (6) ðiâíîñèëüíi.
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Ëåìà 1. Äëÿ q, k = 0, 1, ..., n− 1 òà f, g ∈ AR
Pq [z

n−k f(z) (Pkg)(z)] = zn−k (Pqf)(z) (Pkg)(z).

Äîâåäåííÿ. Ñïðàâäi, ÿêùî f(z) =
∞∑
m=0

fmz
m, g(z) =

∞∑
s=0

gsz
s, òî

Pq [z
n−k f(z) (Pkg)(z)] = Pq

(
∞∑
m=0

fm z
m

∞∑
s=0

gsn+k z
(s+1)n

)

= zn−k
∞∑
m=0

fnm+q z
nm+q

∞∑
s=0

gns+k z
ns+k = zn−k (Pqf)(z) (Pkg)(z).

Òåîðåìà 1. Íåõàé çàäàíî ôóíêöi¨ (f (j))n−1j=0 ç ïðîñòîðó AR, äëÿ ÿêèõ âèêîíó¹òüñÿ óìîâà

D(z) = det ‖δqk − zn−k (Pqf (k))(z)‖n−1q,k=0 6= 0, |z| < R, (7)

äå δqk− ñèìâîë Êðîíåêåðà. Òîäi iñíó¹ ¹äèíèé íàáið ôóíêöié (g(j))n−1j=0 ç ïðîñòîðó AR, ÿêi

çàäîâîëüíÿþòü ñèñòåìè ñïiââiäíîøåíü (5) i (6).

Äîâåäåííÿ. Çàôiêñó¹ìî j = 0, 1, ..., n−1 i çíàéäåìî ôóíêöiþ g(j) ∈ AR, ÿêà çàäîâîëüíÿ¹
ðiâíiñòü

g(j)(z)−
n−1∑
k=0

zn−k f (k)(z) (Pkg
(j))(z) = f (j)(z).

Öå ìîæíà çðîáèòè ¹äèíèì ÷èíîì, áî g(j) =
n−1∑
q=0

Pqg
(j), à ôóíêöi¨ (Pqg

(j))n−1q=0 , âðàõîâóþ÷è

ëåìó 1, ¹ ðîçâ'ÿçêàìè ñèñòåìè

(Pqg
(j))(z)−

n−1∑
k=0

zn−k (Pqf
(k))(z) (Pkg

(j))(z) = (Pqf
(j))(z), q = 0, 1, ..., n− 1, (8)

ãîëîâíèé âèçíà÷íèê ÿêî¨ çáiãà¹òüñÿ ç D(z).

Äëÿ q = 0, 1, ..., n − 1 ïîçíà÷èìî ÷åðåç Dqj(z) âèçíà÷íèê, ÿêèé îòðèìó¹òüñÿ ç D(z)

çàìiíîþ q-ãî ñòîâïöÿ íà ñòîâïåöü âiëüíèõ ÷ëåíiâ ñèñòåìè (8). Òîäi, îñêiëüêè D(z) 6= 0

äëÿ |z| < R, òî ôóíêöi¨

(Pqg
(j))(z) =

Dqj(z)

D(z)
, q = 0, 1, ..., n− 1,

àíàëiòè÷íi â êðóçi |z| < R, à òîìó g(j) ∈ AR.
Òàêèì ÷èíîì, ìè îòðèìàëè ¹äèíèé íàáið ôóíêöié (g(j))n−1j=0 ç ïðîñòîðó AR, ÿêi çàäî-

âîëüíÿþòü ñèñòåìó ñïiââiäíîøåíü (5).

Äîâåäåìî òåïåð, ùî öi ôóíêöi¨ çàäîâîëüíÿþòü i ñèñòåìó ñïiââiäíîøåíü (6). Äëÿ öüîãî

çàôiêñó¹ìî q = 0, 1, ..., n− 1 i ïåðåâiðèìî, ÷è íàáið (Pqg
(j))n−1j=0 îòðèìàíèõ âèùå ôóíêöié

ç AR ¹ ðîçâ'ÿçêîì ñèñòåìè

(Pqg
(j))(z)−

n−1∑
k=0

zn−k (Pkf
(j))(z) (Pqg

(k))(z) = (Pqf
(j))(z), j = 0, 1, ..., n− 1. (9)

Íåõàé dkj(z) = δkj−zn−j (Pkf (j))(z), à ckj(z) � àëãåáðà¨÷íå äîïîâíåííÿ åëåìåíòà dkj(z)

âèçíà÷íèêà D(z), k, j = 0, 1, ..., n− 1. Çàóâàæèìî, ùî òîäi
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n−1∑
k=0

dkj(z) ckj(z) =
n−1∑
j=0

dkj(z) ckj(z) = D(z),

à
n−1∑
k=0

dkj(z) cks(z) = 0, j 6= s,

áî ëiâó ÷àñòèíó îñòàííüî¨ ðiâíîñòi ìîæíà ïîäàòè ÿê âèçíà÷íèê n-ãî ïîðÿäêó ç îäíàêî-

âèìè j-èì òà s-èì ñòîâïöÿìè.

Îñêiëüêè D(z) = cqq(z)− zn−qDqq(z), òî çâiäñè îäåðæèìî, ùî

zn−q (Pqg
(q))(z) =

zn−qDqq(z)

D(z)
=
cqq(z)−D(z)

D(z)
= −1 + cqq(z)

D(z)
. (10)

Êðiì öüîãî, îñêiëüêè cjq(z)− zn−j Dqj(z) = 0 (áî ëiâó ÷àñòèíó îñòàííüî¨ ðiâíîñòi ìîæíà

ïîäàòè ÿê âèçíà÷íèê n-ãî ïîðÿäêó ç îäíàêîâèìè j-èì òà q-èì ñòîâï÷èêàìè), òî

zn−j (Pqg
(j))(z) =

zn−j Dqj(z)

D(z)
=
cjq(z)

D(z)
, j = 0, 1, ..., n− 1, j 6= q. (11)

Òîäi, âðàõîâóþ÷è (10) i (11), îòðèìà¹ìî, ùî êîëè j = q, òî

zn−q
[
(Pqg

(q))(z)−
n−1∑
k=0

zn−k (Pkf
(q))(z) (Pqg

(k))(z)
]

=

(
−1 + cqq(z)

D(z)

)[
1− zn−q (Pqf (q))(z)

]
−

n−1∑
k=0,k 6=q

zn−q (Pkf
(q))(z)

ckq(z)

D(z)

= zn−q (Pqf
(q))(z)− 1 +

1

D(z)

n−1∑
k=0

dkq ckq(z) = zn−q (Pqf
(q))(z),

à êîëè j 6= q, òî

zn−j
[
(Pqg

(j))(z)−
n−1∑
k=0

zn−k (Pkf
(j))(z) (Pqg

(k))(z)
]

=
cjq(z)

D(z)
−

n−1∑
k=0,k 6=q

zn−j (Pkf
(j))(z)

ckq(z)

D(z)
− zn−j (Pqf (j))(z)

(
−1 + cqq(z)

D(z)

)

= zn−j (Pqf
(j))(z) +

1

D(z)

n−1∑
k=0

dkj ckq(z) = zn−j (Pqf
(j))(z).

Îòæå, äëÿ êîæíîãî q = 0, 1, ..., n − 1 ôóíêöi¨ (Pqg
(j))n−1j=0 ¹ ðîçâ'ÿçêàìè ñèñòåìè (9),

òîìó ôóíêöi¨ (g(j))n−1j=0 çàäîâîëüíÿþòü ñèñòåìó ñïiââiäíîøåíü (6).

Íàñëiäîê 1. ßêùî âèêîíó¹òüñÿ óìîâà (7), òî ôóíêöi¨ (f (j))n−1j=0 òà (g
(j))n−1j=0 ç ïðîñòîðó AR

çàäîâîëüíÿþòü ñèñòåìó ñïiââiäíîøåíü (5) òîäi é ëèøå òîäi, êîëè âîíè çàäîâîëüíÿþòü

ñèñòåìó ñïiââiäíîøåíü (6).

Çàóâàæåííÿ 1. ßêùî ôóíêöi¨

f (j)(z) =
∞∑
m=0

f (j)
m zm, g(j)(z) =

∞∑
m=0

g(j)m zm, j = 0, 1, ..., n− 1,
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íàëåæàòü äî ïðîñòîðó AR, òî äëÿ q, j = 0, 1, ..., n − 1 ðiâíiñòü (8) ðiâíîñèëüíà äî ñïiâ-

âiäíîøåíü

f (j)
q = g(j)q , f

(j)
pn+q − g

(j)
pn+q +

n−1∑
k=0

p−1∑
s=0

f
(k)
(p−s−1)n+q g

(j)
sn+k = 0, p ∈ N,

à ðiâíiñòü (9) � äî ñïiââiäíîøåíü

f (j)
q = g(j)q , f

(j)
pn+q − g

(j)
pn+q +

n−1∑
k=0

p−1∑
s=0

g
(k)
(p−s−1)n+q f

(j)
sn+k = 0, p ∈ N.

2 Ðiâíîñèëüíiñòü äåÿêèõ çãîðòêîâèõ ñïiââiäíîøåíü ó ïðîñòîðàõ

ïîñëiäîâíîñòåé

Çàôiêñó¹ìî ïîñëiäîâíiñòü íåíóëüîâèõ êîìïëåêñíèõ ÷èñåë (αm)
∞
m=0. ÍåõàéX � äåÿêèé

âåêòîðíèé ïðîñòið ïîñëiäîâíîñòåé ç íîðìàëüíîþ òîïîëîãi¹þ Êåòå, ÿêèé ìà¹ âëàñòèâîñòi

Â1)-Â4).

Ëåìà 2. Äëÿ ïîñëiäîâíîñòåé x, y ∈ X, çãîðòêè (1), îïåðàòîðà óçàãàëüíåíîãî iíòåãðó-

âàííÿ Iα òà ïðîåêòîðiâ (Pq)
n−1
q=0 â X âèêîíóþòüñÿ òàêi ðiâíîñòi:

Pq
(
(In−k−1α x) ∗ (Pky)

)
= (In−k−1α Pqx) ∗ (Pky), äå q, k = 0, 1, ... , n− 1.

Äîâåäåííÿ. ßêùî x =
∞∑
m=0

xm e
(m), y =

∞∑
s=0

ys e
(s), òî äëÿ ôiêñîâàíèõ q, k = 0, 1, ... , n− 1

ìà¹ìî:

Pq
(
(In−k−1α x) ∗ (Pky)

)
= Pq

(
∞∑
m=0

∞∑
s=0

xm ysn+k
αm+n−k−1

αm
e(m+n−k−1) ∗ e(sn+k)

)

=
∞∑
m=0

∞∑
s=0

xmn+q ysn+k
α0 αmn+n+sn+q
αmn+q αsn+k

e(mn+n+sn+q)

=
∞∑
m=0

∞∑
s=0

xmn+q ysn+k
αmn+q+n−k−1

αmn+q
e(mn+q+n−k−1) ∗ e(sn+k) = (In−k−1α Pqx) ∗ (Pky).

Òåîðåìà 2. Íåõàé ïîñëiäîâíîñòi a(j) = (a
(j)
m )∞m=0 ç ïðîñòîðó X, äå j = 0, 1, ... , n − 1,

çàäîâîëüíÿþòü óìîâó (2). ßêùî íàáîðè ïîñëiäîâíîñòåé (a(j))n−1j=0 òà (b(j))n−1j=0 ç ïðîñòîðó

X, äå b(j) = (b
(j)
m )∞m=0, çàäîâîëüíÿþòü ñèñòåìó çãîðòêîâèõ ñïiââiäíîøåíü (3), òî âîíè

çàäîâîëüíÿþòü i ñèñòåìó çãîðòêîâèõ ñïiââiäíîøåíü (4).

Äîâåäåííÿ. Íåõàé íàáîðè ïîñëiäîâíîñòåé (a(j))n−1j=0 òà (b(j))n−1j=0 çàäîâîëüíÿþòü ñèñòåìó

çãîðòêîâèõ ñïiââiäíîøåíü (3). Çàôiêñó¹ìî j = 0, 1, ... , n − 1 i ïîäi¹ìî ïðîåêòîðàìè Pq,

äå q = 0, 1, ... , n− 1, íà îáèäâi ÷àñòèíè âiäïîâiäíîãî ñïiââiäíîøåííÿ ç (3). Âðàõîâóþ÷è

ëåìó 2, öå ñïiââiäíîøåííÿ ðiâíîñèëüíå äî òàêèõ n ðiâíîñòåé:
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Pqb
(j) = Pqa

(j) +
n−1∑
k=0

(In−k−1α Pqa
(k)) ∗ (Pkb(j)), q = 0, 1, ... , n− 1. (12)

Îá÷èñëèìî çãîðòêè ç ¨õíiõ ïðàâèõ ÷àñòèí äëÿ k, q = 0, 1, ... , n− 1:

(In−k−1α Pqa
(k)) ∗ (Pkb(j)) =

∞∑
p=0

∞∑
s=0

a
(k)
pn+q b

(j)
sn+k

αpn+q+n−k−1
αpn+q

e(pn+q+n−k−1) ∗ e(sn+k)

=
∞∑
p=1

∞∑
s=0

a
(k)
(p−1)n+q b

(j)
sn+k

α0 α(p+s)n+q

α(p−1)n+q αsn+k
e(p+s)n+q

=
∞∑
p=1

(
p−1∑
s=0

a
(k)
(p−s−1)n+q

α(p−s−1)n+q

b
(j)
sn+k

αsn+k

)
α0 αpn+qe

(pn+q).

Òîäi ðiâíiñòü (12) ìîæíà çàïèñàòè â òàêîìó âèãëÿäi:

∞∑
p=0

b
(j)
pn+q e

(pn+q) = a(j)q e(q) +
∞∑
p=1

(
a
(j)
pn+q + α0 αpn+q

n−1∑
k=0

p−1∑
s=0

a
(k)
(p−s−1)n+q

α(p−s−1)n+q

b
(j)
sn+k

αsn+k

)
e(pn+q),

äå q = 0, 1, ... , n− 1. Çâiäñè âèäíî, ùî

b(j)q = a(j)q , q = 0, 1, ... , n− 1,

i äëÿ p ∈ N

α0 a
(j)
pn+q

αpn+q
−
α0 b

(j)
pn+q

αpn+q
+

n−1∑
k=0

p−1∑
s=0

α0 a
(k)
(p−s−1)n+q

α(p−s−1)n+q

α0 b
(j)
sn+k

αsn+k
= 0, q = 0, 1, ... , n− 1.

ßêùî ïîçíà÷èìî

f (j)
m =

α0 a
(j)
m

αm
, g(j)m =

α0 b
(j)
m

αm
, m = 0, 1, 2, ... , (13)

òî îñòàííi ñïiââiäíîøåííÿ íàáóäóòü âèãëÿäó

f (j)
q = g(j)q , f

(j)
pn+q−g

(j)
pn+q+

n−1∑
k=0

p−1∑
s=0

f
(k)
(p−s−1)n+q g

(j)
sn+k = 0, q = 0, 1, ... , n−1, p ∈ N. (14)

Ðîçãëÿíåìî ôóíêöi¨

f (j)(z) = α0

∞∑
m=0

a
(j)
m

αm
zm, j = 0, 1, ... , n− 1, (15)

i âiäçíà÷èìî, ùî, âðàõîâóþ÷è óìîâó (2), âîíè íàëåæàòü äî ïðîñòîðó AR0 , äå R0 = 1
M

ïðè M > 0 àáî R0 = ∞ ïðè M = 0. Îñêiëüêè äëÿ âiäïîâiäíîãî âèçíà÷íèêà D(z), ÿêèé

îá÷èñëþ¹òüñÿ çà ôîðìóëîþ (7), ìà¹ìî, ùî D(0) = 1, òî ç íåïåðåðâíîñòi ôóíêöi¨ D(z)

ïðè |z| < R0 îòðèìó¹ìî, ùî iñíó¹ òàêå R > 0, ùî R ≤ R0 i D(z) 6= 0 ïðè |z| < R.

Çàôiêñó¹ìî íàäàëi òàê çíàéäåíå R.

Ç òåîðåìè 1 âèïëèâà¹, ùî iñíó¹ ¹äèíèé íàáið ôóíêöié (g(j))n−1j=0 ç ïðîñòîðó AR, ÿêi, ðà-

çîì ç ôóíêöiÿìè (f (j))n−1j=0 , çàäîâîëüíÿþòü ñèñòåìè ñïiââiäíîøåíü (5) i (6). Âðàõîâóþ÷è

çàóâàæåííÿ 1 i ðiâíîñòi (14) òà (13), îäåðæó¹ìî, ùî

g(j)(z) = α0

∞∑
m=0

b
(j)
m

αm
zm, j = 0, 1, ... , n− 1. (16)
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Îòæå, ÿêùî ïîñëiäîâíîñòi (a(j))n−1j=0 òà (b(j))n−1j=0 çàäîâîëüíÿþòü ñèñòåìó çãîðòêîâèõ

ñïiââiäíîøåíü (3) ó ïðîñòîði ïîñëiäîâíîñòåé X, òî âiäïîâiäíi íàáîðè àíàëiòè÷íèõ ôóíê-

öié (f (j))n−1j=0 òà (g(j))n−1j=0 , ÿêi âèçíà÷àþòüñÿ ðiâíîñòÿìè (15) òà (16) ó äåÿêîìó ïðîñòîði

AR, çàäîâîëüíÿþòü ñèñòåìè ñïiââiäíîøåíü (5) i (6). Îñêiëüêè, çà çàóâàæåííÿì 1, ñèñòåìà

ñïiââiäíîøåíü (6) ðiâíîñèëüíà äî ïåâíèõ ñïiââiäíîøåíü ìiæ òåéëîðiâñüêèìè êîåôiöi¹í-

òàìè ôóíêöié (f (j))n−1j=0 òà (g(j))n−1j=0 , òî çàëèøèëîñü ïåðåâiðèòè, ÷è àíàëîã ñïiââiäíîøåíü

(14) äëÿ ñèñòåìè (4) çáiãà¹òüñÿ ç âiäïîâiäíèìè ðiâíîñòÿìè ç çàóâàæåííÿ 1.

Çàôiêñó¹ìî q = 0, 1, ... , n − 1 i ïîäi¹ìî ïðîåêòîðîì Pq íà îáèäâi ÷àñòèíè ñïiââiäíî-

øåíü (4). Âðàõîâóþ÷è ëåìó 2, îòðèìà¹ìî òàêi ðiâíîñòi:

Pqb
(j) = Pqa

(j) +
n−1∑
k=0

(In−k−1α Pqb
(k)) ∗ (Pka(j)), j = 0, 1, ... , n− 1. (17)

Îñêiëüêè çãîðòêè ç ¨õíiõ ïðàâèõ ÷àñòèí äëÿ k, q = 0, 1, ... , n− 1 ìàþòü âèãëÿä

(In−k−1α Pqb
(k)) ∗ (Pka(j)) =

∞∑
p=1

(
p−1∑
s=0

b
(k)
(p−s−1)n+q

α(p−s−1)n+q

a
(j)
sn+k

αsn+k

)
α0 αpn+qe

(pn+q),

òî ðiâíîñòi (17) ìîæíà çàïèñàòè â òàêîìó âèãëÿäi:
∞∑
p=0

b
(j)
pn+q e

(pn+q) = a(j)q e(q) +
∞∑
p=1

(
a
(j)
pn+q + α0 αpn+q

n−1∑
k=0

p−1∑
s=0

b
(k)
(p−s−1)n+q

α(p−s−1)n+q

a
(j)
sn+k

αsn+k

)
e(pn+q),

äå j = 0, 1, ... , n − 1. Âðàõîâóþ÷è ïîçíà÷åííÿ (13), ÿê i âèùå, ìîæíà îòðèìàòè, ùî öi

ðiâíîñòi ðiâíîñèëüíi äî ñïiââiäíîøåíü

f (j)
q = g(j)q , f

(j)
pn+q − g

(j)
pn+q +

n−1∑
k=0

p−1∑
s=0

g
(k)
(p−s−1)n+q f

(j)
sn+k = 0, j = 0, 1, ... , n− 1, p ∈ N,

ÿêi çáiãàþòüñÿ ç âiäïîâiäíèìè ðiâíîñòÿìè ç çàóâàæåííÿ 1.

Îòæå, íàáîðè ïîñëiäîâíîñòåé (a(j))n−1j=0 òà (b
(j))n−1j=0 çàäîâîëüíÿþòü ñèñòåìó çãîðòêîâèõ

ñïiââiäíîøåíü (4) ó ïðîñòîði ïîñëiäîâíîñòåé X.

Íàñëiäîê 2. ßêùî âèêîíó¹òüñÿ óìîâà (2), òî íàáîðè ïîñëiäîâíîñòåé (a(j))n−1j=0 òà

(b(j))n−1j=0 ç ïðîñòîðó X çàäîâîëüíÿþòü ñèñòåìó çãîðòêîâèõ ñïiââiäíîøåíü (3) òîäi é ëèøå

òîäi, êîëè âîíè çàäîâîëüíÿþòü ñèñòåìó çãîðòêîâèõ ñïiââiäíîøåíü (4).
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Zvozdetskyi T. I., Mytskan M. M. On the equivalence of some convolutional equalities in spaces

of sequences, Bukovinian Math. Journal. 9, 1 (2021), 180�188.

The problem of the equivalence of two systems with n convolutional equalities arose in

investigation of the conditions of similarity in spaces of sequences of operators which are left

inverse to the n-th degree of the generalized integration operator. In this paper we solve this

problem. Note that we �rst prove the equivalence of two corresponding systems with n equalities

in the spaces of analytic functions, and then, using this statement, the main result of paper is

obtained.

Let X be a vector space of sequences of complex numbers with Köthe normal topology

from a wide class of spaces, Iα be a generalized integration operator on X, ∗ be a nontrivial

convolution for Iα in X, and (Pq)
n−1
q=0 be a system of natural projectors with x =

n−1∑
q=0

Pqx for

all x ∈ X.

We established that a set (a(j))n−1j=0 with

max
0≤j≤n−1

 lim
m→∞

m

√√√√∣∣∣∣∣a(j)mαm
∣∣∣∣∣
 <∞

and a set (b(j))n−1j=0 of elements of the space X satisfy the system of equalities

b(j) = a(j) +

n−1∑
k=0

(In−k−1α a(k)) ∗ (Pkb(j)), j = 0, 1, ... , n− 1,

if and only if they satisfy the system of equalities

b(j) = a(j) +

n−1∑
k=0

(In−k−1α b(k)) ∗ (Pka(j)), j = 0, 1, ... , n− 1.

Note that the assumption on the elements (a(j))n−1j=0 of the space X allows us to reduce

the solution of this problem to the solution of an analogous problem in the space of functions

analytic in a disc.

Key words and phrases: convolution, space of sequences, space of analytic functions, generali-

zed integration operator.


