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Ó ðîáîòi ðîçãëÿäàþòüñÿ ïèòàííÿ íàáëèæåííÿ êëàñiâ àíàëiòè÷íèõ ïåðiîäè÷íèõ ôóíêöié

äiéñíî¨ çìiííî¨ ñåðåäíiìè àðèôìåòè÷íèìè ñóì Ôóð'¹. Îòðèìàíî àñèìïòîòè÷íó ðiâíiñòü

äëÿ âåðõíiõ ãðàíåé âiäõèëåíü ïîâòîðíèõ ñóì Ôåé¹ðà íà êëàñàõ iíòåãðàëiâ Ïóàññîíà.
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Âñòóï

Íåõàé C2π � êëàñ íåïåðåðâíèõ 2π-ïåðiîäè÷íèõ ôóíêöié, Cq
β,∞ � ïiäìíîæèíà ôóí-

êöié f ∈ C2π, ÿêi ìîæíà ïîäàòè ó âèãëÿäi çãîðòêè

f(x) = A0 +
1

π

π∫
−π

f qβ(x+ t)P q
β (t) dt,

äå P q
β (t) � ÿäðî Ïóàññîíà,

P q
β (t) =

∞∑
k=1

qk cos(kt+
βπ

2
), q ∈ (0; 1), β ∈ R,

ôóíêöiÿ f qβ(x) ìàéæå ñêðiçü íà ïåðiîäi çàäîâîëüíÿ¹ óìîâi |f qβ(x)| ≤ 1. Ìíîæèíè Cq
β,∞

ñêëàäàþòüñÿ ç 2π-ïåðiîäè÷íèõ ôóíêöié, ùî äîçâîëÿþòü àíàëiòè÷íå ïðîäîâæåííÿ äî

ôóíêöié F (z) = F (x + iy) ó âiäïîâiäíó ñìóãó êîìïëåêñíî¨ ïëîùèíè |y| < ln 1
q
i íàçèâà-

þòüñÿ êëàñàìè iíòåãðàëiâ Ïóàññîíà.

Íåõàé

S[f ] =
a0

2
+
∞∑
k=1

(ak cos kx+ bk sin kx)
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� ðÿä Ôóð'¹ ôóíêöi¨ f ∈ C2π, ak = ak(f), bk = bk(f), k = 0, 1, 2, . . . � êîåôiöi¹íòè Ôóð'¹

ôóíêöi¨ f , Sn(f ;x) � ÷àñòèííi ñóìè ðÿäó Ôóð'¹.

Íàéáiëüø ïðîñòèìè é ïðèðîäíèìè çàñîáàìè íàáëèæåííÿ ïåðiîäè÷íèõ ôóíêöié ¹

ìåòîä Ôóð'¹, ÿêèé ïîëÿãà¹ â íàáëèæåííi ÷àñòèííèìè ñóìàìè ðÿäó Ôóð'¹ Sn(f ;x); ìåòîä

Ôåé¹ðà σn(f ;x), ùî çàäà¹òüñÿ ñïiââiäíîøåííÿì

σn(f ;x) =
1

n

n−1∑
k=0

Sk(f ;x);

à òàêîæ ìåòîä Âàëëå Ïóññåíà, ÿêèé çàäà¹òüñÿ ñïiââiäíîøåííÿì

Vn,p(f ;x) =
1

p

n−1∑
k=n−p

Sk(f ;x)

i ¹ ïåâíèì óçàãàëüíåííÿì ìåòîäó Ôåé¹ðà çà óìîâè p = n.

Àïðîêñèìàòèâíi âëàñòèâîñòi ëiíiéíèõ ìåòîäiâ ïiäñóìîâóâàííÿ ðÿäiâ Ôóð'¹ íà êëàñàõ

iíòåãðàëiâ Ïóàñîíà âèâ÷àëèñÿ íåîäíîðàçîâî. Ó 1946 ðîöi Ñ.Ì. Íiêîëüñüêèé [1] ðîçãëÿíóâ

âåëè÷èíó

En(Cq
β,∞;Sn) = sup

f∈Cqβ,∞

‖f(x)− Sn(f ;x)‖C

i ïîêàçàâ, ùî âèêîíó¹òüñÿ ðiâíiñòü

En(Cq
β,∞;Sn) =

8qn

π2
K(q) +O(1)

qn

n
,

äå

K(q) =

π/2∫
0

dt√
1− q2 sin2 t

, q ∈ [0; 1)

� ïîâíèé åëiïòè÷íèé iíòåãðàë ïåðøîãî ðîäó, O(1) � âåëè÷èíà, ðiâíîìiðíî îáìåæåíà

ùîäî n . Ó 1980 ðîöi Ñ.Á. Ñò¹÷êií [2] öåé ðåçóëüòàò äîâiâ iíøèì ìåòîäîì, ÿêèé äîçâîëèâ

óòî÷íèòè çàëèøêîâèé ÷ëåí.

Àñèìïòîòè÷íó ôîðìóëó äëÿ òî÷íèõ âåðõíiõ ìåæ âiäõèëåíü ñóì Âàëëå Ïóññåíà íà

êëàñàõ Cq
β,∞ ïðè n− p→∞, p→∞ îòðèìàíî â ðîáîòi Â.I. Ðóêàñîâà, C.Î. ×àé÷åíêà [3]

E
(
Cq
β,∞;Vn,p

)
= sup

f∈Cqβ,∞

||f(x)− Vn,p(f ;x)||C

=
4

π(1− q2)

qn−p+1

p
+O(1)

[
qn

(1− q2)p
+

qn−p+1

(1− q)3(n− p)p

]
,

äå O(1) � âåëè÷èíà, ðiâíîìiðíî îáìåæåíà ùîäî n, p, q.

À.Ñ. Ñåðäþêîì [4] áóëî äîâåäåíî áiëüø çàãàëüíó ôîðìóëó

E
(
Cq
β,∞;Vn,p

)
=
qn−p+1

p

(
4

π2
Kp,q +O(1)

(
q

(n− p+ 1)(1− q)s

))
,
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äå

Kp,q =

π∫
0

√
1− 2qp cos pt+ q2p

1− 2q cos pt+ q2
dt, s = s(p) =

{
1, p = 1,

3, p = 2, 3, . . . ,

O(1) � âåëè÷èíà, ðiâíîìiðíî îáìåæåíà ùîäî n, p, q. Äëÿ äîâiëüíîãî p = 1, 2, ..., n ïîâå-

äiíêà âåëè÷èíè Kp,q âèçíà÷à¹òüñÿ òàêèì ñïiââiäíîøåííÿì, çíàéäåíèì â [5]:

Kp,q = 2
1− q2p

1− q2
K(qp).

Ó ðîáîòàõ [6, 7] îòðèìàíî àñèìïòîòè÷íó ôîðìóëó äëÿ òî÷íèõ âåðõíiõ ìåæ âiäõèëåíü

ñóì Ôåé¹ðà íà êëàñàõ Cq
β,∞ ó âèïàäêó q ∈ (0; q0], q0 =

√
2 +
√

5− 2
√

2 +
√

5 ≈ 0, 346 i

β = 0

E
(
Cq
β,∞;σn

)
= sup

f∈Cq0,∞
||f(x)− σn(f ;x)||C =

4q

πn(1 + q2)
+O(1)

qn

n
,

äå O(1) � âåëè÷èíà, ðiâíîìiðíî îáìåæåíà ùîäî n.

Íåõàé p1, p2 ∈ N, p1 + p2 < n + 2. Òðèãîíîìåòðè÷íi ïîëiíîìè Vn,p1,p2(f ;x), ùî ïîðî-

äæóþòüñÿ äâîðàçîâèì çàñòîñóâàííÿì ìåòîäó ïiäñóìîâóâàííÿ Âàëëå Ïóññåíà

Vn,p1,p2(f ;x) = V
(2)
n,p (f ;x) =

1

p1

n−1∑
k=n−p1

Vk+1,p2(f ;x)

=
1

p1

n−1∑
k=n−p1

1

p2

k∑
m=k−p2+1

Sm(f ;x),

ÿâëÿþòü ñîáîþ ïîäàëüøå óçàãàëüíåííÿ êëàñè÷íèõ ìåòîäiâ Ôóð'¹, Âàëëå Ïóññåíà òà

Ôåé¹ðà. Ïðè ïåâíîìó âèáîði ïàðàìåòðiâ p1 òà p2 öi ïîëiíîìè çáiãàþòüñÿ ç ñóìàìè

Sn(f ;x), Vn,p(f ;x) i σn(f ;x). Ïðîäîâæåííÿì âèâ÷åííÿ àïðîêñèìàòèâíèõ âëàñòèâîñòåé

ëiíiéíèõ ñåðåäíiõ ñóì Ôóð'¹ íà êëàñàõ iíòåãðàëiâ Ïóàññîíà ¹ ðîáîòè [8, 9] i [10, 11, 12],

â ÿêèõ îòðèìàíî àñèìïòîòè÷íi ôîðìóëè äëÿ òî÷íèõ âåðõíiõ ìåæ âiäõèëåíü íà êëà-

ñàõ Cq
β,∞ ïîâòîðíèõ ñóì Âàëëå Ïóññåíà V

(2)
n,p (f ;x) òà r-ïîâòîðíèõ ñóì Âàëëå Ïóññåíà

V
(r)
n,p (f ;x), r ≥ 2 âiäïîâiäíî.

Çà óìîâè p1 + p2 = n+ 1 ìà¹ìî

V
(2)
n,p (f ;x) =

1

p1

n−1∑
k=n−p1

1

n− p1 + 1

k∑
m=k−n+p1

Sm(f ;x).

Ó öüîìó âèïàäêó iíäåêñ m âåëè÷èíè Sm(f ;x) çìiíþ¹òüñÿ âiä 0 äî n− 1, òîìó òàêi ñóìè

ïðèðîäíî íàçâàòè ïîâòîðíèìè ñóìàìè Ôåé¹ðà i ïîçíà÷àòè σ
(2)
n,p(f ;x) [13].

1 Ðåçóëüòàò

Ó ðîáîòi îòðèìàíî àñèìïòîòè÷íó ðiâíiñòü äëÿ âåëè÷èí

E
(
Cq

0,∞;σ
(2)
n,p

)
= sup

f∈Cq0,∞
||f(x)− σ(2)

n,p(f ;x)||C .

Ìà¹ ìiñöå òàêå òâåðäæåííÿ.
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Òåîðåìà. Äëÿ q ∈ (0; q0], n→∞ âèêîíó¹òüñÿ àñèìïòîòè÷íà ðiâíiñòü

E(Cq
0,∞;σ

(2)
n,p) =

4q

(1 + q2)2πp1p2

+O(1)
qn−p1 + qn−p2

p1p2

, (1)

äå q0 � ðîçâ'ÿçîê ðiâíÿííÿ

−2q6 − 3q5 − 3q4 + 6q2 + 8q3 + 3q − 1 = 0,

ÿêèé íàëåæèòü iíòåðâàëó (0; 1), O(1) � âåëè÷èíà, ðiâíîìiðíî îáìåæåíà ùîäî p1, p2.

Äîâåäåííÿ. Ó ðîáîòàõ [10, 11] ïîêàçàíî, ùî äëÿ âåëè÷èí

δ
(r)
n,p(f ;x) = f(x)− V (r)

n,p (f ;x)

äëÿ r ∈ N ìà¹ ìiñöå ñïiââiäíîøåííÿ

δ
(r)
n,p(f ;x) =

1

π

π∫
−π

f qβ(x+ t)

(
σ

(r)
1 cos

βπ

2
− σ(r)

2 sin
βπ

2

)
dt, (2)

äå

σ
(r)
1 =

Z
2(r+1)
q (t)∏r
i=1 pi

∑
α⊂r

(−1)(r−|α|)
r+1∑
ν=0

(−1)νCν
r+1q

n−Σαp+r+ν cos(n− Σα
p + r − ν)t,

σ
(r)
2 =

Z
2(r+1)
q (t)∏r
i=1 pi

∑
α⊂r

(−1)(r−|α|)
r+1∑
ν=0

(−1)νCν
r+1q

n−Σαp+r+ν sin(n− Σα
p + r − ν)t,

|α| � êiëüêiñòü åëåìåíòiâ ìíîæèíè α, Σα
p =

∑
j∈α

pj,

Zq(x) =
√

1− 2q cosx+ q2.

Îñêiëüêè ∫
dt

(1 + q2 − 2q cos t)3
=

O(1)

(1− q)5
,

òî, íà ïiäñòàâi (2), äëÿ r = 2, β = 0, p1 + p2 = n+ 1 îòðèìà¹ìî

δ
(2)
n,p(f ;x) =

q

πp1p2

π∫
−π

f qβ(x+ t)[−3q + (1 + 3q2) cos t− q3 cos 2t]

(1− 2q cos t+ q2)3
dt+O(1)

qn−p1 + qn−p2

p1p2(1− q)5
,

äå O(1) � âåëè÷èíà, ðiâíîìiðíî îáìåæåíà ùîäî q, p1, p2.

Çàóâàæèìî, ùî äëÿ f(x) ∈ Cq
β,∞ äëÿ áóäü-ÿêî¨ ñòàëî¨ I ìàþòü ìiñöå òàêi ñïiââiäíî-

øåííÿ

δn,p(f ;x) =
q

πp1p2

π∫
−π

f qβ(x+t)

(
−3q + (1 + 3q2) cos t− q3 cos 2t

(1− 2q cos t+ q2)3
+ I

)
dt+O(1)

qn−p1 + qn−p2

p1p2(1− q)5
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i

E(Cq
0,∞;σ

(2)
n,p) ≤

q

πp1p2

π∫
−π

∣∣∣∣−3q + (1 + 3q2) cos t− q3 cos 2t

(1− 2q cos t+ q2)3
+ I

∣∣∣∣ dt+O(1)
qn−p1 + qn−p2

p1p2(1− q)5
. (3)

Ïîêàæåìî, ùî iñíó¹ q0 i òàêà ñòàëà Iq, ùî

mes(Iq +
−3q + (1 + 3q2) cos t− q3 cos 2t

(1− 2q cos t+ q2)3
≥ 0)

= mes(Iq +
−3q + (1 + 3q2) cos t− q3 cos 2t

(1− 2q cos t+ q2)3
≤ 0)

äëÿ áóäü-ÿêîãî q ∈ (0; q0].

Ðîçãëÿíåìî ôóíêöiþ

Γ(t) =
−3q + (1 + 3q2) cos t− q3 cos 2t

(1− 2q cos t+ q2)3
.

Âèêîíóþ÷è åëåìåíòàðíi ïåðåòâîðåíÿ, äiñòàíåìî, ùî íà ïðîìiæêó (0; π) ¹äèíèé íóëü

ôóíêöi¨ Γ(t) âèçíà÷à¹òüñÿ ñïiââiäíîøåííÿì

t0 = arccos
(1 + 3q2)− (1− q2)

√
8q2 + 1

4q3
.

Âðàõîâóþ÷è, ùî Γ(0) > 0, Γ(π/2) < 0 äëÿ áóäü-ÿêîãî q ∈ (0; 1), ðîáèìî âèñíîâîê, ùî

t0 ∈ (0; π/2).

Âèâ÷èìî õàðàêòåð ìîíîòîííîñòi ôóíêöi¨ Γ(t). Ìà¹ìî

Γ′(t) =
(−(1 + 3q2) sin t+ 2q3 sin 2t)(1− 2q cos t+ q2)

(1− 2q cos t+ q2)4

− (−3q + (1 + 3q2) cos t− q3 cos 2t)6q sin t

(1− 2q cos t+ q2)4

=
sin t[(4q4 cos2 t− 4q[1 + 2q2 − q4] cos t+ (−1 + 14q2 − 9q4)]

(1− 2q cos t+ q2)4
.

Îñêiëüêè Γ′(t) = 0 çà óìîâè

cos t1,2 =
[1 + 2q2 − q4]± (1− q2)

√
q4 + 7q2 + 1

2q3
,

òî ôóíêöiÿ Γ(t) íå ìîæå ìàòè áiëüøå íiæ îäíîãî åêñòðåìóìó íà ïðîìiæêó (0; π).

Âiäòàê ðîçãëÿíåìî ðiçíèöþ Γ(π)− Γ(π/2). Ìà¹ìî

Γ(π)− Γ(π/2) =
−2q6 − 3q5 − 3q4 + 6q2 + 8q3 + 3q − 1

(1 + q)3(1 + q2)3
.

Ïîçíà÷èâøè ÷åðåç q0 ∈ (0; 1) ðîçâ'ÿçîê ðiâíÿííÿ

−2q6 − 3q5 − 3q4 + 6q2 + 8q3 + 3q − 1 = 0,
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ìà¹ìî, ùî äëÿ q ∈ (0; q0) ìà¹ ìiñöå ζ(π) < ζ(π/2), i êðiì öüîãî, äëÿ t ∈ (0; π/2) âèêî-

íó¹òüñÿ Γ(t) − Γ(π/2) > 0, à äëÿ t ∈ (π/2;π) � Γ(t) − Γ(π/2) < 0. Îòæå, äëÿ q ∈ (0; q0]

ôóíêöiÿ Γ(t)− Γ(π/2) òàêà, ùî

sign(Γ(t)− Γ(π/2)) =

{
1, t ∈ (−π/2;π/2),

−1, t ∈ (−π;−π/2) ∪ (π/2;π).

Ïîçíà÷èìî ÷åðåç f qβ(t) ôóíêöiþ, ÿêà íà ïåðiîäi ñïiâïàäà¹ ç ôóíêöi¹þ sign(Γ(t) −
Γ(π/2)), q ∈ (0; q0], à ÷åðåç f0(x) � ôóíêöiþ, ÿêà ¹ çãîðòêîþ ôóíêöi¨ f qβ(t) ç âiäïîâiäíèì

ÿäðîì P q
β (t). Âðàõîâóþ÷è, ùî

π∫
−π

f qβ(t)dt = 0, essup|f qβ(t)| ≤ 1,

ìà¹ìî, ùî çíàéäåíà ôóíêöiÿ f0(x) ∈ Cq
β,∞ äëÿ q ∈ (0; q0] çàáåçïå÷ó¹ âèêîíàííÿ íåðiâíîñòi

E(Cq
0,∞;σ

(2)
n,p) ≥

q

πp1p2

π∫
−π

∣∣∣∣−3q + (1 + 3q2) cos t− q3 cos 2t

(1− 2q cos t+ q2)3
+

3q − q3

(1 + q2)3

∣∣∣∣ dt
+O(1)

qn−p1 + qn−p2

p1p2

.

(4)

Ïî¹äíóþ÷i (3) i (4) îòðèìà¹ìî, ùî äëÿ q ∈ (0; q0] ìà¹ ìiñöå ñïiââiäíîøåííÿ

E(Cq
0,∞;σ

(2)
n,p) =

q

πp1p2

π∫
−π

∣∣∣∣−3q + (1 + 3q2) cos t− q3 cos 2t

(1− 2q cos t+ q2)3
+

3q − q3

(1 + q2)3

∣∣∣∣ dt
+O(1)

qn−p1 + qn−p2

p1p2

.

(5)

Îá÷èñëèìî âèçíà÷åíèé iíòåãðàë ó ðiâíîñòi (5). Ìà¹ìî
π∫

0

∣∣∣∣−3q + (1 + 3q2) cos t− q3 cos 2t

(1− 2q cos t+ q2)3
+

3q − q3

(1 + q2)3

∣∣∣∣ dt
=

π/2∫
0

−3q + (1 + 3q2) cos t− q3 cos 2t

(1− 2q cos t+ q2)3
dt−

π∫
π/2

−3q + (1 + 3q2) cos t− q3 cos 2t

(1− 2q cos t+ q2)3
dt.

(6)

Âèêîíóþ÷è iíòåãðóâàííÿ, ìà¹ìî∫
−3q + (1 + 3q2) cos t− q3 cos 2t

(1− 2q cos t+ q2)3
dt =

−q/2 sin 2t+ sin t

(1− 2q cos t+ q2)2
+ C.

Îòæå,

π/2∫
0

−3q + (1 + 3q2) cos t− q3 cos 2t

(1− 2q cos t+ q2)3
dt−

π∫
π/2

−3q + (1 + 3q2) cos t− q3 cos 2t

(1− 2q cos t+ q2)3
dt

=
−q/2 sin 2t+ sin t

(1− 2q cos t+ q2)2

∣∣∣∣∣
π/2

0

− −q/2 sin 2t+ sin t

(1− 2q cos t+ q2)2

∣∣∣∣∣
π

π/2

=
2

(1 + q2)2
.

(7)
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Ïî¹äíóþ÷è (5)�(7), îòðèìà¹ìî àñèìïòîòè÷íó ðiâíiñòü (1).
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Rovenska O.G. Approximation of classes of Poisson integrals by repeated Fejer sums, Bukovi-

nian Math. Journal. 8, 2 (2020), 114�121.

The paper is devoted to the approximation by arithmetic means of Fourier sums of classes

of periodic functions of high smoothness. The simplest example of a linear approximation

of continuous periodic functions of a real variable is the approximation by partial sums of the

Fourier series. The sequences of partial Fourier sums are not uniformly convergent over the class

of continuous periodic functions. A signi�cant number of works is devoted to the study of other
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approximation methods, which are generated by transformations of Fourier sums and allow us to

construct trigonometrical polynomials that would be uniformly convergent for each continuous

function. Over the past decades, Fejer sums and de la Vallee Poussin sums have been widely

studied. One of the most important direction in this �eld is the study of the asymptotic behavior

of upper bounds of deviations of linear means of Fourier sums on di�erent classes of periodic

functions. Methods of investigation of integral representations of deviations of trigonometric

polynomials generated by linear methods of summation of Fourier series, were originated and

developed in the works of S.M. Nikolsky, S.B. Stechkin, N.P. Korneichuk, V.K. Dzadyk and

others.

The aim of the work systematizes known results related to the approximation of classes

of Poisson integrals by arithmetic means of Fourier sums, and presents new facts obtained for

particular cases. In the paper is studied the approximative properties of repeated Fejer sums on

the classes of periodic analytic functions of real variable. Under certain conditions, we obtained

asymptotic formulas for upper bounds of deviations of repeated Fejer sums on classes of Poisson

integrals. The obtained formulas provide a solution of the corresponding Kolmogorov-Nikolsky

problem without any additional conditions.


